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SKAND THEORY AND ITS APPLICATIONS.
(A NEW LOOK AT NON-WELL-FOUNDED SETS)

JU. T. LISICA

ABSTRACT. A new mathematical object called a skand is introduced,
which turns out in general to be a non-well-founded set. Skands of
finite lengths are ordinary well-founded sets, and skands of very long
length (like the hyper-skand of all ordinals) are hyper-classes.

Self-similar skands are also considered, and they clarify the reflex-
ivity of sets, i.e., the meaning of the relation X € X; in particular,
self-similar skands considered as non-well-founded sets are always re-
flexive, but not vice versa. The existence of self-similar skands shows
at once that all the well-known set-theoretical paradoxes are not para-
doxes at all, and hence are not necessarily fatal for any set theory. E.g.,
the inconsistency of Russell’s “set” R = {X| X ¢ X} is proved here not
with the help of Russell’s paradox (as it is traditionally given, which is
incorrect), but via a simple method of the mazimality (universality) of
R which goes back to Cantor and is also applied to other set-theoretical
paradoxes.

Generalized skands are also defined and a new look at the general-
ized skand-class of all ordinals is demonstrated. In particular, the last
(class) ordinal called the eschaton is defined.

The next application of skand theory is a description of all epsilon-
numbers in the sense of Cantor. Another application is a generalized
theory of one-dimensional continua of arbitrary powers and the con-
struction of generalized real numbers as a non-Archimedean straight
line of arbitrary power, and the introduction of the absolute continuum
and the absolute straight line as the hyper-classes nearest to the class
of sets.
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0. Epigraphs
A parson had a hound-dog,
One he loved a lot.
It ate a piece of mutton,
For which he had it shot.
He buried the hound,
Then wrote on its mound,
That
A parson had a hound-dog, etc.
(ad infinitum and ad imum,).

[Free translation of a Russian children’s
ditty.]

Once a four-year-old son returned home from kindergarten,

where he had been told that his father was a mathemati-
cian.

When the son saw his father again, he asked him:

“Is it true, Daddy, that you are a mathematician?”

“Yes, sonny, it is,” was the answer.

“Well,” responded the son, “can you count to the last

number?”

“Ummm...ummmm,”

mumbled the father, stumped.
[Dialogue with a child which is in fact a problem of
mathematical eschatology:

“What is the 'éoxarov or ad imum?”|

“A soul is only a skand, i.e., an accidental aggregation of
being”.
[From Buddhist doctrine.]

“The content of a concept diminishes as its extension
increases; if its extension becomes all-embracing, its
content must vanish altogether”.

[Gottlob Frege, “The Foundations of Arithmetic”.]

0. Introduction

We are going to clarify the notion of reflexivity in Set Theory, i.e., the
meaning of a binary relation X € Y in the case when Y = X, thatis X € X.
As to Russell himself, the relation X € X “must be always meaningless”
[58], p. 81, since he was seriously frightened by this paradox, which was
later on named after him: “Thus X € X was held to be meaningless,



SKAND THEORY AND ITS APPLICATIONS 7

because € requires that the relatum should be a class composed of objects
which are of the type of the referent” ([54], Chap. X, p. 107). Moreover,
he went further and concluded that X ¢ X “must be always meaningless”,
too. ([58], p. 81). He wrote: “If « is a class, the statement ‘« is not a
member of o’ is always meaningless, and there is therefore no sense in the
phrase ‘the class of those classes which are not members of themselves’ ”
([58], p. 66). In particular, Russell wrote: “A class consisting of only
one member must not be identical with that one member”. And he added
immediately “X = {X} must be absolutely meaningless, not simply false”
([58], p- 81). In this paper we shall see when Russell was right and when
was he not.

In particular, we shall show that in many well-known formal systems
(set theories) Russell’s paradox is not a paradox at all, and hence the proof
of the Proposition that Russell’s collection R = {X|X ¢ X} is a proper
class, not a set, via Russell’s paradox, is not correct (it was a logical mistake
in the propositional calculus, at least within set theories with the axiom of
regularity). We prove this Proposition by the following

Maximality Principle. If there exists a mazximal (universal) collection
X (sets, classes, hyper-classes), given by some property, predicate, etc.,
then any assertion which implies the existence of a new element x with the
same property and x ¢ X is false.

2. Premises, notations, some history, and purpose of paper

At the beginning we start out within a von Neumann-Bernays-Godel-
type set theory (INBG for short), i.e., the theory of first-order logic with
equality (i.e., with respect to the given definition of equality A%(X,Y)) with
a syntactic or proof-theoretic side and a semantic or model-theoretic side
(see [10], p. 7) with only the predicate letter A3(X,Y), which is the binary
relation X € Y, for short. The proper axioms of N BG consist of general
axioms, class-formation axioms and set-formation axioms together with the
axiom of choice AC and the axiom of foundation FA (see, e.g., in [41], p.
225-286; we have changed only notation: N BG + (AC)+ (Reg) on NBG).
The basic set theory N BG can be considered with individuals (e.g., [41], p.
297-304) called sometimes atoms or urelements, i.e., mathematical objects
which are neither sets nor classes and which have no members, or N BG
can be considered without them; it does not matter. In the latter case the
only individual is just the empty set {} = () and Set Theory in this case is
often called the theory of “pure” sets.

To be more precise and definite we denote by NBG[U] the set theory
with of individuals (atoms, urelements), the class of all sets of N BG[U] by
V[U], and the set or class of individuals (atoms, urelements) by U; V is
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the class of all sets in the theory N BG of “pure” sets, i.e., when U = (). In
NBG[U] because of FA the class VU] of all sets turns out to be the class
WF of all well-founded sets. The universal class of elements U] is the
union VU] UU of V[U] and U. Note that VU] NU = (.

We also denote the class of all ordinals by On and the class of all car-
dinals by Card.

Then we shall consider NBG[U|~, i.e., NBG[U]| without the axiom of
foundation FA, and instead of the axiom of choice we use the axiom N of
von Neumann, VU]~ =~ On; i.e., these classes are bijective, which in the
absence of foundation is stronger than choice.

There is an important distinction in N BG[U] as well as in N BG[U]~ Set
Theories between three kinds of objects: individuals, sets (usually called
“small” classes), and classes (usually called “large” classes or more often
proper classes). Individuals do not contain any elements but can be ele-
ments of non-empty sets and classes; non-empty sets can contain individuals
and sets as elements but do not contain classes as elements, and sets can be
elements of non-empty sets and clases; classes can obtain individuals and
sets as elements but can not be elements of individuals, sets or classes. The
only indivinual ) is called a set; others are not sets or classes.

There are two ways to distinguish sets and classes (i.e., proper classes)
in addition to axioms for sets. The first of them is the following: a subclass
X C UlY] of U[U] is a set if and only if there exists a one-element object
(singleton) {X} € V[U]; the second one: a subclass X C UY] of U[U] is
a set if and only if there is no bijection X on U[U/]. Otherwise, X C U[U]
is not a set but a subclass (i.e., proper subclass) of U[/] (further, in short,
a class). Moreover, all subclasses (which are not sets) of U[U] are bijective
to each other. Notice also that when we deal with classes (i.e., proper
classes) we speak in the language of their elements but not of them as
wholes or as units. In other words, sets are arguments (elements of V[U]),
and classes are extensions of some predicates. In formal systems one uses
the following notations: Cls(X) as “X is a class”, M(X) as “X is a set”,
ie, (Y)(X €Y), Pr(X) as “X is a proper class, i.e., Cls(X) A -M(X),
Ur(X) as “X is an urelement” and El(X) as “X is an elements” i.e.,
El(X)= M(X)VUr(X). (See [41], Chap. 4, p. 297.) For simplicity we
avoid here almost these notations.

Proposition 1. If theory N BG™ is consistent, then N BG is also con-
sistent.

Proof see in [40] or in [41], Chap. 4, 4. 86.
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Moreover, a model of N BG is built by the following transfinite recursion:

v(0)=10
V(o) =PU(a)

lim(\) = ¥(\) = J ¥(B) (1)
B<A

H= | Y.
a€On

Here and below o = a+1, @ € On, and P - the functor “set of all subsets”.

Moreover, H' determies an inner model of NBG~ and the axiom of
foundation FA is equivalent to the statement that V.= H’ (Ibidem).

Proposition 2. Theory NBG[U] is consistent if and only if NBG is
consistent.

Proof see in [47] or in [41], Chap. 4, Proposition 4.50, p. 301-302.

A model of NBG[U] is built by the following transfinite recursion.

If U is a set, then

L<J =(8) (2)

Moreover, H'[U{] determines an inner model of NBG[U|~ and the axiom
of foundation FA is equivalent to the statement that V[/] = H'[/].(Ibidem.)

If U is a class, then for each subset L C U and any ordinal v € On we
define a set 2] be the following transfinite recursion:

EZ(O/) = ,PEZ(OZ), o < v, (3)

Let H[U] be the class of all elements M such that for some set L and
ordinal 7, M is in the range of Z]. Then H[U] determines a model of
N BG[U] and the foundation axiom FA holds if and only if H[U/] = U[U].
Moreover, H[U]| determines an inner model of NBG[U]~. (Ibidem.)

Recall that a set X is well-founded (or ordinary) if there is no infinite
€-descending chains, in other words, if every €-descending chain in X is
finite, i.e., for each zg € X, every &-descending chain starting with xg
can be at most the following one: xz¢g 3> x1 3 22 3 ... 3 x,, Where z,
is some individual or the empty set; otherwise it is non-well-founded or
“extraordinary”, i.e., there exist infinite €-descending chains g 3 z1 >
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To D ... > x, O .... The distinction between well-founded and non-well-
founded sets was first articulated by Mirimanoff [43] and in his terminology
the distinction was between “ordinary” and “extraordinary” sets. Later on,
von Neumann [50] proposed an axiom of regularity (“Restrictive Axiom”
in [5] and “Axiom der Fundierung” in [60], i.e. the Foundation Axiom FA)
which excluded Mirimanoff’s extraordinary sets, because according to the
axiom any “descending” sequence terminates, i.e., reaches its bottom or
“foundation”. More precisely, the Axiom of Regularity in NBG[U] is
the following:

(VX)X #0) = (Fu)(ue X A=(Fv)(ve X Aveu))) (4)

and together with the Axiom of Choice it is equivalent to the Axiom of
Foundation (see [41], Chap. 4, Proposition 4.44).

The restriction axiom as FA was very important, first of all, for com-
pleteness of the extensionality axiom Ext, because in NBG[U|~ it is im-
possible to prove in general that for different sets X and Y the two-element
set Z = {X,Y}, which always exists by the axiom of pairing, Z = X, or
Z =Y, or Z is different from X and Y. Only by means of FA can one
prove that {X,Y} is different from X and Y. Secondly, FA avoids vicious
circle phenomena, i.e., there is no set X such that X 5 X; 5 ...3 X,, 3 X;
in particular, the reflexive sets X € X, which appeared to be a source of
paradoxes (which was actually not true), e.g., Russell, with reference to H.
Poincaré wrote: “An analysis of the paradoxes to be avoided shows that
they all result from a certain kind of vicious circle” [58], p. 39. And Russell
had formulated his famous “vicious-circle principle” as follows: “Whatever
involves all of a collection must not be one of the collection” [58], p. 40.
Thus, with the help of the Foundation Axiom, Set Theory has been
succesfully developed and the “vicious-circle principle” has been satisfied.

Nevertheless, many real problems concern circular phenomena in logic
(first of all, Russell’s paradox itself, because it concerns the relation R € R,
and therefore the non-well-founded set R; and also, e.g., the treatment of
Liar-like paradoxes, etc.); linguistics, computer science, graph theory, game
theory, streams, etc., all need circular models which lie beyond the universe
of well-founded sets. At last, there is a lack of investigation of reflexive sets
and Mirimanoff extraordinary sets which are in general many-valued. Even
a real example of a set X which is an element of itself is absent in almost
monographs on Set Theory except those like “set of all sets”, e.g., [27],
p. 5, or in Russell’s paradox R € R in proving that R is not a set; these
examples are fakes. Only later in monographs on “non-well-founded sets”
real examples appeared.
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From the early 20th century, many authors actually proposed their own
anti-foundation axioms (AFA for short) enriching and extending the Well-
Founded Universe by the AFA-Universe, e.g., [25], [7], [50], [55], [26] and
others. All of them proposed theories of possibly non-well-founded sets
which are consistent, assuming that NBG™ is consistent. Nevertheless,
the four axiom systems mentioned are non-comparable, and each one differs
from the others in the strengthening of the extensionality criterion for set
equality.

In the present paper we introduce a new object called a skand (San-
skrit: jump, skip). Skands are “definite and separate” objects (“bestimmten
wohlunterschiedenen Objekten” according to Cantor [15], p. 481) and can
be considered as elements of the class V[U]~ of all sets in NBG~, and they
also enrich V[U]; i.e., they can be well-founded or non-well-founded sets.
Moreover, skands are essential extensions of some (not all) of Mirimanoff’s
extraordinary sets.

The class of all skands generates a class (i.e., proper class) V[U](!) which
is a subclass of the class VU]~ by forming objects X whose elements are

ordinary sets or skands such that {X} exists. Clearly, VU] = VU|© c

VU] ¢ V[U]~. Moreover, we successively continue such a process of

enrichment for each ordinal number o and obtain the following embed-

dings: VU] c Vil ¢ ... ¢ VIUIW c ... ¢ VU] € V[U]~, where

ViU = | VU], We do not say that this cumulative hierarchy ex-
veOn

hausts VU], i.e., VU] = VU]~ but it makes VU]~ more structural.
U

2. The notion of a skand

Let (ap, @) = {/ € On| oy < o < a} be a segment of On; if oy =0
and a > 1, then we call (0, @) an initial segment of On.

Definition 1. Consider a system of embedded curly braces or well-
ordered set of embedding pairs of curly braces {o{ag+1---{a’---a’ }+--ao+1 Fao 1+
indexed by ordinals o/ € (ap, ). We call it a trivial skand of length
[ = a— ap and denote it by e(y,q)- It can be also called an empty
skand because for each o € (g, a) the set of all elements between two
neighboring opening braces {, {a/+1 or possibly between {, o}, if &/ =
a — 1, is empty. In other words, each o/-component e, of €(ap,a) 18
empty. By a non-trivial skand X (., q) of length | = a — ap we under-
stand a non-trivial system of embedded curly braces, indexed by ordi-

nals o/ € (g, a); i.e., there is at least one index o/ € (ag,«), and el-

d
ements g, T1, 2, ..., L), ... of U[U] such that the o'-component X,/ lef
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{a/ 0y T1, T2, ety Txy ooy {av1 (Or {or T0y X1, T2y ooy Tpy oo o}, 1 @) = a— 1) oOf
X(ap,a) 18 a set, i.e., {zo, 71, T2, ..., ), ...} € V[U] and denoted also as X.
For simplicity we shall omit indexes o’ of braces or elements in the cases

. . ! ! ! !
when it is clear what they are, e.g., for {z§ ,2¢, 25, ..., x‘j\‘a/, ey {are1 or
. ’ ’ ’ ’ . .
possibly {yxf , 2,25, ...,2% ..o} in the case o/ = o — 1, we write
«
o o o o o o o : r_
{z§ ,z{, 2§ ,...,x/\a/,...,{ and {zf ,x{, x$ ,...,w/\a/,...} in the case o/ =

a — 1, respectively; or even simplify to {z¢, z1, 2, ..., Z), ..., { and
{zg, 1, x2, ..., T, ...}, respectively. All the more indexes o’ of braces are
conditional, e.g., if X(g ) is a skand, then Y( ) = {X(g )} Whose compo-
nents are Yo =0, Y1 = Xo, Yo = X3, .., Vi1 = X, ..., and Y = X,
for all w < o/ < «, is a skand, too.
For the purpose of interpreting skands as sets, we write a comma before
the second open brace of non-trivial component X, of X4 o), 1.€.,
{a/ 0y X1, T2, ey Tx, ooy or41{ OF simply {xo, 1, T2, ..., T, ..., {. It says that
braces are not only syntactical but also semantic in the definition of skand.
Thus, a general form of an arbitrary skand is the following:

X(ag,a) = {26°, 27°, ..., x’f\‘go, U R CL1I I APRTITE S UPURITS P00y 00 SN (:))

where components X, = {xé"/, ;1:‘11/, - a:‘f\‘//, ..., { are sets, i.e.,

{af 21,25} € VU]
or empty, i.e., Xor = {{; if @ is not a limit ordinal, then the last component
Xo-1 is an ordinary set, i.e., {z§, ¢, ..., ..} € VU] or empty {}.

If all components X/, ag < o < «, of a skand X(ap,a) are equal to
the same set, e.g., X = {xg, z1,...,Z), ...}, we shall denote this skand in a
shorter way by X4, «)(X); in particular, when X = {v},i.e., a one-element
set X, we simplify the notation to X(4,a)(7). If ap < a1 < a2 < «,
then together with X, ) we shall denote by X(,, o,) the skand whose
o/-components X/, a1 < o/ < a9, are the same as those of X(ap,a), and
X (a1,a) 18 called a restriction of X, o) on (a1, az).

Definition 2. Two skands X(,, ) and Y(g, ) are called equal if the
segments (o, «) and (By, #) are isomorphic as well-ordered sets, i.e., their
“similarity” is given by ¢ : (ag, @) — (B0, ), and the corresponding o’-
and (3'-components
Xo =A{az 28, . 2%, ..., {o41 and Yy = {g/ylﬁ ,yéj ) ,yf N
as well as tl/rle lzfst com/ponents Xo = {28, ..., 2%, ...} and
Yg = {g/yf ,yg ) ,yf ), if o/ =a—1and 3 = f—1, are equal as sets
in NBG[U]; ie., {z¢, 25 ,...,2%,...} = {yfj ,yéj , ,yf yha <d <a
and [y < ' < f3, respectively, where 3 = p(d/).
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It is clear that the relation of equality is an equivalent relation.

Remark 1. Actually, between each pair of braces {{ or {} of a skand
X (ap,e) there are different elements (sets or individuals), or their lack, which
form a set; notice that the order in which the members of sets are written
does not matter. In our notation we use X = {xg, 1, ..., Tz, .., { or Xov =
{zg, 1, ..., Ty, ...} only for simplicity of writing, since with the axiom of
choice we can well-order any set X, A < k, for some ordinal k, and obtain
such notation. It is clear that the definition of a skand does not depend
on orderings of elements of X/, ag < o < a, which may be different,
or notations, which may also be alternative. Thus, an arbitrary skand is
“only an accidental aggregation” of well-founded sets or individuals each
of which figuratively “skips” into its own place, {{ or {}, in the system of
well-ordered embedded curly braces; meanwhile there can be empty places
as well as a well-founded set, or an individual, and can “skip” into different
places and even be at all places at once; i.e., elements of each component
are always different and at the same time it may happen that some or even
all elements of different components may be equal.

Remark 2. Now we want to dispose of possible objections from the
side of some logicians who might say that “braces are not objects of Set
Theory and hence, e.g., a trivial skand e(, ) is not well-defined if o —
ap > w”, or “an expression such as {...{{{0}}}...} is not definite”, or the
following, which is thoroughly snobbish: “It would be better if set theory
teachers (and books on set theory) said at the outset that it is essential to
view the universe of sets as a container intended to contain boxes intended
for other boxes and one of them is intended to remain empty. Of course
the setbrackets {...} suggest this view of sets, but this notion should be
explained to those students who meet it for the first time” [48], p. 534.

However we say that all “pure, well-founded sets” are systems of embed-
ded curly braces; an expression {...{{{0}}}...} is not definite, indeed, but
another expression {{{...{0}...}}} of infinite pairs of braces is definite.

In any case the meaning of pairs of braces in the definition of skand
is similar as in the definition of “pure well-founded sets” arising from the
empty set ) = {}:

O A0 G B OH ) -

and we use them only from a most possible convnience outward shape of
skand and an attempt to make it visualize.

Actually we can express a skand without any pairs of braces or brackets
using only the binary relation €. For this purpose we recall the definition
of parametric family of sets [12]), resume, 2, 14. In our case it is a map
fag,a) * (a0, @) — VU], 0 < ap < @, ap,a € On, or more precisely, a
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discrete union || Y, where Y,/ is a singleton whose the only element
a’€(ap,a)
is f(ao,a)(a/)v Le., f(ao,a)(a/) €Yy, <o <a.

In our case (ag, @) is a set of parameters and elements of a parametric

sets are elements of | | Y, and equal to fi,, q)(@') € VU], apg < o' <
o’€(ap,a)
.

Now for an arbitrary skand X, ) one can definitely associate a map
flao,a) ¢ (@0, @) — VU] such that for each o/, ag < o' < @, f(ag,0)(a') =
Xy = {x‘f/, xg/, ...} € V[U]; if a skand e(4, q) is the empty skand, then the
associated map f(q, ) i constant and its image is equal to Deviu.

Conversely, for an arbitrary map f(4yqa) : (@0,@) — V[U] we can as-
sociate a unique X(4, ) such that associated map coincides with f(,.q) :
(oo, @) — V[U].

Indeed, let fiyy.a) @ (@0, @) — VU] be a map. We shall construct a
unique skand X (4, o) such that the associated map as above will coincide
with assumed map f(a,,a) @ (@0,a) — VI[U]. The construction will be
done by transfinite induction. Consider the value f(,, +)(a0) € VU] of
f(ao,a) Of its first argument ag € (ap, ) and the restriction fioo41,0) =
flao,0)l (@o+1,0) Of flag,a) on the subset (g +1, a) of (ap, a). We define now
a set X(g) whose elements are all elements of the set f(o,q)(c0) € VU]
and the map f(4y41,0)- More precisely, X gy is a discrete sum of the set
f(ao,a)(@0) and the singleton Y(g) 3 frag+1,0) i€ X(0) = flag,a)(@0) U Y(0).-
It is clear that a new set X (g is nothing else than an initial map (function)
flao,a) © (@0, @) — VU] because it uniquely reconstructs the map f(q,,q)
by putting f(ao,a)(CVO) = X(O) \YV(O) and f(ao,a)(a/) = f(ao—l—l,a)(a/)v ap+1 <
o < a.

(Note that a map or function is a special “functional relation” which can
be realized, written, denoted by in different ways like “a graph of function”,
“implicit function”, etc., in our case of well-ordered domain («y, ) it is
denoted by the set with elements of the image of its first argument and an
element which is the restriction of f(,, ) : (20, @) — VU] on (ap, @), i.e.
the map f(q,11,a) : (@0 +1,) — V[U]. In all realizations, representations
or designations of f(, o) by a graph of function, an implicit function or as in
our case by a special recursive set X, ap < o < ap+w, we speak about
the only mathematical object: a map or function f,/ q) : (¢, a) — V[U].)

In the same manner we define a unique set X(1) = X441 U Y(q), where
Y1) 2 {fa42,0)} which uniquely reconstructs the map f(q,+1,4) and actu-
ally equal to it. We continue the construction for all o/, i.e., change the
map f(a/,a) by the set f(a/,a(a/) U Yv(a/)v Yv(a/) e f(a/—|—1,a7 ap <o <w<a
We obtain an extraordinary set X = Xy 3 X(1) 2 X(2) 3 ... in the sense
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of Mirimanoff:
! !
X = {z7°, 23°, ..., {x’f‘OH, ;rg‘”'l, e Lz, 28, L (6)

o <ad <w<a.

If a < ag + w, then we stop our construction, and this Mirimanoff
extraordinary set is nothing else than the initial skand X, o). But if ag +
w < a, then in formula (6) we see only visible components and parameters
of the initial function f(q, q) : (0, @) = V[U]: fiag,a)(), & € (ap, ap+w)
and (g, 9 + w), respectively. And we do not see in (6) other hidden
components and parameters of the initial function: f(a0+w7a)(a’ ), ap+w <
o < a, and (ag + w, a), respectively.

We remember that each set X(,,), 0 <n < w, is actually a map f(4g+n,a)»
and the latter is a pasting map f(ag4n,a) = f(ao+n,a0+w) Y f(aptw,a)- Thus,
we have to add in (6) our description of f(q 4w ) by Mirimanoff sets X, >
Xw+1) 22 X, 2+, 0<n<w, and so on ... up to the exhaustion of
all components f(,, q)(@), g < @’ < a, and all parameters (g, «). Thus,
we obtain the need skand X o, o) in (5) with Xor = f(ag,a)(@'), 20 < ' < a.
O

Remark 3. One can consider a rigid version of skand theory requiring
@ in Definition 2 to be an identical isomorphism. This skand theory can
naturally describe the “world of non-well-founded sets” given in [19], Chap.
11, §5, which was “supposed to be of a highly artificial nature”. The formal
symbols x1, xa, ... were considered; and formally it was put that z,41 € x,
and —x; € xj, 1 # j + 1. Putting R(0) = {x1, 22, ...}, it was defined by
recursion R(«) as a power-set of the set ) R(f3). For elements of the

B<a

set R(«) there was the following €-relation: if u is a set, then v € w, if
v is an element of u; if u = x;, then v € w, if v = x;41. Notice that one
needs in the above construction taken in [19] to identify z; with {x;41},
i > 1. This abstract and formal construction can be naturally described
via rigid skands as follows: put z; = X(; o) with X, = 0,1 < < a,
a > w; then z; = X(; 4) are restrictions of X(j4) on (i,a), 1 < i < w.
And then form worlds of non-well-founded sets R(«), a > 1, as above. We
will not consider rigid skands in this paper because they do not allow us to
investigate self-similar and reflexive sets.

Example 1.

Xape) = ({1 A2 13, L I Yiagw = {1 1243, L1,

Skands X (4,) and Y(,.«) are not equal because the ap-component X,
of X(4g,a) 18 empty and the ap-component Yy, of Y(,, ) consists of one
element, which is equal to 1. These skands have the same components, but
in different order.
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Remark 4. We shall postulate below that an arbitrary skand X ., o) =
{2, 29, ..., ;1:9\0, U 2 ;1:}\1, weey{--.}} } is considered as a set in VU]~
whose elements are sets or individuals ;138, 20 ;1:9\, ... of U and the skand

X(agt1,0) = {75, 21, -, ;13}\1, v Lo bl

e, Xaga) = {2, 29, ...,;1:9\0, cos X(ag+1,0)}- In particular, for I > w a
trivial skand e, o) can be considered as a set whose only element is this set
itself, i.e., €(g,0) = {€(ap,a)} because, by Definition 2, €, .a) = €(ag+1,0)-
So, Russell was not right saying that “X = {X} must be absolutely mean-
ingless, not simply false”.

Clearly, if @« = ag + n, where n = 1, 2, ... are natural numbers, then

Xag,a) = {29, 29, ..., ;139\0, R R ;1:}\1,

ey Loy {xg_l,x?_l, ...,xi\l;_ll, <31}
is an ordinary well-founded set whose elements are sets or individuals
;1:8, b ;1:9\0, vy X(ag+1,0) of U.

Example 2. X(o ) = {ao, {a1,{az, {...}} }}, where a;, i = 0,1,2, ..., are
individuals or sets in U, where w = wy is the first infinite ordinal.

This is a skand of length w or a two-element set in V7; ie., X =
{ao, X(1,4)}, where X(q ) = {a1,{az, {...}}}. It is a typical example of a
non-well-founded set, or an extraordinary set in the sense of Mirimanoff [43],
[44], [45], where a;, i = 0,1, 2, ..., are individuals; e.g., non-negative integers
0,1,2,..; ie. X = {0,{1,{2,{...}}}}, or examples of Mirimanoff’s
circular extraordinary sets of period n, where a; = a;4p, ¢ = 0,1,2, ..., and
n=1,2,...is a fixed natural number; e.g., X (o) = {0, {1,{0,{1, {...}} } }},
where n =2, ag =0 and a1 = 1.

The following is a more general example of a circular set.

Example 3. Consider

X(O,w) = {ao, ALy eeey ANy eny {bo, bl, ..b“, ceey {ao, A1y .-A)\y ...
o {0, b1, ey by ooy {03313,

where ay and b, are individuals or sets in U such that {ag, a1, ..., ay, ...} and
{bo, b1, ..b, ...} are elements of V[U/],0 < A < kand 0 < p < v, respectively.
In other words, an even component Xy, is the set {ag, a1, ..., ay, ...} and an
odd component Xy, is the set {bg, b1,..., by, ...}, 0 < n < w.

This skand can be considered as circular sets, i.e., X,y 3 X0 2
X(O,w) and X(l,w) > X(O,w) > X(l,w) because X(O,w) = {ao, A1y o e@)y onny X(l,w)}v
X1w) = {bo, b1, by s X2.0)}, X2,0) = {a0,a1,..ax, ..., X3} and, by
Definition 2, X(O,w) = X(Zw) and X(l,w) = X(37w)'

Example 4. Consider two skands

(7)

X(O,w2) = {ao, ALy eeey ANy eny {bo, bl, ceey b“, ceey {ao, A1y .- ANy ... (8)

{ag, a1, ...;ax, ..., {bo, b1, .0y, {...}} .},
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where a) and b, are individuals or sets in U, 0 < A <k and 0 < p <
v, respectively, where even components Xo, are equal to the fixed set
{ag, a1, ...,ay, ...} and odd components X, are equal to the other fixed
set {bo, b1, ..., by, ...}, 0 <7 < w2, and

Yv(owg) = {ao, ALy eery ANy oeny {bo, bl, ceey b“, ceey {ao, Aty ..A), ... (9)

{bo, b1, ..., by, {ao, ar, ..an, {...}}}...} }}

which can be obtained from X g ) by changing 27-components X2, on the
set {bo, b1, ..., by, ...} and 27+1-components Xo,41 on the set {ag, a1, ..., ay, ...},
for all w < 7 < W2.

They can also be considered as circular sets; i.e., X(g.2) 3 X(102) 2
Xow2) and X142y 2 X(ow) 2 X(1,w), because
X(O,w2) = {(10, atg, --Qx, -+ X(l,w2)}7 X(l,w2) = {b()v b1, "b,uv ) X(2,w2)}7
Xw2) = {ao, a1, ..ay, ..., X(342)} and, by Definition 2, X ,0) = X(2.92)
and X(q ,9) = X3w2) as well as Yo 0y 3 Y102y 3 Youwe) and Yy 9 3
Yi0,u2) 2 Y{(1,w2), because
Y(o,wz) = {ao, a1, -.ax, ..., Y(1,w2)}a Y(sz) = {bo, b1, by e Y(z,wz)}a Y(z,wz) =
{ao, a1, ..ay, ..., Y(3.9)} and, by Definition 2, Y(q ,9) = Y(2,u2) and Y{; u0) =
Y(3.w2). Nevertheless, X (g 2) # Y(0.u2), as well as X(q 0y # Y(1,u2). It is
also clear that X g ) # X(0w2) and X(g ) # Y(0,w2).- U

Note that every well-founded set X = {x¢, z1, ..., zy, ...} can be consid-
ered not only as a skand X g 1) of length 1 but also as many other different
skands of different finite lengths in general. Indeed, fix, for example, one
element of X. Let it be zg. Since X is well-founded we choose a de-
scending €-chain z9 > 2§ > 3 > ... > 20 such that 2§ is an individual
or the empty set, and fix it. Then X = X ,,11) = {Z1, 72, ..., T, ..., To},
where zg = {a%,a%,...,a&l,...,aé} and af = 7} = {a%,a%,...,ai,...,aﬁ},
a = 13 = {a{’,ag,...,ai’g,...,ag},..., al™t =2l = {a}, a3, ...,a} ;ag},
ag = xg; i.e.,
X = X(0n41) = {T1, T2, .-, T, -

o {ad al, ..., a}\l, o Lo {at,ay, o al o agth

If for example, z = (), then there is another skand which gives the same
set X = X(gnt2) = 171, T2, .0, T ooy {ai,ad, ..., a}\l, ey Lo
e tat,ay, a3

Example 5. X ,1) = {ao,{a1,{a2,{...{aw}...}}}, where a;, i =
0,1,2,...,w, are individuals or sets in U.

This is the simplest example of non-well-founded set whose only two
elements are ap and skand Xy ,41) = {a1, {az, {...{a,}...} }}. It was not
considered by Mirimanoff because by remaining silent on the issue of an
extraordinary set, i.e., X 2 X; 3 Xy > ..., Mirimanoff seems to suggest
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that it is in our terminology a skand of length w only. Moreover, all such
skands and others of length w + 3, where § € On, 8 > 1, are here essential
generalizations and extensions of some of Mirimanoff’s extraordinary sets.
O

3. The formal theory NBG[U]") of non-well-founded sets and its
model in the universe of elements U[/](")

Recall that we work here inside NBG~ and NBG[U|™ set theories,
where the former is the theory of “pure” sets and latter is the theory with
individuals U, and in both theories the Axiom of Foundation FA has been
omitted. As above, by V~ and V[U]|~ we denote the classes of sets in
these theories, as well as the universes of elements U~ =V~ and U[Y]~ =
V~ UU, respectively. Similar notations are for their extensions as the
same set theories plus the Axiom of Foundation FA: NBG and NBG[U]
set theories, where the former is the theory of “pure” sets and latter is
the theory with individuals ¢, V and V[U] are the classes of sets in these
theories, as well as the universes of elements U = V and U] = VUU,
respectively.

We want to extend NBG~ and NBG[U]~ to NBG™") and NBGU]W,
respectively, by less restrictive axioms than FA | which will be based nev-

ertheless on NBG “ N BGWO). For C‘gransﬁnite indgctive construcgions we
also put NBGIU] Y NBGuU©, v vO), vy v, u ¥ vo),
U] = UU ), and U = )] respectively.

Suppose now that U is a set (which can be empty) or class and we
will define a theory N BG[U]™) which extend in these different cases N BG~
and N BG[U]~, turning our attention to the latter because the former is
a particular case of NBG[U]~ when U = (). For this purpose we add to
NBG©® a wider class of individuals than 4(®) by adding to it a new class
of individuals 4(). Elements uf\l) e UM, X € Ord, are arbitrary skands
X(ag,e) of length I = (o — ap) > w taken with the forgetful operator E
which “forgets” the inner structure (€ relations) of X(ap,a)- More pre-
cisely, uf\l) = FX(q4,a) and no element or object is a member of EX o)
Moreover, if X(ag,a) = X(gy,6), then EX(aya) = EX(g,5) and they de-
fine the only individual uf\l) e UM, We will need the inverse operator,
i.e., “remember operator” E~!, i.e., for any individual uf\l) = EX(ag,0)s
AeOord, -4l = X (0 0)-

By NBG[U]M) we understand the theory NBG[U]~ with the addition
axiom:
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Skand Existence Axiom and Recognition Skand as a Set. For
any map f(ag,q) : (@0, @) = V[U], @ — ag > w, there exists a unique skand
X(ap,a) Such that for each o’ € (ap,a) one has Xo = f(qg,a)(@’). This
skand is considered as a set X € V[U]™ whose elements are elements of
the set f(q,,a)(0) and one more element X ;1 o) Which is a restriction of
X(ap,e) O0 (@0 +1,a), ie.,

X = {z5°, 27, .., 23, o, X(agt1,0) - (10)

We will note this very set by the same symbol X, o) but we shall differ
meaning X, o) s a skand (5) and X (4, «) as a set (10).

Remark 5. One can notice that we ignore here slands X, o) of fi-
nite length, i.e., | = o — ap < w, because in this case the set X o) 18
well-founded set and will not enrich V[U] ). When a skand X (ag,a) has a
length | = a — ap > w, then the set X, o) is a non-well-founded set be-
cause by Skand Existence Axiom and Recognition Skand as a Set (shortly
SEA&RSS) in X (4 ), repeatting w times, in the set X (4, ) there is an
infinite €-descending chain:

KX(an,a) 2 X(ap+1,0) 2 X(apt2,0) D -+ D X(aya) D s @0 < o <a. (11)

Since in NBG[U]™ we postulate existence of new objects and sets we
have to revise the previous Extensionality Axiom of N BG[U](©).

Strong Extensionality Axiom. Two sets (resp., classes) X(1) and
Y ()| whose elements are well-founded sets, individuals and skands as non-
well-founded sets are equal if for each element z € X () there is an element
y € YU such that 2 = y and for each element y € Y1) there is an element
z € XM such that y = z, where “=” means the following;:

1) the equality of individuals, when z,y € U, ie., (z = y) <=
(V2)(x € z <=y € 2);

2) the equality of well-founded sets, when z,y € VU], ie., by EA of
NBG[U];

3) the equality of skands, when z,y € E-1UWD, ie., by Definition 2;

4) the (iterative) equality of sets in V[U](D, i.e., by using 1), 2), 3) in
SEA for a complex sets z,y € V[UU]M).

The latter class VU] is defined by transfinite recursion. Denote by
U’ the discrete union 4(® L /(). By formulas (2) and (3) we define a
class H{U'] which is a class of well-founded sets and determines a model
of NBGU'], HU'| = U[U'] and is an inner model of NBG[U'|~. Now we
apply the remember operator E~! to all individuals of #(!) which are in
any constituents of sets in VU] = HU'] \ U or individuals themselves
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in H[1') \UU®, in short words, in all objects in X € H[U']\ U we change
all individuals of /(! on the corresponding skands considered as sets, i.e.,
each individual EX . ) turns into a set X(4.q)-

One can see that after such changing V[U’] turns into a class VU]
of sets which can be well-founded and not-well-founded. Moreover, by
Propositions 1 and 2, V[]™ is a model of NBG[U]™") and an inner model
of NBGU]~

These definitions and construction of NBG[U]™M) give the following the-
orem.

Theorem 1. The set theory N BG[U]" is consistent on the assumption
that NBG™ is consistent.

Proof. As we mentioned above, NBG~ is consistent iff NBG[U]™ is
consistent. It is well known that if N BG[U]~ is consistent, then N BG[U] =
NBGU]® is also consistent (see Exercise 4.86 in [41]). But NBG[U] is
consistent iff NBG is consistent. Again NBG is consistent iff NBG[U'] is
consistent. But the remember operator E~! makes from NBG[U'] a con-
sistent theory NBG[U]™, too. (See details in [47] or Chap. 4, Proposition
450 in [41]).

Remark 6. In our case we have an additional class of individuals /()
as “pseudo-individuals” in the above sense, i.e., each €-descending chain
is finite or terminates, i.e., reaches its bottom or “foundation” which is an
empty set, or an individual, or a skand. [J

Since () C U it is clear that by the second part of SEA&RSS, i.e., RSS,
we obtain the following embeddings:

ViU = ViU c vir c viu~. (12)

Examples 3, 4, 5, show that the former embedding is proper; we shall see
that the latter embedding is proper, too. U

4. Self-similar skands

The following skands are of great interest in the study of the relation
X € X in the Set Theory which we are going to clarify in this paper.

Definition 3. A skand X, q) is called self-similar if for each ay,
ap < a1 < @, there is an equality X, o) = X(a;,a)-

It happens iff a = w”, where w = wy is the initial countable ordinal,
x > 1, and each o/-component X/ of X4, ,r), @0 < @' < w", is the same
set {z1, 22, ..., T, ..oy {-

Indeed, it is well known that each remainder p of an ordinal a # 0 is
equal to « if and only if & = w", k > 0, ([36], Ch. VII, §7, Theorem 7).
Recall that an ordinal p is called a remainder of an ordinal « if p # 0 and
there exists an ordinal ¢ such that o = o + p.
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Then our assertion when skands are self-similar follows immediately from
Definition 2.

Note that in the case k£ = 0 the skands X (g 1) which are ordinary well-
founded sets can be formally considered as “self-similar” skands of length
1.

Recall also that ordinal numbers « of the form w®, x > 0, turn out
to be the prime components or principal numbers of addition, i.e., ordinal
numbers « such that there is no decomposition a« = G+~ where 8 < «a and
v < a ([56], §19, Chap. XIV, Theorem 1, p. 323).

Example 6. X(o.) = {ao,{ao, {ao, {...-}}}}, where ag is an individual
or set in U.

This is a self-similar skand of length w or the simplest example of an
extraordinary circular set of period 1.

More generally, X (o .y = {ao,a1, a2, ..., ax, ...{ao, a1, ag, ...;ax ...{-..} } },
where ay, 0 < A < k, are individuals or sets in U, e.g., for A =1, a) =1,
0<i<w==r, Xouw=1{0,1,2,3,...,{0,1,2,3, ... {...} } }.

Example 7. X 2) = {ao, {ao, {ao, {---} }} }, where ao, is an individual
or a set in U.

This is an example of a self-similar skand of length w?. We picture it in
the following figure:

w T
.{007 .{007 .{007 .{007 .{007 .{007 .{007 .{007 .{007 .{007
wn wn+1 wn+42 . . . . . . wn+m
.{007 .{007 .{007 .{007 .{007 .{007 .{007 .{007 .{007 .{007
. a/ a/ _|_ 1 . . . . . . .
.{007 .{007 .{007 .{007 .{007 .{007 .{007 .{007 .{007 .{007
w2 w241 w242 . . . . . . w2+m
.{007 .{007 .{007 .{007 .{007 .{007 .{007 .{007 .{007 .{007
w w+1l w+?2 . . . . . . w+m
.{007 .{007 .{007 .{007 .{007 .{007 .{007 .{007 .{007 .{007
0 1 2 . . . ag ag+1 . m

Fig. 1.

and conclude that X, ,2) & X(4 2y, for all 0 < ag < o < w?; ie,
we see that X 2) is really a self-similar skand of length w?. Notice
also that, by Definition 2, X(o.) = {ao,{ao,{ao, {--}}}} # Xw) =
{ao, {ao, {ao, {---}}}}-

Definition 4. A set X is called reflexive if X € X.
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It is not clear at once that reflexive sets do exist, in spite of Mirimanoft’s
“ensembles de deuxieme sort” [43] and Eklund’s “Mengen, die Elemente
ihrer selbst sind” [22].

Consider now an “indeterminate” object X in VU]~ of the following
form:

X ={zo, 21,22, ey Ty ..., X | (13)

It is clear that the equation (13) is a general form of reflexive sets if they
exist.

Proposition 3. Reflexive sets do exist. Moreover, there are a huge
number of different solutions (which form a proper class) of (13) in V[U]~.

Proof. Indeed, the following self-similar skands:

X(O,w“) = {.1‘0, L1y Ly eeey L)y ovey {.1‘0, L1y Ly eeey Ty eey {}}}, (14)

for each k € On, k > 0, are solutions of (13) because, by the Axiom of
Skand Existence, objects in the form (14) do exist and by Definition 2,
X(0wr) = X(1,0r), and we obtain

X = X0wr) = {0, 71, T2, -0, Ts ooy X105y} = {T0, T1, T2, oy T, -0y X T
(15)
O
Remark 7. Proposition 3 shows that the relation X € X is extremely
mulivalued and Russell was more or less right to call it “meaningless” be-
cause without additional description it is undefined. One can say the same
thing about the relations X € Y € X which are also many-valued and,
without additional description, are undefined, as Examples 3 and 4 tell us.
Remark 8. Many years ago the author noticed (better to say perceived)
[38] that there are self-similar skands of length greater than w and for a
long time has been thinking that only such skands of length w”, kK > 2,
are solutions of (13) which differ from each other and from the solution of
length w, i.e., Mirimanoft’s extraordinary set solution. Now it is clear that
not only, e.g.,

X(0w) = 170, T1, T2, ooy Tn, s 120, T1, T2y o0y Ty oy {0} 1} (16)
and
X(sz) = {.1‘0, L1y Ly eevy Ty oeey {.1‘0, L1y Ly eeey L)y eeny {}}} (17)

whose components are the same set X = {x1, 29, ...,25, ...}, 0 </ < w
and 0 < o/ < w?, respectively, are different solutions of (13), but also, e.g.,

X(0w+1) = 120, T1, T2, .o T, ooy {20, T1, T2y ooy N, {0 {1} F ) (18)
and

}/(07(4}4—1) = {.1‘0, L1y Ly eeey L)y eeny {.1‘0, L1y X2y eeey TN, {{2}}}} (19)
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are also different solutions of (13) because X g ,,41) = X (1 wt1) and Y 11y =
Y(i,wt1) and X, = {1} # {2} = Y, although these solutions are not self-
stmilar skands. So, reflexive sets need not be self-similar skands. On the
other hand, all these different solutions above are isomorphic extraordi-
nary sets in the sense of Mirimanoff [15], p. 40-41, and form a proper
class. Moreover, they are identically isomorphic extraordinary sets in Mi-
rimanoff’s sense and thus must be equal. So, identically isomorphic ex-
traordinary sets, or equal extraordinary sets need not be equal in N BGW,
In other words, reflexive extraordinary sets in [43] as well as in [22] are
not well-defined, if we do not restrict them to skands of length w. Judging
by his silence on the issue, it seems that Mirimanoff tacitly supposed that
the length of the skands was equal to w. Consequently, in Mirimanoft’s
approach we see only w-phenomena and ignore trans-w-phenomena. This
is indeed the origin of the following error in logic which we are now going
to clarify. [J

5. Applications to Russell’s paradox and its variants

5.1 Russell’s paradox.

In 1903 Russell published the famous paradox he had discovered two
years previously and of which he had informed other mathematicians by
correspondence. Here is the original quotation: “We examined the contra-
diction resulting from the apparent fact that if w be the class of all classes
which as single terms are not members of themselves as many, then w as one
can be proved both to be and not to be a member of itself as many” ([54],
Chap. X, p. 107). Thus, in modern terminology, he defined the following
set:

R={X| X ¢ X}, (20)
where X are sets; i.e., R is the set of all sets that are not members of
themselves, or the universal set formed by the property X ¢ X, which he
and then all mathematicians considered to be a paradoxical set, or Russell’s
antinomy. Therefore, the set R was supposed to be inconsistent in Cantor’s
Naive Set Theory and the latter was called inconsistent, e.g., [9], p. 488-
489.

The property or predicate X ¢ X was called Russell’s condition.
Russell’s argument is the following:

ReR<— R¢R (21)

which is a contradiction, and that is why the set R is inconsistent. Hence,
R does not exist from Poincaré’s point of view: “En mathématiques le mot
exister ne peut avoir qu'un sens: il signifie ezempt de contradiction” ([52],
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p. 162), as well as from Russell’s: “The contradiction proves that the class
as one, if it ever exists, is certainly sometimes absent” ([54], Chap. X, p.
107).

Later on, when sets and proper classes were being distinguished and any
predicate (in particular, Russell’s condition) formed a class which existed by
one of the class-formation axioms, it was supposed that Russell’s paradox
said nothing other than that R was a proper class, not a set. E.g., an
explicit exposition of it we take from [41], p. 239: “Let us verify now that
the usual argument for Russell’s paradox does not hold in NBG~. By the
class existence theorem, there is a class Y = {z|x ¢ z}. Then (Vz)(z €
Y <= z ¢ x). In unabbreviated notion this becomes (VX )(M(X) =
(X eY <<= X ¢ X)). Assume M(Y). Then Y € Y <= Y ¢ Y, which,
by the tautology (A <= —A) = (AA—-A), yieldsY € Y AY ¢ Y. Now,
by the deduction theorem, we obtain - M(Y) = (Y €e Y AY ¢ Y), and
then, by tautology (B = (AA—A)) = —B, i.e., the derived rule of proof
by contradiction, we obtain - =M (Y). Thus, in NBG~, the argument
for Russell’s paradox merely shows that Russell’s class Y is a proper class,
not a set. NBG™ will avoid the paradoxes of Cantor and Burali-Forti in
a similar way”. (In this citation we have only changed N BG into NBG™,
which is in our notation the corresponding set theory; - A means that A
is a theorem.)

Now, by Proposition 3, we can state the following conjecture:

Conjecture 1. In any set theory, if one assumes that R = {X| M (X) A
X ¢ X} is a set, then the implication

R¢R=—RcR (22)

is false, i.e., Russell’s argument (21) is false and hence Russell’s paradox is
not a paradox in this set theory; thus, the proof that R is a proper class,
not a set, via Russell’s paradox is incorrect.

The sense of this conjecture is the following: after assuming M(R) we
notice that

1) Russell’s condition X ¢ X becomes impredicative;

2) by (13) and (14), the relation R € R is multi-valued;

3) a set R with the relation R € R (which in this case is reflexive and
hence a non-well-founded set) in general is not well-defined, i.e., indefinite.

We shall prove this conjecture for some well-known formal systems (set
theories), some from the syntactic and the semantic sides, some only from
semantic side.

Proposition 4. Conjecture 1 is true in NBG, i.e., if M(R), then the
implication R ¢ R = R € R s false in NBG.
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Proof. It is well known that the axiom of regularity implies (VX ) (M (X)
= X ¢ X). Indeed, otherwise, the set Y = {X} would not satisfy the
axiom of regularity Reg (4). (See the more general Proposition 4.44(c), p.
279, in [41].) Thus, for each set X the statement (respectively, formula) X ¢
X is always true (respectively, true in some and hence in all interpretations
or models of NBG) and the statement X € X is always false (respectively,
false in some, and hence in all interpretations or models of NBG) in N BG.
In particular, if M(R), then R ¢ R is true and R € R is false. Hence, by the
calculation of the truth function for implication, the following statement
(respectively, formula) R ¢ R = R € R is false (respectively, false in some
and hence in all interpretations or models). [

Corollary 1. Russell’s paradox in N BG is not a paradox which “shows
Pr(R)”, and hence the classical proof that R, which in NBG coincides
with V[U], is a proper class is not correct when it proceeds via Russell’s
paradox.

Proof. Since by Proposition 4, the implication R ¢ R = R € R is
false in NBG we obtain that there is no equivalence (21) and hence the
above argument - M(R) = (R € RA R ¢ R) and, that by the derived
rule of proof by contradiction, one obtains - =M (R), does not work any
more. Thus, in NBG F =M (R) proved via Russell’s paradox is incorrect.

Nevertheless, the latter = =M (R) can be easily proved by the Maximal-
ity Principle.

Proposition 5. Russell’s collection R = VU] in NBG is a proper
class, not a set.

Proof. Since, by the axiom of regularity, for each set X € V[U] the
statement X ¢ X is true, we obtain the relation X € R. Thus, R = V[U].
Assume that M (R). Then, as above, the statement R ¢ R is true. By the
Axiom of Pairing, i.e., for every two sets X,Y there exists a set {X,Y}
that has X and Y as its only members, in particular, when X =Y, there
exists a singleton {X }, thus, we obtain the singleton { R} € V[U]. Now, by
the Axiom of Union, we obtain the set RU {R} with a proper subset R,
i.e., R C RU{R}, which is in contradiction with the maximality of R, since
it is the set of all elements X such that X ¢ X; but by assertion M(R),
R ¢ R. This proves the statement =M (R), i.e., Pr(R). O

Remark 9. In proofs of Propositions 4 and 5 we avoid the traditional
(e.g., [41], Chap. 4, §1, [36], [12], [27], [4], etc.) arguments: Assuming
M(R), by the derived rule of proof by definition (actually, by a hidden
axiom) and that R € R is a well-formed formula, the statement R ¢ R —>
R € R is supposed to be true. Indeed, the formula R € R is well-formed,
but in general a set R with the relation R € R is not well-defined, because a
reflexive set R, i.e., R € R, has a non-definite element R and we cannot say
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what set we are dealing with; moreover, if R is well-defined in some formal
systems, the statement R € R can be false, as we have seen in the above
proofs. If the statement R ¢ R = R € R were true by the definition of R
and a well-formed formula R € R or a well-defined non-well-founded set R,
there should be a double-paradoz of Russell. Indeed, in N BG there should
be two opposite statements: R ¢ R = R € R is true and R ¢ R —
R € R is false. Since the statement R € R = R ¢ R is always true in all
theories, we conclude that in N BG, after assuming M (R), there is Russell’s
paradox and there is mo Russell’s paradox. Of course this double-paradox
would imply that =M (R), but we proved the statement —M (R) via the
Maximality Principle in a shorter and easier way, avoiding paradoxes and
formal logical tricks with an impredicative definition of R under assumption
M(R), together with the well-formed or well-defined formula R € R. There
is another reason for us to avoid the derived rule of proof by definition. If
M(R), then by the Axiom of Power, there exists the set P(R) of all
subsets of R, and each element X € P(R) satisfies Russell’s condition
X ¢ X. By Cantor’s theorem, the power of P(R) is greater than the power
of R, and thus, by Cantor-Bernstein’s theorem, P(R) is not a subset of
R. So, the statement M(R) = —(P(R) C R) is true. On the other hand,
using the derived rule of proof, by definition we conclude that the statement
M(R) = P(R) C R is true in spite of the fact that R € P(R) and R ¢ R.
We can use the definition of R for every element X of P(R) except X = R
to prove that X € R, because all X € P(R) are well-founded, and hence
X ¢ X; but for the well-founded set R we cannot conclude that R € R
because a set R became indefinite. Notice that in N BG Russell’s “paradox”
coincides with Cantor’s “paradox” as well as with Mirimanoff’s “paradox,”
and after well-ordering R, it coincides with Burali-Forti’s “paradox” (see
all of them below).

Proposition 6. For any formal system (axiomatic set theory) K an
inner model of which is the class VU] in N BG, after the supposition M (R)
for R={X|M(X)ANX ¢& X} the following statement (formula) R ¢ R —>
R € R is false.

Proof. It is known that for any theorem A of K, Rely A is also a
theorem of K (see [41], Chap. 4, p. 282-283) or if A is a true statement
in K, then it is true in any model (see Chap. 1, §, Theorem 1 in [19]). By
Proposition 4, R ¢ R <= R € R is false in inner model V[U] of K, where
V[U] is the universe in NBG of all well-founded sets. Hence it is false in
K.

Corollary 2. R¢ R = R € R is false in NBG™.

Proof. The same universe V[/] in NBG is an inner model for NBG~.

Corollary 3. R¢ R = R € R is false in ZF[U] + (AFA).
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Proof. Von Neumann’s universe V[i] is an inner model for ZF[U] +
(AFA).

Corollary 4. R¢ R = R € R is false in Cantor’s Naive Set Theory.

Proof. We turn Cantor’s Naive Set Theory into the following naive
formal system by adding to the first order predicate caculus some naive
axioms, judging by his silence on the issue, used without proving:

(I) Axiom of the singleton. If X is a set, then there exists a set {X}
which contains X and only X as an element.

(IT) Axiom of the union of two disjoint sets. If X and Y are two
sets which have no common elements, then there exists a set X UY whose
elements are the elements of X and of Y, taken together.

(ITT) Axiom of the power set. If X is a set, then there exists a power
set P(X) whose elements are subsets of X.

(IV) Axiom of infinity. There exists an infinite set.

Clearly, von Neumann’s universe V is an inner model for such a formal
system (naive set theory) and for each X € V the formula X ¢ X is always
true and the formula X € X is always false.

Proposition 7. Russell’s collection R in all the above set theories is a
proper class, not a set.

Proof. Since in all these theories, after assuming M (R), the statement
R € R is false, we conclude that R ¢ R and, by the Maximality Principle,
we obtain that R is not maximal. Thus, - M (R).

We can even avoid the definition of R. Indeed, assuming M (R), we
notice that von Neumann’s universe V is a subclass of R. Hence R\ (R
V) =V is a set which contradicts Proposition 5.

Thus, the set R is not inconsistent because of Russell’s famous paradoz,
or antinomy, as has been believed for more than one hundred years [61]
but it is inconsistent because of a different argument, i.e., the Maximality
Principle.

Conjecture 2. In general, for any reflexive set X, there is no non-
trivial predicate (well-formed) B(x) such that X = {x| B(z)}, in particular,
B(X)=M(X)ANX ¢ X does not define the reflexive set R under assump-
tion M(R).

We say “in general” because in NBG~ +(AFA) a reflexive set X € X is
uniquely determined by elements X \ {X }. We say “non-trivial predicate”
because for each reflexive set X there is a rivial predicate (tautology):
X = {z|z € X}. The problem is that for each reflexive set X the nature of
its elements in X \ { X'} is different from the nature of its reflexive element
X € X. We know only one example in NBG~+(AFA) of a unique reflexive
set © such that Q = {Q}. O

5.2 Russell’s set is a parametric set.
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Later in [59], [28], [3] and [4] a parametric version of a real Russellian set
(not a proper class) was introduced. For any set a € VU]~ (well-founded
or non-well-founded, it does not matter) the following set

Ro=1{becalbehb) (23)

always exists as a set because it is an intersection of the proper class R
and the set a. As has been observed: “There is nothing paradoxical about
R,. The reasoning that seemed to give rise to paradox only tells us that
R, ¢ a”. (See [4], p. 60). That means that the assumption R, € a gives
the paradox R, € R, <= R, ¢ R,. This is the usual Russellian argument.
Consider, e.g., the proof, given by Halmos in [28], p. 6, changing only the
notation, which we take from [3]. “Can it be that R, € a? We proceed to
prove that the answer is no. Indeed, if R, € a, R, € R, also (unlikely, but
not obviously impossible), or else R, ¢ R,. If R, € R,, then, by (23), the
assumption R, € a yields R, ¢ R, — a contradiction. If R, ¢ R,, then, by
(23) again, the assumption R, € a yields R, € R, — a contradiction again.
This completes the proof that R, € a is impossible, so that we must have
R, ¢ a”.

In [59] Zermelo showed, by this relative Russell’s paradox, that the do-
main B of his sets is not a set.

We see that here the implication R, ¢ R, = R, € R, is false, too,
as it was in Russell’s argument. If one, still believing in Russell’s paradox,
uses the derived rule of proof by definition and states that the implication
R, ¢ R, — R, € R, is true, then the result R, ¢ a follows logically from
the double-paradox R, ¢ R, = R, € R,istrueand R, ¢ R, — R, € R,
is false, since R, € R, = R, ¢ R, is always true.

Here is a shorter correct proof of this statement based on the Maximality
Principle.

Proposition 8. R, ¢ a.

Proof. It is clear, that R, ¢ R, because otherwise, (i.e., R, € R,), it
would be a member of a and, therefore, by (23), R, ¢ R,. Thus, we have
proved that R, ¢ R,. Notice the implication that R, € R, = R, ¢ R, is
always true in similar situations.

Suppose now that R, € a. Then R,U{R,} is a subset of a; moreover, it
is a subset of a whose elements do not contain themselves, in particular, R,
as we have proved above. Therefore, R, is a proper subset of R, U {R,};
ie., R, C R,U{R,} C a which, by (23), is in contradiction with the
maximality of R, since it is the set of all elements b of a such that b & b.
Consequently, R, ¢ a. O

Remark 10. In spite of the gap in Halmos’s proof, the author of this
paper cannot refrain from relating a witty observation made by Paul R.
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Halmos (the author once met him and appreciated his wit as well as his
brilliant lectures and books): “The most interesting part of this conclusion
is that there exists something (namely R,) that does not belong to a.
The set a in this argument was quite arbitrary. We have proved, in other
words, that nothing contains everything, or, more spectacularly, there is
no universe. ‘Universe’ here is used in the sense of ‘universe of discourse,’
meaning, in any particular discussion, a set that contains all the objects
that enter into that discussion. In older (pre-axiomatic) approaches to set
theory, the existence of a universe was taken for granted, and the argument
in the preceding paragraph was known as the Russell paradox. The moral
is that it is impossible, especially in mathematics, to get something for
nothing. To specify a set, it is not enough to pronounce some magic words
(which may form a sentence such as ‘x ¢ z); it is necessary also to have at
hand a set to whose elements the magic words apply”. (Ibid., p. 6-7).

5.3 Zermelo’s paradox.

Zermelo founded his own paradox independently of Russell and said in
1908 that he had mentioned it to Hilbert and other people already before
1903. Later, in 1936, in his letter to Scholz, he wrote that the set-theoretical
paradoxes were often discussed in the Hilbert circle around 1900, and he
himself had at that time given a precise formulation of the paradox which
was later named after Russell (see [63]). We shall see below that Zermelo’s
opinion was mistaken, and that Russell’s and his paradoxes are similar but
not the same. Zermelo’s paradox is the following: a set M that comprises as
elements all of its subsets is inconsistent. Indeed, consider the set M of all
elements of M which are not elements of themselves (e.g., the empty set is
in My) This set is a subset of M and hence by assumption on M, My € M.
If My € My, then My is not a member of itself. Hence My ¢ Mj and since
My € M, My € My: contradiction. (See [64], § 2.4; [61], p. 507). We notice
the same mistake: the implication (My ¢ My A My € M) = My € M is
false.

We can repeat said above, if one still believing in Russell’s paradox
uses the derived rule of proof by definition and states that the implication
(Mo ¢ MoAMy € M) = My € M is true, then the result My ¢ M follows
logically from the double-paradox (Mo ¢ My A My € M) = My € M, is
true and (Mo ¢ Mo A My € M) = My € M, is false.

Here is the solution of Zermelo’s paradox based on the Maximaliti Prin-
ciple.

Proposition 9. There is no set M such that it comprises as elements
all of its subsets.

Proof. Suppose the contrary, and such set M exists. Then My = {X €
M| X ¢ X} is well-defined and My € M. If My € My in any possible way,
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then My € My € My and, clearly, by definition of it, My ¢ Mj. (The first
part of Zermelo’s proof is correct.) By axiom (I), the singleton {Mp} also
exists and it is a subset of M, i.e., {My} C M (because My C M and, by
definition of M, My € M). By axiom (II), we obtain that MyU{Mp} is also
a subset of M and consists of elements which are not elements of themselves
because in addition to all elements of My with such a condition, My itself
satisfied the same condition, i.e., My ¢ My, as was proved in the first part.
Clearly, My is a proper subset of My U {Mp}; i.e., My C My U{My} which
is in contradiction with the maximality of My. Consequently, M doest not
exist.

Notice also that contrary to Russell’s “set” R, which is not a set but
does exist as a proper class, Zermelo’s set M does not exist as a proper class
at all; in other words, there is no mathematical object such as Zermelo’s
set M, but there is an object R in NBG~ and in NBG. Moreover, in
the latter it is called the Universe V[U] or the class of all well-founded
sets WF. That is why Zermelo’s and Russell’s paradoxes are meaningfully
different. M cannot be a proper class because in its rigid definition M has
to be an element of M, which is impossible for proper classes. If of course
one distinguishes sets and proper classes, then M is an object of set theory
(a proper class) such that it comprises as elements all of its subsets (not
proper subclasses) but M in this case is not defined in the original sense of
Zermelo. [

6. Other set-theoretical paradoxes

The same argument is valid for the “set” On (Burali-Forti’s “paradox”
[13]), for the “set” Card of all cardinal numbers (Cantor’s “paradox,” first
mentioned in the letter to Dedekind of August 31. 1899, and later in [17]),
for the “set” U (Hilbert’s “paradox” [61], p. 505), and for the “set” WF
(Mirimanoff’s “paradox” [43]).

We shall also prove that the family NWF of all non-well-founded sets is
not a set but a proper class and it does not concern Russell-like paradoxes at
all. As above all proofs will be based on Maximality Principle. Admittedly,
it was implicitly used by Cantor in proving that the second number-class
set is not countable [16], §16, [Theorem] D. His proof takes up at least one
page—more precisely, 32 lines). Now this proof requires only five lines.

Proposition 10. For each initial ordinal w,, the set of all ordinals A
such that A < w, cannot be of a power smaller than the power of wg.

Proof. Indeed, if the power of the set X = {A| A < w,} were smaller
than the power of w,, then the power of the next ordinal number § =
X U{X} would be smaller than the power of w,, too. Since [ is greater
than each ordinal A in X, it is not a member of X. Hence X C X U{3};
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i.e., X is a proper subset of X U {3}, which is in contradiction with the
maximality of X. [J

6.1 Burali-Forti’s paradox, or the antinomy of the greatest or-
dinal.

The earliest antinomy in set theory was published in 1897 in [13]. It has,
however, a non-trivial history, starting out from the fact that there was
nothing paradoxical in it, since in [13] there was no contradiction. This is
because Burali-Forti had misconstrued Cantor’s definition of a well-odered
set, and used his own notion of a different kind of ordered sets which he
called “perfectly ordered classes”, and proved that such classes are non-well-
ordered. Russell [54], p. 323, reformulated the argument of Burali-Forti
as a contradiction and gave it its present name. (This observation was
borrowed from [24], p. 306-307, and [61], p. 350). And we will finish this
story with an amusing remark given by Halmos: “The contradiction, based
on the assumption that there is a set of all ordinals, is called the Burali-
Forti paradox. (Burali-Forti was one man, not two.)” (See [28], p. 80.)
We are going to show that Russell and others did not supply Burali-Forti’s
paradox with a contradiction, although there are axiomatic systems where
this contradiction arises.

Look at the modern explanation of Russell’s correction of Burali-Forti’s
antinomy of the greatest ordinal, e.g., in [61], p. 350. “Let Q be the ordinal
number of the well-ordered set of all ordinals, No. But, for every ordinal
a, a+1>a Thus Q+1 > Q. But, for every @ € No, a < . Thus
Q+1<Q".

Recall that, due to Cantor, “ordinal numbers” are ordinal types of “well-
ordered aggregates”, i.e., well-ordered sets. Proper classes of equivalent
well-ordered sets can be represented by von Numann’s method [49], by
choosing a canonical set-representative of each proper class, that is to define
an ordinal as a set a of sets X which is well-ordered by the relation €
between its elements and transivity, i.e., if Z € Y € X, then Z € X,
starting, e.g., with the empty set, i.e., 0; {0,{0}}; {0, {0}, {0, {0}}}; ... . (It
would perhaps have been fairer to say that the idea of this method for the
first time was given by Mirimanoff [43], p. 46.) The collection of all ordinals
On is well ordered by the relation € (see [18], p. 8) and class transitive;
i.e., if Z € Y € On, then Z € On. Note that the class of all ordinals No
above is in bijection with On; moreover, they are order isomorphic. Note
also that in NBG all ordinals are well-founded sets. Thus, for each X € «
we have X ¢ X, in particular, « ¢ «a, and moreover, we can even omit
“well” in “well-ordered” (see, e.g., [41], Chap. 4, §5, Exercise 4.84). The
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situation in NBG~ and in Naive Set Theory is more complicated: “well-
ordered” is sufficient and o € a can happen. Nevertheless, we remember
that in general the relations o € o as well as « € 3 € « are indeterminate.

Proposition 11. On is a proper class, not a set.

Proof. Let On be a collection of all transitive, well-founded sets ordered
by the relation €, i.e., we are in NBG. Suppose that On is a set. Thus,
it is a transitive set well-ordered by the relation € and hence is an ordinal.
Then, by (I), {On} is also a set, and, by (II), OnU{On} is a set which is
evidently well-ordered by the relation € and transitive, too. Consequently,
On U {On} is an ordinal. (Notice that in NBG On ¢ On and {On U
{On}} ¢ On because all sets in N BG are well-founded.) Moreover, by the
same argument, {On U {On}} and On U {On U {On}} are sets and thus
On is a proper subset of OnU{On U {On}} because of the relation noted
above; i.e., On U {On} ¢ On. The relation On C On U {On U {On}}
is in contradiction with the maximality of On. Thus On is not a set. It
is a proper class since its existence is guaranteed by the predicate: to be
an ordinal. If On is a family of all ordinal numbers represented in some
other way, then there is an isomorphism ¢ : On — On. Thus, the relations
On € On and On 4+ 1 € On are impossible because by isomorphism ¢
applied to these relation the corresponding relations are false in On. [J

Remark 11. Burali-Forti’s antinomy of the greatest ordinal is seen now
as two inconsistent inequalities 2 +1 > Q and Q + 1 < Q. Consequently,
we have the relations Q < 241 < Q in No and hence, by the isomorphism
between No and On mentioned above, we obtain the relations 2 € Q U
{2} € Q in On, which are indeterminate, as we have already seen many
times. So in the classical argument, to conclude by definition that Q241 € Q
is false. (The true state of affairs is that after the supposition that On = Q
is a set, the definition of On has been radically changed; i.e., each possible
relation On € On or Q € QU{N} € Q changes the set On itself, and that is
why On is indeterminate.) Consequently, when Russell supposedly showed
a contradiction in the Burali-Forti example, he was wrong. If we suppose
that On is a set, then naturally On U {On} = Q 4+ 1 is an ordinal and
Q4+1>Q9=0n. But QU{Q} ¢ Q,ie, Q+1 <L Q. Because Q2 =On is a
well-founded set in N BG, and in N BG™ as well as in Naive Set Theory, the
relations QU {Q} € Q are indeterminate. Moreover, by the isomorphism of
classes of all ordinals represented in any way, the above relations are false
in On, i.e., in the collection of all well-founded, transitive sets ordered by
the relation €. In our proof of the inconsistency of the set On we omit
this erroneous step On U {On} € On but add a new ordinal On U {On}
(different from each element of On) to On and obtain a larger set than On,
and this is a real contradiction, because On is a collection of all ordinals.
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6.2 Cantor’s paradox.

The historically second set-theory antinomy belongs to Cantor: the set
V* of all sets (which was called later “Cantor’s paradise”) is inconsistent
or paradoxical because the power set PV™ is always of a greater cardinality
than V*, but at the same time PV* C V* since V* is the most inclusive
set of sets. Notice that the same mistake obtains: the relation PV* C V*
implies, in particular, V* € V* since V* € PV*. But the relation V* €
V* is many-valued and indeterminate, as we saw above, and therefore,
false. Thus there is no real paradox or contradiction in Cantor’s argument;
moreover, in this case Cantor’s paradox is not a paradox at all. But what
was correctly asserted via Cantor’s “paradox” was the following:

Proposition 12. V* is a proper class, not a set, or in Cantor’s de-
nomination V* is an “inconsistent system”.

Proof. Suppose that V* is a set. Then, by the Power-set Axiom, the
collection (system) PV* of all subsets of V* is a set. It is clear, by (I), that
there is an injection i : V¥ — PV*, given by i(X) = {X}. On the other
hand, PV* is not a subset of V*. Otherwise, there would be an embedding
j :PV* — V* and, by the Cantor-Bernstein theorem, PV* and V* would
be equivalent, which is false because of Cantor’s theorem |[PV*| > |V*|.
Thus, there exists an element X € PV* such that X is a set and X ¢ V*.
Then, by (I), {X} is a set and, by (II), V*U {X} is a set. Moreover,
V* C V*U{X}, ie., V* is a proper subset of V* U {X}, which is in
contradiction with the maximality of V*. Thus V* is not a set but a proper
class, given by the predicate X = X, i.e., V* = {X| X = X & H{X}}
and called the universal class (see [27], p. 124). (Of course, we could take
X = V7™ at the beginning, and since V* € V* is indeterminate, conclude
that V* ¢ V* and, by supposition that V* is a set, obtain, by (I) and (II),
that V* is a proper subset of V* U {V*}. In other words, we could repeat
our method of maximality; but we wished to find a mistake in Cantor’s
argument.) OJ

Cantor himself reached the faulty conclusion that PV* C V* which is
in contradiction with their cardinality, and obtained a supposed “paradox”.
But it was only a presumption, which was proved to be false by Cantor’s
theorem |PV*| > |V*|, nothing more. Therefore, there is no Cantor’s
paradox. It would be a paradox if Cantor could prove that PV* C V*,
Meanwhile his conclusion PV* C V* was made via the Definition of V*;
but after the assumption that V* was a set, the Definition of V* was
radically changed, and V* € V* became automatically many-valued. In
other words, Cantor had to prove that each set X € PV* is an element
of V*. He could do it by Definition of V* except in the one case when
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X =V* € PV* because in V* there are many (actually all) reflexive sets
X including all skands X = X(g o), @ > w, such that X o) = X(1 o). Then,
since V* € V* as Cantor concluded by Definition, a reflexive set V* should
be at once the skands of all lengths a > w, which is impossible. Thus, it is
impossible to prove that PV* C V*,

Absolutely by a similar argument Cantor proved that the collection
Card of all cardinal numbers is not a set (August 31, 1899, letter to
Dedekind) and Cantor made the following conclusion: “... the system Card
is not a set. That is why there exist certain pluralities which are not at the
same time wholes (unities), i.e., pluralities for which the real ‘mutual being
of all their elements’ is impossible. They are those I call the ‘inconsistent
systems’; as for the rest I call them the ‘sets’ ” [62].

Here is a correct proof of Cantor’s statement.

Proposition 13. Card is a proper class, not a set, or in Cantor’s
denomination Card is an “inconsistent system”.

Proof. Suppose that Card is a set. It is known that Card is in a
bijection with the family In of all finite numbers together with the all initial
ordinals wy of On which we identify with the initial segments (0, w,) of On,
k € On (if Kk = 0, then the corresponding segment is the empty set). Since
we supposed that Card is a set, therefore In is a set, by the Replacement

Axiom for sets, and we obtain that the discrete sum X = [] [0,wy) is
wr€In
also a set, by the Union Axiom for sets, and, by the Power-set Axiom,

PX is a set. Hence there exists an initial ordinal w) such that PX and
[0,w)) are bijective. It is clear that wy > w,, for each w, € In (because of
Cantor’s theorem: |P[0,w,)| > |[0,wy)|, kK € On), which is in contradiction
with the maximality of In. Thus Card is not a set but a proper class, since
Card C V*. O

Remark 12. Notice that from the fact that On is not a set but a proper
class, as has been proved above, it does not follow that its subclass Card is
also a proper class. On the other hand, there is a bijection between On and
Card because there is an injection j : On — Card, given by j(k) = wy,
k € On, and we apply the Cantor-Bernstein theorem. Thus Card is not a
set, but a proper class.

6.3 Hilbert’s paradox.

At least earlier than 1905 Hilbert formulated a paradox of his own which
he had considered “purely mathematical” in the sense that it did not make
use of notions from Cantor’s theory of cardinals and ordinals. Hilbert never
published the paradox: “I have never published this contradiction, but it
is known to set theorists, especially to G. Cantor” [33], p. 204.
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Let us quote it from [61], p. 505-506. “The paradox is based on a
special notion of set which Hilbert introduces by means of two set formation
principles starting from the natural numbers. The first principle is the
addition principle (Additionsprinzip). In analogy to the finite case, Hilbert
argued that the principle can be used for uniting two sets together ‘into
a new conceptual unit’, a new set that contains the elements of both sets.
This operation can be extended: ‘In the same way, we are able to unite
several sets and even an infinitely many into a union.” The second principle
is called the mapping principle (Belegungsprinzip). Given a set M, he
introduces the set MM of self-mappings (Selbstbelegungen) of M to itself.
A self-mapping is just a total function (‘transformation’) which maps the
elements of M to elements of M.

Now, he considers all sets which result from the natural numbers ‘by
applying the operations of addition and self-mapping an arbitrary number
times.” By the addition priciple, which allows us to form the union of
arbitrary sets, one can ‘unite them all into a sum set U, which is well-
defined.” In the next step the mapping principle is applied to U, and we
get F = UY as the set of all self-mappings of U. Since F was built from
the natural numbers, by using the two principles alone, Hilbert concludes
that it has to be contained in Y. From this fact he derives a contradiction.

Since there are ‘not more’ elements in F than in I/ there is an assignment
of the elements u; of U to elements f; of F such that all elements of f; are
used. Now one can define a self-mapping g of U which differs from all f;.
Thus, g is not contained in F. Since F contains all self-mappings, we have
a contradiction. In order to define g, Hilbert used Cantor’s diagonalization
method. If f; is a mapping u; to f;(u;) = Ufi he chooses an element w;
different from w fi as the image of u; under g. Thus, we have g(u;) = u,; 7&
Ui and g ‘is distinct from any mapping fi of F in at least one asssignment.’
Hilbert finishes his argument with the following obsorvation:

“We could also formulate this contradiction so that, according to the
last consideration, the set U is always bigger [of greater cardinality] than
F = U, but according to the former, is an element of F =U.” [J

Let us comment on the above proof. In spite of the difference between
Cantor’s and Hilbert’s definitions of set (e.g., the empty set set is not in
U, and other non-intersections) their proofs and arguments are similar and
contain the same mistake. Let us see it in Hilbert’s paradox. Hilbert has
proved, using Cantor’s diagonalization method, only that his supposition
that F C U is false, nothing more. Thus, there is no contradiction in such
an unfortunate supposition. If he had proved that F C U/ was true, there
would be a real paradox to be named after him. What he has essentially
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proved is that there is an element g of F such that it was not an element
of . Then by his first principle & U F is a set; moreover, U is a proper
subset of U U F because b is not in U and it is in U U F. Thus, by the
universality of U, (i.e., U is the set of all Hilbert’s sets), U is not a Hilbert
set, nor is F = U a Hilbert set. There is no paradox here at all. There is
only a proof by contradiction, and the supposition that I/ is a set is simply
false. O

6.4 Mirimanoff’s paradox.

In [43], p. 43, Mirimanoff was actually concerned with the collection
WF of all well-founded sets, and presented his paradox:

WF € WF <— WF ¢ WF (24)

as an analogue of Russell’s paradox. And he concluded that the set WF
did not exist, i.e., in Cantor’s terminology, it is an inconsistent system, or in
modern terminology, it is not a set. His argument is the following. It is clear
that WF ¢ WF because if it were not so and WF € WF, then there would
exist an infinite descending chain in WF, e.g., WF 5 WF 3 WF 5 ... and
we would obtain that WF is non-well-founded and hence WF ¢ WF.

On the other hand, if WF is non-well-founded; there exists an infinite
chain xg 3 x1 3 xo... in WF for some zg € WF, and then xg is evidently
non-well-founded, which is wrong. Therefore, WF is well-founded. Hence
WF € WF; contradiction.

The last conclusion is false because WF € WF is indeterminate as we
saw above more than once.

Here is a correct proof of the following

Proposition 14. WF s a proper class, not a set.

Proof. Assume that WF is a set. Then by (I) the singleton {WF}
is also a set. Since all elements of WF are well-founded we conclude that
WFEF is not an element of WF because if it were, then there would be
an evident infinite descending €-sequence WF > WF 5 WF > ... Thus
WF and {WF} are two sets without common elements. Then, by (II),
X' = WF U {WF} is also a set. Moreover, its elements are well-founded
and WF is a proper subset of X’ because WF is a member of X’ but not
a member of WF. This is in contradiction with the maximality of WF
because it is the well-founded universe, since WF is the collection of all
well-founded sets. Consequently, the assertion that WF is a set is false.
By the well-founded predicate and the Existence Axiom for a class, WF is
a proper class. [

In NBG™ we have the following collection:

T = {X| X € X} (25)
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which is symmetric to Russell’s “set” R = {X| X ¢ X} [21], p. 277, and on
the assumption that it is a set it does not look paradoxical or inconsistent.
We are not saying that T € T, because otherwise, the relation T € T
cannot even be called indeterminate as above; it is meaningless as Russell
tells us in [58], p. 80. Indeed, T contains, e.g., all skands of arbitrary
lengths; T € T, if it were the case, would be a skand of a fixed length, and
other skands of different lengths would be different from this fixed one. In
other words, T cannot be a skand of all lengths at once. Nevertheless,

Proposition 15. T is a proper class, not a set.

Proof. Consider for an arbitrary well-founded set X, i.e., X € WF,
a self-similar skand X g,y with the components X; = X, 0 <4 < w, and
denote by L the subclass {X () X € WF, X; = X, 0 < i < w} which
consists of all such self-similar skands X(g,,) with X; = X, 0 < i < w.
Clearly, L C T. Since WF is a proper class then L, which is bijective to
it, is also a proper class. Consequently, T is also a proper class because on
the contrary, if T were a set the relation L C T would imply that L were
a set. [

All these results are well-known. What is new is the simple proofs of
them and the unexpected discovery that the classical set-theoretical para-
doxes are not paradoxes at all. Moreover, we maintain that the substance
of all such “paradoxical sets”, actually proper classes, is in the following
simplest lemma of such a kind of proposition.

Lemma 1. The collection S of all singletons in WF is a proper class,
not a set.

Proof. Suppose the contrary, and S is a set. By (I), {S} and {{S}}
are also well-founded sets. Moreover, {S} ¢ S because all elements of S
are well-founded. Then, by (II), the disjoint union S U {{S}} is also a set
and S is a proper subset of SU {{S}} which contradicts the maximality of
S. O

Corollary 5. That propositions 4, 6-12 together with Generalized
Lemma 1, i.e., the collection of all singletons in V[U{/]~ form a proper class,
not a set, is a consequence of Lemma 1.

The Proof is evident. One can easily find in all these cases that S is a
subclass of the supposed “sets” or that there is a subclass of the supposed
“sets” which is in bijection with S. Then the assumption that the wider
class is a set implies, by an axiom in N BG which says that the intersection
of any set X with an abitrary class Y is a set (see, [41], Chap. 4, Axiom S),
that S is a set, contrary to Lemma 1. Indeed, the simplest proof is of the
Generalized Lemma 1, Proposition 12, Proposition 14, because evidently
the class of all well-founded singletons is a subclass of all singletons as
well as S € V~ and S € WF, and the statements made of them hold.
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Since, by von Neumann’s axiom N, V~ & On there is a subclass of N, On
which is equivalent to S, and by the injection j : On — Card (Remark
12), the statements of Propositions 11 and 12 hold. As to Russell’s set R
(Proposition 5), it contains S as a subclass because, for each well-founded
set X € R, the singleton { X'} is also well-founded and {X'} € R; otherwise,
{X} € {X} and hence {X} = X and the latter is a non-well-founded set.
In T there is a subclass of self-similar skands X g ) whose components
X;=X,0<n<w, X €8, and thus Proposition 15 holds. [J

Remark 13. In [4] there is another, also very short proof of a general-
ized Lemma 1, but “from the top to the bottom”, whereas in our proof we
are going “from the bottom to the top”. Here it is. If S in VU]~ were a
set, its union would be a set. But (JS contains the proper class VU]~ of
all sets. This is because for all sets a, {a} € S. Since |JS is both a proper
class and a set, we have a contradiction. (See [4], p. 338, and note that
in [4] it has already been proved that the class of all sets is a proper class,
although via Russell’s paradox; see Ibidem, p. 16). O

7. Comparison of NBG!) with some other approaches to non-
well-founded sets

First of all, notice that objects X1 in V[Z/l](l) are essential extensions
of some but not all extraordinary sets in the sense of Mirimanoff [43], [44],
[45] as well as non-well-founded sets in [22]. In [45], p. 33, Mirimanoff
considered extraordinary sets in the following form:

E ={y,z,..a,b,c,...}, (26)

where sets y, z, ... depend themselves on F; in particular, he considered sets
in the form

E={FE a,b,c,..}. (27)

In NBGY we consider not only the latter form and those which are
self-similar skands, or circular skands of period 1, but also skands or extra-
ordinary sets of the form

E ={a,b,c,...{E,x,y,2,...} }, (28)

i.e., circular skands of period 2, and of course we consider also circular
skands of arbitrary finite period n. But we do not consider extraordinary
sets, or self-similar skands, e.g., of the form

E={B,ab.c,..{E}} (29)

which is a particular case of (26). This restriction of ours is done knowingly
and it is similar to the restriction of well-founded sets in comparison with
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non-well-founded sets which can be called 0-rank self-similar skands (well-
founded sets), 1-rank self-similar skands (circular sets of period 1), and we
could postulate the existence of self-similar skands of arbitrary finite rank.
For our purposes we need such a restriction. So, skands are not extensions
of all of Mirimanoff’s extraordinary sets of the form (26).

On the other hand, the definition (26) provides the possibility of the
existence of skands whose lengths are greater than w. However nothing
was said in [45] about such things, and it appears that Mirimanoff tacitly
supposed that the length of skands was equal to w. Only a single footnote on
page 12 in [22] says that “€,-constituent of relation (i.e., €-chains of length
1) can be defined for an arbitrary ordinal number i, but we consider in this
paper only finite numbers p”. Nevertheless, this footnote, given by Elkund,
does not determine the fact that non-well-founded objects, presented in [22],
are skands of w-length in our terminology, and hence non-well-defined. So,
skands in NBGW™) are essential extensions of extraordinary sets of length
w.

Now we want to compare NBG() with Aczel’s model or theory of non-
well-founded sets [1] which was motivated by Robin Milner’s work [42]
on computer science modeling of concurent processes. Aczel’s model of
so-called hypersets was successfully applied to the treatment of the Liar
paradox [3] and various other vicious circle phenomena [4].

Starting out with the Zermelo-Frankel set axiomatic system ZFC, which
includes the axiom of choice and the axiom of foundation, Aczel rejected the
latter and proposed his own Anti-Foundation Axiom (AFA for short);
and with a natural correction of the Axiom of Extensionality he ob-
tained the set axiomatic system ZFA™ + AFA, which is consistent on the
assumption that ZFC is consistent.

The binary relation € y Aczel pictures as an element of a graph z — y
with nodes z,y and edge (z,y) between them; finite g — =1 — ... —
Tn_1 — Zp and infinite sequences finite zg — 1 — xo — ... as
well as pointed and accesible graphs, labelled graphs, children, decorations
of graphs, etc., are understood in the usual way. So, every set with an
€-relation can be pictured by labelled graphs.

Then the Labelled Anti-Foundation Axiom says: FEwvery labelled
graph has a unique labelled decoration.

This axiom is a natural extension of Mostowski’s Collapsing Lemma that
tells us that every well-founded labeled graph has a unique decoration in
WEF. On the other hand, AFA is a strong restriction of V[U]~ because
of Scott’s axiom: For any extensional relation R on A and for any not
R-well-founded © € A there is no set containing all possible images of x
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under isomorphisms between (A, R) and a transitive structure (T, €). (Un-
published paper of 1960). As a consequence of this axiom the uniqueness
of a “Mostowski collapse” cannot be consistently postulated for non-well-
founded sets. (See details in [26].)

There is an equivalent formulation of AFA which is nearer to our paper
called the Solution Lemma.

The Anti-Foundation Axiom: Fvery flat system of equations has a
unique solution, [4], p. 72.

It is enough for us because a particular example of a flat equation is
(13). Thus, axiomatic systems ZFA~+AFA and NBG™) are incompatible,
although they have mutual objects such as the empty skand e(.) = {{...}}
in our paper and @ = {{...}} in [1]. Moreover, the hyperset Q* = {Q, Q*} is
equal to €2 because Q = {Q} = {Q, Q} and we apply the Solution Lemma.
We will see below that the generalized skand {e(g ), {€(0w); {---}}} is not
equal to e

Analysing AFA we see that a unique solution of a flat equation (13) is
actually a proper class of all its solutions in V[Z/l](l). Thus the quotient
class V[Z/l](l) recieved by the solution lemma equivalent relation, we obtain
a subclass of the hyperset universe. That is why Russell’s paradox and
other set-theoretical paradoxes (except Cantor’s and Hilbert’s paradoxes)
are possible in the hyperset universe (and only in such systems) of course,
on the assumption that R or other considered classes are sets, and, what
is especially important, that one has to refer to AFA in implications such
as,eg., R¢ R— Re R. O

8. v-generalized skands, formal theory N BG[Z/{](”) and its model
in the universe of elements U[U/]*), and the universe U[U/])

We have already extended the formal set theory NBG[U]~ by a new
axiom SEA&RSS which is less restrictive than FA and have obtained
the formal theory NBG[U]™M) as well as have enriched VU] = V[UU](©) by
new objects and have extended it to the class V[U]() of sets X which can
be either well-founded or non-well-founded the latter are skands of length
[ > w considered as sets of V[U]. Moreover, we have shown that the
class U] = ViU]© U is a model of NBG[U]™M) and an inner model
of NBG[U]~. We can successively continue this process of construction
for each ordinal number v € On, defining formal theories N BG[U]™"),
1 < v/ < v, enriching VU] by new v/-generalized skands, 1 < v/ < v.
Moreover, there are sequential embeddings:

ViU© c vl c viu)® c ...c VLW c VU], (30)
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where all embeddings are proper.

This can be done by the following transfinite induction.

Suppose that we have already constructed N BG[U](”/) for each 1 <
v < v, and classes V[Z/l](”/) of sets in the coresponding theories, enriching
them by v”'-generelized skands as sets of V[U]~, 1 < v/ <1/, and hence the
universe of elements U[U]*") = V[U]*)UU of this theory NBGU]*"). Now
we construct a formal set theory N BG[U]™) and the class V[U]™) of all sets
in NBG[U]™ and hence the universe of elements UU]®) = V[U]™) uu
of this theory N BG[U](”), and the following sequential embeddings are
proper:

ViU = VU c VIUIY c ViU c ...c VI c Viu]- ,  (31)
0<v <.
Definition 5. Let fg.q) @ (a0, ) — V[U]*) be a map. By
o<v'<v

¥)
(a0,a)
embedded curly braces {ao{ag+1---{a/ -0’} ---a0+1}ap }» indexed by ordinals

o € (a, a), whose pairs of braces {{ and {} are not filled or filled by previ-

a v-generalized skand X we understand a usual skand as a system of

ously defined sets of | V[Z/l](”/), i.e., whose components X gf) coincide
o<v'<v
with the images f(q,,4)(), respectively, ap < o/ < a.

Definition 6. Two v-generalized skands X ((;'()) @) and Y(g;) g) are equal if
the segments («, o) and (S, 3) are isomorphic as well-ordered sets and the

(v)

. 14 14 . . . . .
corresponding components X{i/) =Y, ’, where this unique isomorphism is

given by 28 (OZ0,0Z) - (6076) and ﬁ/ = QO(C!/), ap < o < «, ﬁO < ﬁ/ < ﬁv
are equal as sets of |J VU],
o<v'<v

v-Generalized Skand Existence Axiom and Recognition v-Gene-
ralized Skand as a Set.

For any map f(ag,a) : (@0, @) — U V[Z/l](”/), o — ag > w, there exists
o<v'<v
) ) —
(6%

a unique skand X -, such that for each o' € (ap,a) one has ng

fran.ar(@’). This v-generalized skand X ) s considered as a set X €
(ao,) (ao,)

V[U]~ whose elements are elements of the set fi,, )(c) and one more

element X ) )
(a07a)

(ao+1,a) on (ag+ 1, ), i.e.,

which is a restriction of X

X = {230,280, L X (32)
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where {z(°, 27, ..., 25°, ...} is a set whose elements are in the class

U VU™, The only element of the set X is the skand X ((Z()) H1a) COD-
0<v'<v ’

sidered as a set is not an element of |J V[U]®) but an element of
o<v'<v
viu]~.
Notice that v-genelized skands X ((;'()) o) Of a length [ = (@ — ) < w are
elements of the class |J V[U]™) and are out of our interest.
0<v'<v
¥)

As above we will note this very set by the same symbol X (a0,
shall differ X ") |
a set (32).

As in the case of the first step of induction we want to extend NBG™
and NBG[U]~ to NBG®) and NBG[U]™), respectively, by less restrictive
axioms than FA, which will be based nevertheless on N BG.

As above we suppose that 4 is a set (which can be empty) or class,
then we will define a theory NBG[U]®) which is an extension of theories
NBG[U|~ and NBG~; the latter in the case &/ = (). For this purpose
we add to NBG® a wider class of individuals than U(®) by adding to
it a new class of individuals ). Elements uf\y) e UM, X € On, are

arbitrary skands x® o) Of length [ = (¢ —ag) > w taken with the forgetful

(ao,

operator E which “forgets” the inner structure (€ relations) of X @)

) but we
(v)

as
(v0,0)

) as a v-generalized skand in Definition 5 and X

(ap,)

More precisely, uf\l) = FX ((Z()) ) and no element or object is a member
; ) _ @ vy  _ (¥)

of EX(qg,a)- Moreover, if X(ama) = X(ﬁoﬂ)’ then EX(aO,a) = EX(ﬁoﬂ)

and they define the only individual uf\y) e UM, As above we need the
inverse operator, i.e., “remember operator” E~!, i.e., for any individual
W) = EX")  Aeomn, B = x

(@v0,00) (a0,0)
Since in NBG[U]™) we postulate existence of new objects and sets we
have to revise the previous Extensionality Axiom (sortly EA) of NBG[U](©).

v-Strong Extensionality Axiom.

Two sets (resp., classes) X ) and Y(*) whose elements are well-founded
sets, individuals and v-generalized skands as non-well-founded sets are
equal if for each element z € X there is an element y € Y®) such
that = = y and for each element y € Y*) there is an element z € X ®) such
that y = x, where “=” means the following:
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1) the equality of individuals, when z,y € U, ie., (z = y) <
(V2)(x € z <=y € 2);

2) the equality of well-founded sets, when z,y € VU] ©) ie., by EA of
NBG[U];

3) the equality of v-generalized skands, when x,y € E_IZ/{(”), i.e., by
Definition 6;

4) the (iterative) equality of sets in V[Z/{](”), i.e., by using 1), 2), 3) in
v-SEA for a complex sets z,y € V[Z/l](”).

The latter class V[U]™) is defined by transfinite recursion. Denote by
U’ the discrete union U LY. By formulas (2) and (3), we define a
class H{U'] which is a class of well-founded sets and determines a model
of NBGU'], HU'| = U[U'] and is an inner model of NBG[U'|~. Now we
apply the remember operator E~! to all individuals of &*) which are in
any constituents of sets in VU] = HU'] \ U or individuals themselves
in HU'] \ U, in short words, in all sets X € H[U] \ U as well as
individuals in U,y C X € HU']\ U we change all these individuals on
the corresponding v-generalized skands and consider them as sets like in
(??).

One can see that after such changing, V[I{’] turns into the class V[U]*)
of all sets in this theory NBG[U]") which can be well-founded and non-
well-founded. Moreover, by Propositions 1 and 2, V[Z/l](”) is a model of
NBG[U]™ and an inner model of N BG[U]~.

This construction gives the following theorem.

Theorem 2. The set theory N BG[U]") is consistent on the assumption
that NBG™ is consistent.

Proof is the same as in Theorem 1.

In our case we have an additional class of individuals U®) as “pseudo-
individuals” in the above sense, i.e., each €-descending chain is finite or
terminates, i.e., reaches its bottom or “foundation” which is an empty set,
or an individual, or a skand, or /-generalized skand, 1 < v/ <v. O

Since by definitions and construction of ¢4’ we obtain the following em-
beddings:

U=UO cu cu® c..cu" =u' (33)

It is clear that by (33) and the second part of »-SEA&RSS, i.e., vYRSS,
we obtain the following embeddings:

ViU = VU c VviIY c ViI? c ...c VII® c V]~ (34)

Note that the latter embedding is proper because of the possibility of
the next step v + 1 of trasfinite induction. [J
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At last, since we have constructed N BG[U]™) and VU] for all v € On
we obtain the following proper embeddings:

ViU = VU cViID cviui@ c..c VIV c ...c VU c VU],
(35)

where VU] = (J V[U]™ and the formal non-well-founded sets theory
veOn

NBG[U]™ has all axioms of NBG[U]~ plus two additional axioms. We
shall start with the following definitions

Definition 7. Let f(4q) @ (@0, ) — VU] be a map. By a Q-
generalized skand X ((33704)
embedded curly braces {ao{ag+1---{a/---a/}---a0+1}ap }» indexed by ordinals
o' € (ay, ), whose pairs of braces {{ and {} are not filled or filled by sets of

)

we understand a usual skand as a system of

V[U](Q), i.e., whose components XS?
ag < d <a.

Definition 8. Two 2-generalized skands X ((33 ) and Y(fﬁ? g) are equal if

the segments («, o) and ([, 3) are isomorphic as well-ordered sets and the

coincide with the images f(4.q)(/),

corresponding components XS?) = Yﬁ(,Q ), where this unique isomorphism is
given by ¢ : (ag, a) = (8o, 8) and ' = p(d), ag < o' <o, By < B < B,
are equal as sets of VU],

)-Generalized Skand Existence Axiom and Recognition (2-Gene-
ralized Skand as a Set.

For any map f(apa) @ (0,a) — V[U](Q), a — ap > w, there exists
()

(aga) Such that for each o € (ap,a) one has XS?) =

a unique skand X

flag,a)(@'). This Q-generalized skand X @) ) is considered as a set X €

(cvo,0x
VU]~ whose elements are elements of the set f(q,,q)(c0) and one more
element X((Sgﬂm which is a restriction of X((Sia) on (ag+ 1, ), i.e.,
Q
X = {230,280, L X Y (36)

(@)

aQ aQ aQ
where {zg°, z7°, ..., 2§ ""’X(a0+1,a

of the class VU],

Notice that in this limit case each 2-generalized skand X
™)

(a07a)

is not a new element which should be enreach V]V,

)} is a set whose elements are mebmers

(@)

(a0,

for some ordinal v € On

)’ a—Qg >
w, coincides with v-generalized skand X
and thus X

(a0+17a)
Indeed, it is a consequence of the following proposition.
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Proposition 16. For any (-generalized skand X @)

there exists a
(04070)

minimal ordinal v and a unique v-generalized skand X ((Z()) @) such that for
)

each o € (ap, @) one has XS?) = X(Sf .
Proof. Since, by Definition 7, each XS?) is a set and XS?) = flag,a) (@),

ap < o < a, and XS?) € V[U](Q) = U X®) we can find a min-

v'€On

imal ordinal v/, such that f,, .)(a) € V[t]®e). Indeed, V[U]Ce) is

the intersection of all V[U]®®") such that f(,, (/) € VU], Since

{Vags Vag+1, --+s Vs, --- } 1S & set which contains a ordinals we can take v/ =
sup v/, which always exists. Then putting v = v/ + 1, we obtain the

a’e(ap,a)

conclusion of Proposition 16.

Moreover, Q-GSEA&R Q-GSS is the weakest restriction axiom among
all previous axioms FA, SEA&RSS, 1-SEA&RSS, ..., v-SEA&LRSS, ...
1 < v € On. Hence VU] is the largest class of wel-founded and non-
well-founded sets in the theory N BG[U]®). We also denote by U[U](D) =
VU] U U the universe of elements or as usually say “the universe of
arguments”.

Q-Strong Extensionality Axiom. Two sets (resp., classes) X (2 and
Y whose elements are well-founded sets, individuals and )-generalized
skands as non-well-founded sets are equal if for each element 2 € X () there
is an element y € Y such that 2 = y and for each element y € Y there
is an element 2 € X such that y = 2, where “=” means the following;:

1) the equality of individuals, when z,y € U, ie., (z = y) <=
(V2)(x € z <=y € 2);

2) the equality of well-founded sets, when z,y € VU], ie., by EA of
NBG[U];

3) the equality of -generalized skands, when z,y € E- U e, by
Definition 8;

4) the (iterative) equality of sets in VU], i.e., by using 1), 2), 3) in
Q-SEA for a complex sets z,y € VU],

Theorem 3. The set theory N BG[U] is consistent on the assumption
that NBG™ is consistent.

Proof is the same as in Theorem 1.

In our case we have an additional class of individuals U®) as “pseudo-
individuals” in the above sense, i.e., each €-descending chain is finite or
terminates, i.e., reaches its bottom or “foundation” which is an empty set,
or an individual, or a skand, or v-generalized skand, for some 1 < v € On.
O
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9. Skand operations and categories of generalized skands
Let @ > w be an arbitrary fixed ordinal number. We consider now

((3 ()1) whose components XS?)

elements of U®) = V() je., we consider the formal non-well-founded set
theory NBG® without individuals, i.e., 4 = @ or, in other words, the
theory of “pures” sets. (For simplicity, we omit the index () and write

X(0,a) instead of X(((?,L
of Q-generalized skand.)

It is clear, that all such skands form a class (proper class), not a set.
We denote it here by S(®). Inside S(® we define the following so called
skand-operations.

Definition 9. By the union X g o) U Y(g q), intersection X g ) N Y(g q),

all Q-generalized skands X ,0<d < a, are

¥ X instead of XS?), and generalized skand instead

difference X (g ) \ Y(0,q) of two elements X,y and Y(q ) of S(@) we un-
derstand a generalized skand Zg ) whose components Z, are Xo U Yy,
Xy NY,y and X\ Yy, respectively, 0 < o < «a. By the power of a
generalized skand X g o) we understand a generalized skand PX g ) whose
components (PX), are PX,.

Definition 10. By the mapping f(y o) : X(0,a) — Y{(0,a) Of two general-
ized skands X ¢ ) and Y(q o) we understand a generalized skand f(g o) whose
components f,, are the mappings fo : Xo — Y, where X, and Y, are
components of X (g o) and Y{q ), respectively, 0 < o' < a. Moreover, J0,0)
is an injection, surjection and bijection, respectively, if the same are all map-
pings fo, 0 < o/ < a. In particular, a generalized skand X (0,a) 18 & subskand
of Y(g,q), if there exists an identical injection 1(g o) : X(0,a) = Y{(0,a)-

It is clear that one can define other skand-theoretical operations such
as products and coproducts, tnverse and direct limits, pull-backs and push-
outs, the equivalence relation and quotients, etc., by the set-operations on
the corresponding components of skands, respectively. We shall not use
these constructions here, and thus omit details.

One can easily verify that the elements of S(®) as objects and mappings
between such objects as morphisms form a category which we denote by
Sk(@).

Of special interest for us here are categories Sk(“’ﬁ)(P), Kk > 0, whose
objects are self-similar generalized skands X )(X), i.e., when a = w",
k > 01is fixed, and whose components are permanent, i.e., X, = X, for each
0<d <a, X € VU and whose morphisms are self-similar generalized
skand-mappings f(()’a)( f) of such generalized skands whose components are
permanent, i.e., mappings for = f: X — Y, for each 0 < o/ < a.

For k = 0, we consider the usual category of sets whose objects are
elements of V[U](Q); i.e., sets and morphisms are mappings of sets.
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Proposition 17. For each X (g, (X) € Sk(“*)(P), k > 1, there is an
index \, 1 < A, such that X (g ) (X) € U™,

Proof. Since X € V[U]) there exists an ordinal number v > 0 such
that X € V[U]®). Among all such v there is a minimal number and we
denote it also by v. Then X ) (X) € VU]¥ D) and we put A = v + 1.

It is clear that all skand-operations on self-similar generalized skands
give us a self-similar generalized skand as a result. We shall often use the
following skand-operation:

Definition 9. Let X (g ) (X) (X(owr) for short) be a self-similar gen-
eralized skand, where k > 1 is fixed. By a singleton-skand we understand
the following self-similar generalized skand
S(O,w“)(X(O,w“)) = {X(O,w“)v {X(O,w“)v {3

It is clear that, by Definition 6, the empty skand e g ) is not equal to the
singleton-skand S .,~)(€(g .~)) in contrast to their equality in ZFA™ +AFA
(see [1], p. 8) as we promised to show in paragraph 7.

There is an evident functor F,./ . : Sk(“’ﬁ/)(P) — Sk(“’HN)(P), 1<K <
k", which associates with every object X,y (X) the object X 0 (X)
and with every self-similar morphism [ ey (f) 1 X(g u)(X) = Yo w) (V)
the self-similar morphism f(ow,{u)(f) : X(o,wﬁ”)(X) — Y(Ow,gu)(Y). A verifi-

cation of the category’s axioms is trivial. Moreover, all categories Sk«") (P),
K > 1, are isomorphic to each other and hence to the usual category of sets,
which are elements of U and morphisms are maps of such sets.

Proposition 18. The skand Vg ,~) which is a skand-union of all self-
similar generalized skands of length w™,i.e., Vg sy = U Xgwr)(X),

XeViuU®
where £ > 1 and fixed, is not an element of V[U](Q); i.e., it is a proper class,
not a set.

Proof. Suppose the contrary, and Vg ,x) is a set. Consequently, there
exists a generalized singleton-skand S ) (V (g ) of V(g o,») Which is a set,
too. Thus, there exists a singleton skand S g .,x)(S(0wr)(V(0wr))). Since
S(0,6r)(V(0wr)) is not an element of a permanent component of Vg ,x)
(otherwise, we should have a skand of the form
Viows) =1a,0,¢,....{V(0wr)}, V(0,ur) } Which is impossible) we obtain that
V(0= is a proper subskand of Vg ,x) U S g ur)(S(0,6%)(V(0,wr))) Which is
in contradiction with the maximality of Vg »~). Consequently, Vg ) is
not a set, but a proper class, and there is no a generalized singleton-skand
S(0,wr)(V(0,ux)) of it, which is of a great importance for us. [J

10. A new representation of ordinal and cardinal numbers
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We recall once more that, due to Cantor, an ordinal number « (shortly
an ordinal or an element of On) is “the ordinal type of a well-ordered set”
[34], p. 152. Likewise, a cardinal number R, (shortly a cardinal or an
element of Card) was defined by Cantor as “the power type of equivalent
sets” [34], p. 87. In other words, an ordinal number « is a common symbol
for the class of all isomorphic (“similar”) well-ordered sets and a cardinal
number (n > 0, for natural or finite cardinal numbers and ®,, v € On,
v > 0, for transfinite or infinite cardinal numbers) is a common symbol for
the class of equivalent sets, i.e., which are into a one-to-one correspondence.
There is a natural binary relation < between two ordinals (respectively,
cardinals) « and [ iff there exist well-ordered sets (respectively, sets) A
and B of the ordinal (respectively, cardinal) types « and 3, respectively,
and an initial segment B’ C B such that A and B’ are similar (respectively,
equivalent). (Note that we identify here cardinal numbers with the natural
and initial ordinal numbers.)

There are diffferent represenations of ordinals numbers as special well-
founded well-ordered sets, e.g., initial segments (0, @) of On ordered by
inclusion (Cantor [15]); the canonical representation of ordinals by pure
sets 0, {0}, {0, {0}}, {0,{0}, {0, {0}}}, etc. (Mirimanoff [43]); the represe-
nation of ordinal numbers by well-founded sets which are ordered by € and
transitive (von Neumann [49]). There is a series of similar constructions
which represent the class of all ordinal numbers (and hence all cardinal
numbers) by non-well-founded sets which are well-ordered by € and tran-
sitive. The state of affairs is that these constructions give one more detail
concerning the last ordinal and cardinal number, called here the eschaton.

Definition 10. A reflexive set (in particular, a self-similar skand) «,
which elements are also reflective sets, is called an ordinal number if it
is reflerively well-ordered by the relation € between its elements, i.e., for
X,Y € a, X € Y includes the case X =Y since X € X; moreover, it is
transitive, i.e., if XY, Z € aand Z € Y € X, then Z € X it satisfies the
following conditions: 1) for every X,Y € a, if X # Y, then either X € Y
or Y € X, but not both; 2) every non-empty subset of « has a minimal
element. Two ordinal numbers « and 3 are equal if there exists a bijection
between them, which is an order-preserving function.

Remark 14. Definition 10 differs from the analogous classical definition
of an ordinal number in N BG because in the latter case sets X,Y, Z are
well-founded, as opposite to the former; one more remark: if o € 3, then
a < (B and there is no relation @ € « in the classical case, contrary to
Definition 10, where o € 3 implies in general o < (3, since an equality
may exist in the case § = a. One can compare the definition of a reflexive
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well-ordering with a reflexive total ordering R in [41], p. 9, such that every
non-empty subset of the field of R has an R-least element.

The classes Ong«, k > 1, of all ordinals in the sense of Definition 10 can
be defined by the following transfinite induction.

Let K > 0 be a fixed usual ordinal number, i.e., an element of On. We
begin with the empty skand e~y = {{{...}}} and call it the first element
of Ongx, denoting it by eV). Using Definition 9, we put successively

el = €(0,w")>

e® = {e, {e), {..}}} = {e(V), e},

e® = {eM e {eM) e? {.}1}}={eM, e? e},

e = {eM) e . e {eM) e . e { 111 =

= {eM, e, ... el e}
e@ = {eM e e . {eM) e e . {.}}}=
= {eM, e e .. e

e(w+1) — {9(1)7 9(2)’ e(g)’ ey e(w)’ {9(1)7 9(2)’ e(g)’ ety e(w)7 {}}} =

{e(l), e@ e® . e e(“’“)},

It is clear that

e e e and e C e, e € €@ and e c e, e € e®) and
e ceB® . el ce and e® c e, . ;

e® ce® and e® C e®@, e®? c e and e®@ c e®), e € e® and
e@ ce® . e® ce and e® ce . ;

and so forth.

One can see that each ordinal e(® is the ordinal type of the 0-component
e(()a) of the skand e(®. Moreover, although there is no the ordinal number
0 among self-similar skands, there is a one-to-one correspondence between
the class of all ordinals On,» = {e(),e(®, ... e(® ..} o> 1, and the class
of all @ € On, because the ordinal type of 0-component e(®, which is not
a self-similar skand, is the same as the initial segment (0, ) of On. O

Consider now a more interesting description of the class of all ordinals
in the sense of Definition 10. It is the skand-union of all ordinal numbers,

Le., Qur) = {U e(a),{ U el®), {..}}}
a>1 a>1
Proposition 19. The self-similar skand €y ), where £ > 1 and is
fixed, is not an element of V[U](Q); i.e., it is a proper class, not a set.
Proof. Suppose the contrary, and £2(g ) is a set. Consequently, there

exists a generalized singleton-skand
S(O,w“)(Q(O,w“)) = {Q(O,w“)v {Q(O,w“)v {}}} of Q(O,w“) which is a set, too.
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Thus, there exists a singleton skand

S0,05) (S(0,0%) (R(0,w%)))- Since S(g wm)(2(owx)) is N0t an element of a per-
manent component of §2(g ) (otherwise, we should have a skand of the
form w(g vy = {a, b, ¢, ..., {Q0,wm) }+ (0,0m) } Which is impossible) we obtain
that 2o« is a proper subskand of €2 g .,y US(0 wr)(S(0,wm) (2(0,wr))) Which
is in contradiction with the maximality of €2 ). Consequently, €2 ) is
not a set, but a proper class, and there is not a generalized singleton-skand
S0,y (2(0,wry) of it, which is of great importance for us. [J

Thus Qg .~y with a fixed kK > 1 is a generalized skand-class whose per-
manent component is a well-ordered class Ongx«.

Moreover, formally §2(g ,~) € §}(g ), which is not in contradiction with
an agreement that classes are not elements of classes. In our case, with a
specific definition of skand-operations, €2 ) cannot be an element of any
class or set, e.g., the singleton S =) (£2(gx)) Which does not exist at all

as an element of V[U](Q), but, by our natural construction, it is an element
of itself.

We see also that Q(Owﬁ/) and Q(Owﬁn) are isomorphic for every 1 < k¥’ <
k" and we can omit indexes; i.e., we write £ and call this generalized skand-
class the last ordinal number or the eschaton in the sense of Definition 10,
because it is well-ordered by €, and is class-transitive. In other words, €2 is
a common symbol for the ordinal type of well-ordered proper classes whose
all initial segments are sets. It is the last, indeed, because there are no
more units, i.e., generalized singleton-skands one could add to 2.

It is clear that €2 is the initial class-ordinal number because it is not
equinumerous to any smaller ordinal number. Indeed, any a < €2 is a
set and hence is not equivalent to €. By definition, the cardinality |A]
of any proper class A is defined as the unique class-cardinal €2 which is
equinumerous to A (the existence of such equinumerousness follows from
the well-ordering theorem).

Proposition 20. € is a strongly inaccessible class-cardinal, not a set
cardinal.

Proof. Let @) < Q, where w, is the initial ordinal number. Then
the power-skand Pe“¥) is a set, and hence its permanent component is
not in one-to-one correspondence with the permanent component €25 of
Qowr), £ > 1 s fixed; thus, Pelwr) < Q. Moreover, for any e“») < € and
B < Q, the sum of cardinals, i.e., the initial ordinals, e@) ig a set and

a<f
hence its permanent component is not in one-to-one correspondence with

the permanent component €2 of (g, £ > 1 is fixed and hence €2 is not
its ordinal type. U
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Remark 15. The eschaton €2 looks like the initial ordinal w which is
also a strongly inaccessible cardinal with respect to all finite numbers, and
is the first transfinite ordinal. The same can be said for 2, which is a
strongly inaccessible class-cardinal with respect to all infinite numbers, i.e.,
all transfinite numbers, and is the first trans-infinite class-ordinal, or the
first trans-definite ordinal, as it was called in [6].

Definition 11. By a proper generalized skand-class we understand
X(ama), at least one component X/, ag < o < a, a € On of which is
a proper class, in particular, a proper generalized self-similar skand-class.

Definition 12. By a hyper-skand and generalized hyper-skand we un-
derstand X (,, @), whose components X,/, ap < o < Q, are elements of
V(U] and VU], respectively, in particular, a self-similar hyper-skand
and generalized self-similar hyper-skand X (,, o) (X).

Thus Oy =1{0,1,2,..,w,w+1,..,{0,1,2, ... ,w,w+1,.... {..} }},

C(O,Q) = {07 {17 {7 {nv {"'{wv {w +1, {...{Oé, {}}}}}}}}}} and

oo = {e® {e®,..,e® {.{e), {e@+), [..{e@), {..}}}1}}1}11}},
a € On, are examples of a skand-class, a hyper-skand and a generalized
hyper-skand of all ordinals, respectively.

Definition 13. By a proper (generalized) hyper-skand-class we under-
stand X(,,.q), at least one component X/, ag < o/ < § of which is a
proper class, in particular, a proper (generalized) self-similar hyper-skand-
class.

Remark 16. Definitions 11, 12, 13 are very general in the sense that
defined objects are outside of the U™ -world and are not even subclasses
of it. Nevertheless, there are operations similar to operations on proper
classes which are subclasses of V[U](®). On the other hand, there are no
such operations as the power-skand, singleton-skand or other set-theoretic
operations. It is indeed true: “The content of a concept diminishes as
its extension increases; if its extension becomes all-embracing, its content
must vanish altogether”. We need these definitions for descriptions of some
aspects of the Skand Theory considered here. [J

11. Applications to e-numbers

What we now want to show are applications of skands outside of the
Skand Theory considered above.

Remark 17. The concept of a skand, i.e., objects X(,, ) above, is
wider than its concrete realization as a system of embedded braces and the
components thereof; it is not rigidly attached to curly brackets and it may
also be a system of embedded round brackets, e.g., streams

s = (a1, (a2, (a3, (---(aw, (awr1, (- (ax, (axyr, (-)))))))))), (37)
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where ay € A, Aisaset, 1 <X <A € On, (see, in particular, the case of a
countable system of embedded round brackets in [4], p. 34-35, 197-208), or a
system of embedded angle brackets for the set theoretic operation modeling
the operation of ordered pairs, etc. Skands X(g ) can be interpreted as a
ltmit power or continued exponential with a basis which is an ordinal 79 > 1
such that Xo = 7 is the first component of Xg ) and with the exponent
X(l,a)a i.e.,

X1.a
X0, =% (38)

such that X, = v, (notice that here we do not differ a singleton {7,/})
which is exactly X, with its element itself v,/, the more so, as it is an
individual), 7, € On, v, > 0, 0 < o < a, i.e., a transfinite sequence of
basis-exponents

'Ya/

, 5 39
X0 L A V1 Vo E gy B = = o
Note only that the latter term in (39) should be properly defined (see
below), and in (39) it is only a designation, nothing else.
We shall use such a skand-exponent in application to the theory of e-
numbers in the sense of Cantor. For convenience in the further designation
of such a skand-exponent we prefer braces {{, i.e., B ) = {70, {71, {---}}}
to the power-sign " in (39) or expressions like [0, V1,72, ---Vews Yot1s -+ Vals -+-)
in [51], as a descending sequence of two-element non-well-founded sets
E(()’a) > E(l,a) > ... D E(a/@) 5 ..., where E(a/ﬂ) = {’)/a/, E(a/+17a)},
0<d <a.

Let v, & be arbitrary ordinal numbers such that v > 0 and £ > 0. We
recall that the £&th power of 7, i.e., 7%, is defined by the following transfinite
induction:

70 =1, (40)
POt =y, (41)
A = lim ~® 42
7" = limy?, (42)
a<A
for limit-numbers A = hH)l\ Q.
a<
And as in arithmetic, v is called the basis, &, the exponent, of the power

3
5.
Consider now the fOHOWiDg equation:

1t =¢ (43)
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with indeterminate &.

The roots £ = « of the equation (43) in the case v = w and a < wy,
where wy is the smallest non-denumerable ordinal, Cantor called epsilon-
numbers. More precisely, “to distinguish them from all other numbers I
call them the “e-numbers of the second number-class” ([16], §20).

We can omit these restrictions of Cantor’s, since all his results on the
e-numbers are valid in general cases. Here we repeat Cantor’s construction
in a generalized form.

Let v > 0 be a fixed ordinal. If @ > 0 is any ordinal number which
does not satisfy the equation (43), it determines an increasing sequence «,,
0 < n < w, by means of the equalities

ag =, a; =% ag =", .., ap,=7""1 L. (44)

d .
Then lim «, 2 sup a, = E(a) of this increasing sequence always exists
n

because On is Weﬁl—ordered, and we call it an e-number, too.

Indeed, in the trivial case, when v = 1, the only root of the equation
(43) is evidently £ = 1, and hence this actually increasing sequence in (44)
is the constant sequence o, = 1, 0 < n < w, and thus lién Qp = sSup o, =

n

E(a) =1, for every o > 1.
If v > 1, then (44) is an ascending sequence (in Cantor’s terminology,
an “ascending fundamental series”) because

7> 1=7">aq, (45)

for every a > 0 (see, e.g., [36], Chap. VII, §6); in our case, when o > 1 and
does not satisfy the equation (43), we have ¥ > « and, by (45), v7" > ~¢,
and so on. Consequently, (44) is an ascending sequence; indeed, for all
O<n<w,ar>ay s > Q1, A3 > Q9, ..y, Oy > Qp_1, - -

Put now E(a) = li}ln Oy, = sup oy, which is a limit-ordinal number and

n
always exists, because for the set A = {ap, a1, ..., ap, ...}, there exists an
ordinal 8 < By (for some fixed [3y), which is greater than each element of
A (see [36], Chap. VII, §2, Theorem 6). Consequently, the least of such £,
which always exists in the well-ordered set (0, §y) since each of its subsets
has the smallest element, is the desired ordinal number F(«).
By (41), (42), the function f(a) = ~* is ascending and continuous;

Be) — 4% limayen = limapy = E(q); ie.,
n n

therefore, we have ~
E(«) satisfies (43).
Cantor considered the case v = w, a = 1 and proved that

E(1)= li}lnwn, (46)
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where
=1 ag=w ay=w", ..., ap=w"" .., (47)
is an e-number [16], §20, [Theorem| A. Moreover, eg = E(1) = limw,, is the
n

least of all the e-numbers ([16], §20, [Theorem] B). (This, of course, is true
in his own sense; in our general construction there are two more e-numbers
1, when v = 1 and w, when 1 < v < w and a = 7, which are evidently
smaller than &g.)

He also showed that after the least e-number, ¢, there follows then the
next greater one:

e1=FE(e+1), (48)
and so on; i.e., there is the following formula of recursion:
en=FE(ep—1+1), (49)

1 <n<w. ([16], §20, [Theorem] D).
The limit lime,,, of any ascending sequence €,,,,¢€,,, ..., €y,, .. of e-number
n

€u,, 0 < n < w, is an e-number, too. ([16], §20, [Theorem] E). Finally, all
the totality of e-numbers of the second number-class is a well-ordered set

€0y Ely ooy En «or EwyEwtly -+v Ealy wor (50)

of the second number-class type, and has thus the power Ny, where 0 <
o < Q, ([16], §20, [Theorem] F); i.e., 2 is the initial ordinal, in recent
terminology, which is the first after the initial ordinal w. (Here we quote
notations wy, n > 1, and  in [34], pp. 196, 199, literally; thus, do not
confuse them with w,, Kk = 1,2, ..., and € below, respectively, which denote
absolutely different objects.)

We also mention two more of Cantor’s results. If ¢’ is any e-number,
¢’ is the next greater e-number, and « is any number which lies between
them:

g <a<é, (51)

then E(«) = &” ([16], §20, [Theorem] C); and if € is any e-number and « is
any number such that 1 < a < ¢, then ¢ satisfies the three equations:

ate=¢e ac=c¢ a° =¢ (52)

([16], §20, [Theorem| G).

Note that for the e-number w in our general construction, for each «
such that 1 < o < w, (52) also holds.

All these results of Cantor are valid in the general case of course, with
natural corrections: ordinal types, the cardinality of the initial ordinals,
etc. But we want more. We want with the help of self-similar skands to
clarify this general situation.
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Cantor’s formula (46) of the least (in Cantor’s sense) e-number gy can

be symbolically written in the following form:
go=w (53)

i.e., by misuse of language, “gg is the power of w whose exponent is the
power of w, whose exponent is the power w, etc., more precisely, w times
‘the power of’”, or “the first ‘limit power’ of w whose exponents at each
nth place of the skand-exponent F(y ) is w, 1 <n <w”. How else?

Let us denote (53) by a bit shorter formula:

w"

w*

o= = Epuw) F wfeol), (54)

where X (g, (w) denotes the self-similar skand-exponent of length w whose
components E,, 0 < n < w, are w (see Remarks 1, 17). Actually, we
want to generalize this notation and the notion of the “limit power” to the
following one:

d -
€k = E(07a)(7) éf 7E(1’a)(’y) = 77’7 ) (55)
fory>1, a=w" k>1, and k € On.
Actually, we have to explain the meaning of the symbol E(y o (v) =
a
s as a good way of describing all possible e-numbers because,
by Definition 2, Eg ) (7) = E(1,.x)(7) and therefore,

P ) = g Fawn ) = B m(7); (56)

i.e., Egun(7) in (55) is a root of the equation (43), for an arbitrary ordinal
k > 1, and hence is an e-number.

Here is an explicit explanation of this idea.

Definition 14. By a skand-exponent E(, ) of length | = a —ap > w
we understand a system of embedded curly braces, indexed by o’ € («, ),
all of whose components are one-element, moreover, for each oy < o < a,
Ey ={yu{or Ey ={ya}, if & =a—1, where 7, # 0 and 7, € On. If
all components are equal to 7y, then we write E(,, o)(7) = {7, {7, {--}}} and
consiner it as a descending sequence of a two-elements non-well-founded set

Eaga) 217 Eapr1,0)} 2 1217 Elagtrar,a)} 2 -+ 0 <o/ <a—ayp.
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Definition 15. Two skand-exponents E(la()’ ) and E(Qﬁoﬁ) are called

equal if the segments (ag, ) and (fy, 3) are isomorphic as well-ordered

sets, where ¢ : (ag, @) — (Bo, 3) is this isomorphism, and the corresponding

components E!, and Eg/ are equal, for each 3’ = (), ap < o/ < a.
Definition 16. By an w-limit power of the skand-exponent

Yo
E(ao,w) = {70&07 {70&()"’17 {}}} - 70&00+1 (57)

we understand 1, if 7o, = 1; if 74, # 1, then we understand lim Bn4+pn =
n

sup Ba,+n of the following w-sequence
n

an,a0+17E(a0,a0+2)7 E(ao,ao—f—n—f—l)v (58)

where E(qg ag+1) = Yao and

’Y’Yao-',-n
apgtn—1
E(Oé(),ao-l—n-i—l) = 7;{3[0“ ) (59)
for each 1 < n < w, is understood in the usual way: we descendw, bfgin-
ap+n
’Ya0+n “"Yao-&—n “"Yao-&—n 'Ya0+;)
ning with 'y;fz(:;:_l, 'y;fzitl’f;,...,y;fzif 7;’30;52 s ey UP 0 Va0 =

Elap,a0+n+1)-

Now, first of all, we shall prove the following lemmas.

Lemma 2. Let ¢y and 1 be the first and the second e-numbers in
Cantor’s sense. Then for each 7, g9 < v < 1, we have

Egu(v) = e1; (60)

in particular,
)
Eu(e0) =¢ =e1. (61)
Moreover, for each w-sequence of ordinals g, V1, ..., Yn, ... such that gy <
Yo < €1, 0 <n < w, we have

Eowlmo (s o ()} =0 =21 (62)

€1 _

Proof. Since by the third equation in (52), 75! = &1, we have ]' <
Y2
Y5t = €1 as well as 4% < 7{' = ¢1, and hence 7;' < e;. The same
In
2
argument says that 'yg ! < g1, for each 0 < n < w. Consequently,

In
2

Epw) = {n{n{yn-3}} =" =lmEqg, =limy'  <e. (63)
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In particular, for v =, 0 <n < w, g (7) = A < e,

In spite of the fact that F()(v) satisfies the equation (43) and seems
to be an e-number, it is not a definition in Cantor’s sense, and it might
be something different from Cantor’s classical e-numbers and X (g (7) =

'y“f“ < g1. Why not? We shall show now that this is not the case. Clearly,
by €0 <7, Eow)(€0) < E(ow)(7) and, by €0 < yn, 0 < n < w, Eguy(e0) <

.

2
Ew) = 'ygl . On the other hand, by w < g¢, we obtain
w0 =

Eoni1) = W < 580 = X(o,n+1)(50)- (64)
Since g9 + 1 < e < €1, by (48) and [Theorem] C, we obtain

€0
w0 =
. . - . E¢ .
g] = h}ln Eons) = h}lnw“’ < h}lneoo = h}ln Ent1)(c0) <
In

2
<lim{v{n{rl. =" <
‘ (65)
W2
Consequently, F ) = 7p'
O
Lemma 3. Let ¢/ and ¢’ be neighboring e-numbers in Cantor’s sense.

Then for each v, & <~ < &”, we have

= €1, which completes the proof of Lemma, 2.

Eow)(v) =" (66)
in particular,
Eguw() =€ =¢" (67)

Moreover, for each w-sequence of ordinals 7o, Y1, ..., Vn, ... such that ¢’ <
Yo < €”,0 < n < w, we have

w0 el 1 =0t =& (68)

The Proof is absolutely similar to the proof of Lemma 2.
Lemma 4. Let g9, ¢1,¢2, ... be an ascending w-sequence of e-numbers.

€
g . . .
Then F(,)=¢," = lime,, and hence is an e-number in Cantor’s sense.
’ n
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ey
Proof. Since g9 < g1 < e2 < ... we have, by (52), Eg,41) = 581 =
en. Consequently, by Cantor’s Theorem E, E(g ) = lim E(g,,41) = lime,
n n

is an e-number. O

Lemma 5. For any ordinal number v > w, Eq)(7) = 47" is an

e-number in the sense of Cantor. Moreover, for each increasing w-sequence
.

of ordinals o, ¥1, .-+, Vn, --- such that w < 9, E ) = '7312

in Cantor’s sense.

Proof. By (45), we have w” > ~ and hence v < E(v). This is the
well-known fact that for each ordinal v, there is an e-number greater than ~
([56], p. 327). Let £’ be the least of such e-numbers. Take the preceeding &’
which always exists because €’ cannot be a limit of e-numbers, otherwise, £’
could not be the smallest e-number greater than . Obviously, &/ < v < £”.
Then we apply Lemma 3 and obtain Eg,,)(y) = €".

Let now g, 71, -+, Tn, -.. b€ an increasing w-sequence, i.e., 70 < 71 < ... <

is an e-number

Yo < ... it s stable, Le., Yy = Yng+1 = Yng+2 = .-, We put v = yp, and
’Y’Y;L‘O_;,_Q
apply the first assertion of Lemma 5, i.e. E(,, ) = N
‘751/0/—1
22
Then, clearly, Eg ) = 7, =&

If it is not stable, then without loss of generality we can assume that
Yo <Y1 < oo < Yp < .... Suppose now that there are only finite e-numbers
between these e-numbers, e.g., 7o and v,,, and denote the greatest of them
by €’. Then, clearly, E, ., = " and Eq,) = €’ as in the previous
case. Finally, suppose that there is a ascending w-sequence €,, < €, < ...
with is cofinal to a ascending w-sequence 7y < 71 < .... Then, evidently,
g = li}ln'yn = li}ln ey, and the proof that E(,) = €” is similar to that for

Lemma 4. [
Remark 18. It is not true that for an arbitrary w-sequence of ordinals
i
Y05 V15 ++» Vn, --- the limit power Eq ) = 'ygi is an e-number.

Indeed, consider the following w-sequence w, 2,2, ..., then
2
2 .
2" . 2 lim 22’ .
w? = limw? =wn = w¥. And w¥ is not an e-number.
n

w li n . n . n— li n-1 w
Indeed, 2¢° = 27 =1lim2¢" = limw*"  =wn . =w’ > w¥. The
n n
moral is that there are many w-sequences of ordinals and corresponding
skand-exponents whose limit-powers are equal to e-numbers; on the other
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hand, there are also a lot of w-sequences of ordinals and the corresponding
skand-exponents whose limit-powers are not e-numbers at all.

Remark 18 allows us to give the following

Definition 17. By an e-number we understand any ordinal number of
the form

€= E(O,w)(’y)v v =1, (69)
and also for an arbitrary set £ of such e-numbers in (69) its supremum, i.e.,
g =sup€. (70)

eel

It is clear that all e-numbers in Definition 17 are e-numbers in the sense
of Cantor except two numbers: 1 because 1' = 1 and (43) holds, and w,
because 2¢ = w and (43) holds, too. Let us denote these first two e-numbers
by €¢ and €1, respectively. Since g5 = E(OM)(w), by Lemma 2, we obtain
that it is the least e-number in the sense of Cantor; and all finite indexes
of e-numbers in the sense of Cantor are shifted by adding 2.

Definition 18. Let a = w®, k > 1. Then by a limit-power with the
basis ¥ > 1 and the same exponents we understand the skand-exponent
E,0)(7), given by the following transfinite recursion:

Epuw(y)=¢1, k=1 (71)
E(O,uﬂ)(')/) = E(O,w)(gl) =&, K=12; (72)
Euw)(7) = Ew)(En-1) = &n, K=mn; (73)

E(O,w“’)(')/) = sup E(O,w")(')/) = sup E(O,w)(gn—l) =Euw; K=w; (74)

In the general case
E(O,w“)(')/) = E(O,w)(gli—l) =&, K—1<K; (75)
Ewy(v) = Sup Egwn(7) = Sup Eowy(Y) =&k A r—1 (76)
<K <K

In accordance with Remark 18 and Definition 18, we are going to de-
scribe in canonical form all e-numbers.

Theorem 4. There is a one-to-one correspondence between all ordinal
numbers w", 0 < k € On and all e-numbers e,, defined in Definition 17,
as follows: g = E(o1)(1) and ex = Egwr)(2), k > 1.

Proof. If Kk = 0, we put ¢g = 1. If Kk > 0, putting in Definition 18
v =2, &x = €4, We obtain, by Lemmas 2,3,4,5, a successive enumeration of
all e-numbers in the sense of Definition 17 and thus all e-numbers in the
sense of Cantor. [
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Theorem 4'. Put ¢g = 1 and 1 = w. Then for kK > 1 one has
the following formulas for all e-numbers: eoy1 = Eg)(ek) and ey =

O%inrgw E(0.w)(Entn)-

Proof is inside the the proof of Theorem 4.

It is easy to see that if a # w", k > 0, then E(( 4y(2) is not an e-number.
Indeed, put o = w + 1, then E 1) = E wy1) = w?; but 2w = £ w2,

Corollary 6. The set E(,) = {€x| £x < Wa}, i-e., the set of all e-numbers
€, such that €, less than the initial number w, has a power greater than
or equal to wq.

Proof. If the power of F(,) were less than the power of wy, then & =

sup €, would be greater than all of the elements in F(,), and it would
er€B(a)

be an e-number whose power would be less than w,, because the latter is
not the limit of a transfinite sequence of smaller powers. Thus E,) U {€}
would be larger than FE(,), which is in contradiction with the maximality
of Ey. Consequently, [E(q)| > |wa| (|E(q)| and |ws| mean the cardinality
of E() and wy, respectively).

Corollary 7. The set E(,) = {ex| ex < wa}, i.e., the set of all e-
numbers ¢, such that e, less than the initial number w, is a well-ordered
set of the ordinal type w, and thus has the power of wg,.

Proof. For each k < w,, clearly, €, < w,. And this is a one-to-one
correspondence between the set (0,ws) = {k| K < wa} and the set F(,).
Moreover, if K’ < K’ < wq, then g, < g4n, i.e., the ordinal type (0,w,)
is the same as E(,). Since by Corollary 6, [E(,)| > |wal, We obtain that

|E)] = wal-
Corollary 8. Every initial number w, is an e-number.
Proof. Clearly, w, = li%a €, and thus, by Definition 17, it is an
En€L(q)
e-number.

Remark 19. The assertion of Corollary 8 was given in [56] and proved
in the particular case w;. It is well-known that each initial number w, has
a form w, = w? for some ordinal X (see, e.g., [36], Chap. VIII, §3, Theorem
9), but usually no one points out that A = wy,.

Corollary 9. The well-ordered proper class of all e-numbers is isomor-
phic to On.

The Proof is similar to that for Corollary 7. [

Remark 20. The limit power Eg ) (7), £ > 1, in Definition 18 should
be better called the quantified power, because actually we quantify expo-
nents by w-sequences of the same exponents: 1 < v < w, then w, then &3,
€3,eevy Ewse--, just to simplify the algorithm of transfinite recursion. We could
do the same thing by a continued exponentials process, e.g., E(07wl)(2):
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E0win)(2) =% Bouwin)(2) = 0¥ . Egu(2) =w? =w =
2 2 »
Eower1)(2) = 0, Bowi2)(2) = ... Bous)(2) =" =uw,.,
w 51
W@’ €1
E(O,wn)(2) w* ""E(07W2)(2) = v — Eil = &9

22" w

2
E(O,w2+1) (2) = 5%, E(O,w2+2)(2) = 5% yeeey E(sz_,_w) (2) =£&1 = &9,

2 22
E(O,w2+w+1) (2) = 5%1 ) E(O,w2+w+2) (2) = 5%1 7"'E(0,w22)(2) = 532;

<1
3
E(O,w“’) (2) = 512 = Euw»
EZw+1
Eu)(2) = 5‘? = 2B0en@ — 9w1 — () where 1 < o < wy.

There is a similar process in the case a = wy, A > 2, i.e., in the calcula-
tion of E(07w>\).

Proposition 21. For an arbitrary ordinal number a > 0 and any
1 <7 <w, Egq)(y) can be expressed by the following unique formula:

i
-
‘E7ln
.
n2
Em

B () = yP0e® = gn : (77)

where €,, > &,, > ... > g, are e-numbers, 71 > 12 > ... > 1, > 0 are
ordinal numbers, and the quantization of them, and of + in the exponents
is given by 1, B2, ..., Bn, Bn+1, respectively, 0 < 8; < w, i =1,2,....,n,n+1.

Proof. By Cantor’s normal form of «, it may be represented uniquely
as

a=whpB +wPBs+ ...+ w™B, + Bni1, (78)

where 71,79, ..., 7, i a descending sequence of ordinal numbers > 0 and
natural numbers 1, 52, ..., Bn, Ont1 are > 0 (see, e.g., [36], Chap. VII, §7,
Theorem 2). Then, by Theorem 4 and Remark 20, we obtain (77). O
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Proposition 22. For every ordinal number v > 2, the hyper-skand
E,0)(7) is the greatest e-class-number, i.e.,

B, () = yFam0) = Jim ep =en=0= ¥ (79)

Proof. It is clear that for each ordinal number o > 0, E(, 0)(7) is equal

to E(q)(7). In other words, the skand E g q)(v) is self-similar, because
each remainder (o, £2) as an ordered class is equal to (0,€2), i.e., (o, ) and

(0, €2) are isomorphic as ordered classes, in particular, for « = 1. Since, by
Corollary 9, the class of all e-numbers has of the same ordinal type as €2

li o
we obtain that lim e, = lim a = Q and consequently, v = 'yaé%lne =
a€On a€On
lim ~% = lim e, = €, i.e., Q satisfies (43), and thus €2 is an e-class-
a€On a€On

number. O

12. Applications to generalized real fractions
Likewise, we denote here a transfinite a-sequence o, Zag+1; -, Ta/s -+,
where ag < o/ < o < Q and z, € UY, as a special skand

X(an) = {Zag: {Zag+1, {-AZar {1311} (80)

as a descending sequence of two-elements sets X(q)0) 2 X(aj,0) 2 -+ 2
X(aa) D -y Where X o) = {zar, X(aq_l’a)}, ap < d < a.

Let a be an ordinal of the 2nd type, i.e. that having no predecessor;
in particular, 0 is an ordinal of the 2nd type; its form o = wr, where
v > 0, is known. Recall also that ordinals of the 1st type are those having
predecessors. (We have already used other terminology above as a limit
ordinal number and an ordinal number which is not a limit number; an
ordinal of the 2nd type and of the 1st type are shorter, and we now prefer
the latter terminology.)

Consider now for a fixed a = wv, v > 1, the set A, of all special skands
(henceforth, in short: skands) X (0,c) Whose components X, = 0or Xy =1
and as above we do not differ individuals 0 and 1 with their singletons {0}
and {1} as it demands the definition of X,/: we simplify a notation without
losting the sense of matter.

We endow A, with the following lexicographic linear ordering: X (g o) <
Y(0,q) iff there is an o/, 0 < o/ < @, such that X, = 0 and Yy = 1 and at
whichever fth place, 5 < o/, the elements are equal; i.e., X3 = Yg. If in
addition X3 =1 and Y3 = 0, for all 3 > o/, then for such pairs only, there
are no skands Z o) in Aq with X ) < Z(g,a) < Y(0,a). We call those
pairs of neighboring skands twins. We shall identify them and denote the
obtained new element in the canonical form, i.e., of a greater Y ,), not
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forgetting that there is a different form of it, i.e., of a smaller Xg ,), and
using it when it is convenient.

Definition 18. By Ra|j0,1] = [0(0,a); 1(0,a)] We denote the quotient set
A/~ of A, (~ identifies each pair of twins as one element) with the quo-
tient linear ordering and call it a generalized real number (more precisely,
fractional) unit interval of the power 2led,

Here 0(g,) and 1(g ) are minimal and maximal elements (integers) of
Ra|[071], i.e., skands with 0 and 1 at all places, respectively.

Definition 19. By Q.|[p,1] we denote the subset of Ry (g 1] of all skands
X(0,) Which are eventually 0 or 1.

In particular, we distinguish in Q4|0 1) dyadic fractions, i.e. # as X (0,q)
such that X,y =1 and X = 0 for all § # o/ —1, for each ordinal number
o of the 1st kind, 1 < o’ < a, (which is a twin to Y{g o) with Yg = 0 for
0<p<d,and Y3 =1, for &/ < < «) and also 2—; as X(0,q) such that
Xpg=0,for0< <, and Xg=1forall 5> o, for each ordinal number
o' of the 2nd kind, 0 < o/ < «. In other words, in short, # are skands
X(0,) Which are eventually 1.

Proposition 23. R,|j 1) and Q4l[p,1) are the dense linear orderings and
Qaljo,1) is dense in Rq|[g 1.

The Proof is an immediate consequence of Definitions 18 and 19 to-
gether with the definition of the ordering on A,/~.

Theorem 5. The space Ra|[071] 18 continuous: 1i.e., every non-empty
subset S of Ra|[071] has a smallest upper bound M oy = sup S and a great-
est lower bound mg o) = inf S in Ralj,1)-

Proof. If there exists a maximal element max S in S, then sup S =
max S, if there exists a minimal element min S in S, then inf S = min S.

Consider now the case when S has no maximal element and prove that
there exists Mg o) = sup S in Ralj1}, i-6., M(gq) € Raljo] such that for
all X(g) € S we have X(go) < M(o,o) and for each Y(g o) € Raljp,1) such
that Yo .a) < M(0,q) there is Z( o) € S such that Y(g o) < Z(0,q)-

Indeed, there exists the smallest ordinal a;y > 0 such that there is an
element X(loﬂ) € S with Xél = 1 and for every X (o) € S, Xg = 0, for each
0=oag < B <a (if g =0, then conditions X3 =0, § < aj, are absent).
Otherwise, S should be {0(g,)} or the empty set ), which is impossible by
assumption.

We shall define Mg o) € Ra|[071] by induction on its non-trivial compo-
nents, putting at the beginning M,, = 1 and Mg = 0, for each 0 < 8 < a4,
and then define the following subset S! = S\ { X0, X0,0) €95 X(0,0) <

X(lom} of § = 89.
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Since S has no maximal element and X} ) € S, there exists the smallest

0,a

ordinal ag > a7 such that there is an ele(ment X(o a) > X(o ) in S' with
X§2 =1, and for every X (o) € St X =0, for each oy < 8 < an.

We continue to define Mg ) for the next series of indexes by putting
Ma2 = 1 and Mg = 0, for each a1 < 8 < a9, and define now S? =
ST\ AX 0.0 X(0.0) € 5" X(0a) < XF ot

Suppose that, for each 1 <k <n < w, we have already found the
smallest ordinal ag > a;_1 and elements X* (0.0) > X (ko 1) such that X k =1

and in addition for every X, € € S*=1 its components X g =0, Where
ap_1 < [ < ap. Suppose also that we have already defined the next
components of Mg ), by putting M,, =1 and Mgz = 0, for each a1 <
ﬁ < ay, as well as the set SF = k=1 \ {X0,0) X(0,0) € Sh=1, X,0) <

(0 @) } Notice that in this induction we put formally X(O @) = = 0(0,a)-

Since S™ has no maximal element and X ) € S, there ex1sts the small-

(Oa) > X(O @) in S™
with thll = 1 and for every X g o) € 5™, Xg = 0, for each o, < 3 < apy1-
We put M, ., = 1 and Mg = 0, for each o, < 8 < ap1, and define
Sl =8\ {X((m | X(0,0) € 5", X(0.0) < X[gh}-

Thus S™ are defined for all 0 < n < w and we can consider their in-
tersection (1 S™. If (1 S™ = 0, i.e., there are no more elements X ,) in

(0,
est ordinal a1 > «y such that there is an element Xt

n n
S with Xg =1, 8 > a, for each 0 < n < w, then we put Mg = 0, for
all a, < 3 < «a, where o, = lima,. Since for each 0 < o < «, M, has
n

been already defined, we obtain an element M ,) € Rqljp,1) and we claim
that it is sup S. Indeed, by construction, for every X ) € S, we have
X0,0) < M,0)- T Yo,0) € Raljo,1) and Y(ga) < M(g ), then there is a
minimal index oy, 0 < n < w, such that Y, = 0 and M,, = 1. Take
(0 a) € S. Tt is clear that Yo o) < X(o ) Thus in this case the existence
of sup S is proved.
If N S™ # 0, then we define S¥ = (.S™. Since S“ # () there exists the
n n

smallest ordinal a,1+1 > a, such that there is an element X ““Ll) in S¥ with

(0
X@Eh > Xy oy, for each 0 < n < w, XgT! = 1, and for every X(oa) €

(0,a) Qw41
SY, Xz = 0, for each o, < < a1 (if awy1 = a,, then conditions
X5 =0, 3 < auq1, are absent). We put M,,,, = 1 and Mg = 0, for each
oy < B < aq1 and define the following set St = §\ {X (0.0)| X(0,0)
59 X(0,0) < X +1} Then we continue our algorithm as above.

Since each step of our inductive construction enlarges the index «,,
1 < v, at least by 1, we shall exhaust all of 0 < o/ < a and obtain an
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element Mg o) € Ral[,1] such that X0y < M(0,0), for each v > 1. Since
ﬂS” = () (otherwise, Mg 4y should be an elements of ﬂ S¥ and thus the

greatest element of ) we conclude that M ,) = sup S Indeed, for each
X(O,a) es, X(O,a) < M((LQ) and if Yv(()’a € R, |[071] and Yv(()’a) < M((LQ) then
there is the smallest ordinal o, condidered above such that Y,,6 = 0 and
M,, = 1. Take X(o ) € S and by construction Yy o) < X(gq) U

The proof of the existence of inf S in the case when S has no minimal
element is absolutely similar. We omit details, but there is another proof of
it. Putting S* = {1(0,a) — X(0,a)l X(0,a) € S}, we obtain S* C Rq|[p,1] and
S* has no maximal element. By the above proof, there exists a smallest
upper bound Mg o) of S*. If we put m o) = 1(0,a) — M(0,q), then it is a
greatest lower bound of S. (For the meaning of 1(g.o) — X(g,4) see the next
paragraph.) O

Theorem 6. The covering dimension of a topological space Ra|[071] m
the order topology is equal to 1, i.e., dim Ra|[071] =1.

Proof. It is well known that every linearly ordered space X is heredi-
tarily normal ([11] Bourbaki, [1948]).

For every normal space X dim X < Ind X ([57] Vedenissoff, [1939]).

For every space Y the properties dimY = 0 and IndY = 0 are equiv-
alent and have as their consequence the normality of Y ([2] Chap. II, §3,
Proposition 3, p. 170).

It is also known that if every hereditarily normal space X is a union of
two spaces Y and Z such that IndY =0 and IndZ = 0, then Ind X <1
([35] Katetov, [1951]).

Putting Y = Quljo,1) and Z = Ra|j0,1) \ Y, we notice that since Y and
Z are dense in themselves and in Ra|[071], we conclude that indY = 0
and ind Z = 0; therefore, they are hereditarily disconnected ([30] Haus-
dorff, [1914]), and being linearly ordered, are strongly zero-dimensional
([31] Herrlich, [1965]), which is equivalent to IndY = 0 and Ind Z = 0 ([23]
Engelking, [1977]). Then for Rqljp,1) =Y U Z we obtain Ind Ra[jp1) < 1.

Clearly, since Rylj1) is continuous then ind R4ljp,;) = 1 and hence,
by 1 = ind Ra|jg1) < Ind Ralp1) = 1 and dim Raljg1) < Ind Raly 1), we
obtain a desired equality dim Rqljp1) = 1. Otherwise, if dim Ra|jp1] = 0,
then Ind Raljp,1) = 0, which is false, because Ind Ra[jp,1) = 1. O

The nature of the 1-dimensional manifold R[] (a generalized real
number unit interval) which comes from the real number unit interval
Rylj0,1 is illustrated by the following figures, where o = w - 2. The first
figure is a bifurcation of a rational number, for a example, x = %:
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0,011.. ﬁ*\?‘/ =0,100..

90: 100..

0,011...;000.. ,/ /\0 100..

0(0.2) = (0, ;000,000 111'

0(0.) = (0, 000..

. 0,011..
0(0,w2) '

1(0,w2)

1 0,111..
. =1=0,100..;000... 0w2) = (

Fig. 2

and the second figure is a bifurcation of an irrational number, for example,
1.

T

1 —0,01101...

00u) ° " 1w

0301101 000...'/7&\= 0.01101...;111

0,
0,01101.. 000,/ \ 0,01101..

0(0,w2) . 1(0,w2)

0 Low2)

Fig. 3

We can also demonstrate a canonical embedding 12 : R,| 0,1] = Ruw-2l[01]
which preserves the linear ordering, given by i“2(X 0w)) = Y(0,w-2), Wwhere
Ys=X3,0<f<w,and Yg=0,w <[ <w-2.

Moreover, for each o = w-v and § = w - u, where v < pu, there is
a canonical embedding il Raljo,1] — Rgl[p,1) which preserves the linear
ordering, given by z'g(X(m) = Yo3), where Y, = X, 0 < v < a, and
Y, =0, a<y<p.

We can also formally consider the case where o« = € = w - Q and the
rational skands X (g q), which are eventually 0 or 1, form a proper class
Qaljo,1) in NBG™. As to Rql[p,], i-e., the union of rational and irrational
skands X (g ), it is not an object in NBG™ because irrational skands are

L(ow) = (0,111...)

S111.)
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elements of a super-class and outside of N BG~-type theory. Nevertheless,
one can consider a canonical embedding 7! : Raljp1] — Raljp,1) which
preserves the linear ordering, given by i$}(X 0,a)) = Y(0,0), Where Y, = X,
0<vy<a,and Y, =0, a <y < Q. Moreover, Qaljo1 = U iSH(R4|[0,1]),

a<2
where a =w- v, 1 <v <.

One can also prove that QQ|[071] and RQ|[071] are dense in themselves;
Qaljo,1) is dense in Rq|(o1] and Req/jo,1) is continuous. It is also clear that
ind Qalj1) = 0 and ind Ralj 1) = 0; therefore, they are hereditarily dis-
connected, and being linearly ordered, are strongly zero-dimensional, which
is equivalent to IndY = 0 and IndZ = 0. Then for Rl =Y UZ
we obtain Ind Raljp; < 1. Clearly, since Rqjp) is continuous, then
ind Raljp,;) = 1 and hence, by 1 = ind Ral|p1) < Ind Raljp; = 1 and
dim Rgljp1) < Ind Ral),1], we obtain a desired equality dim Rqlj,1) = 1.
Otherwise, if dim Raljo,1) = 0, then Ind Ral[o1] = 0, which is false, because
IndRQ“OJ] =1.

Unfortunately, all these natural arguments cannot be applied, because
all references are to results valid only for topological spaces which are sets,
and there are no similar results (even definitions of topology, dimensions,
normality, etc.) for point proper classes, and it is not clear how to pass this
gap. We are in a situation where something is evident, but there are no
resources to prove it. We can only formulate the following conjecture.

Conjecture 3. Rqlj1) is a marimally dense one-dimensional contin-
uum whose elements (mostly hyper-classes) are limits of Qaljo 1), i-e., limits
of Q-sequences whose terms are sets. [

13. Additive and multiplicative operations on generalized frac-
tions

In the next paragraph we shall formally extend for each ordinal o = wv,
1 < v < Q, the closed unit Ra|[071] to the set (hyper-class in the case
v = Q) R, of generalized real numbers which is a one-dimensional linearly
ordered continuous dense homogeneous point set (a dense homogeneous
point manifold in the sense of Cantor). Unfortunately, only for v = 1,
i.e. a = w, R, is supplied with addition and multiplication which are
associative, commutative and distributive; moreover, R, = R is the field
of real numbers. If v > 1, then it is not easy to completely define addition
and multiplication in R,, although it has been tried in [6]. We introduce
here our version, which is different both in notations and in intention from
that in [6].

For ordinal numbers there is a commutative and associative natural sum
and a natural product in the sense of Hessenberg ([32], 591-594); i.e., if
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ordinal numbers £ and 7 are represented in the form of normal expansion
& = WSty 4+ wng + ... + Wb n, and n = WSt my + w2me + ... + wf’“mr,
respectively, where & > & > ... > & are ordinal numbers, ni, ng, ..., n,
and mq, mo, ..., m, are integers > 0, then by definition the natural sum is
the following ordinal number:

£ n=w(ng +my) +w?(ng +ma) + ... + W (n, +my). (81)

In order to define the natural product @ ® § of the ordinal numbers «
and 3 one multiplies their normal expansions as if they were polynomials of
variable w; multiplying two powers of number w, one forms the natural sum
of the exponents and arranges the terms obtained from the multiplication
according to decreasing exponents.

(Notice that instead of w we can consider any ordinal number v > 1 as
a basis of normal expansion of £ with 0 < n; <, 1 <i <r, see [36], Chap.
XII, §7, e.g., v = 2; we use shall it below.)

Thus, the problem of the existence of the desired algebraic operations
on R, concerns only generalized real fractions of Rq|[ ;-

So addition “+7, subtraction “—", multiplication “-” and division “/” are
not defined for all generalized real fractions X g o) and Y{g o) in Ralj,1) but
are defined for some of them. Here are typical cases of such a possibility:

1). For every X(9.q), Y(0,0) € Ral[,1), such that X < Yo, 0 <o/ < a
we put Y o) — X(0,a) = Z(0,a), Where Zp =Yy — X, 0 < 0/ < . E.g,
X0,0) — X(0,a) = 0(0,) 01, for each X (g o) € Raljo,1), 1j0,1] — X(0,a) is always
well defined.

If Yoa) = 2—5 and X(gq) = ﬁ, 0 < d < o < a, the subtraction
2_}r/ o 2i//
of the 2nd kind # - 2(1—// = Z(0,a), Where Zg = 1, for o/ < g < o, and
Zg =0, for f <o or > a"; in the case when o/, o are ordinal numbers

of the 1st kind 2—31/ -1, = Z(0,a), Where Zg = 1, for o/ < < ", and

2a//

is well defined. Indeed, in the case when o/, o’ are ordinal numbers

Zg =0, for f <o or > a”"; and at last in the case when o is an ordinal
of the 1st kind and «” is an ordinal of the 2nd kind 2—5 — 2(1—// = Z(0,a);
where Zg =1, for o/ < f < a”, and Z3g =0, for § < o' or 8 > o”. (Note
that we use another notation in an appropriate case for twins.)

We will say that the interval [X (g o), Y(0,q)] is of length 2—i/, if Yo,a) —
X(O,a) = 2—i/, 0<d <a.

2). We can define X (g o) + ¥{0,q) in the case where, for each 0 < o/ < a,
X, and Y, are both 0, or one of them is 1 and another one is 0. Then the
result is Z(g o) = X(0,a) T Y(0,a) Such that Z, = Xov + Yy, 0< 0/ < a. In
particular, if Z(O,a) = Yv(oﬂ) _X(O,a)v then X(O,a)+Z(0,a) = Z(O,a) +X(0,a) =

Y0,0)-
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If o/ is an ordinal of the 1st kind, then ? + 2—i/ = 0<d <a
and if 1 < o/ < o < «, are arbitrary ordinal numbers of the 1st kind, then
2—31/ 2i L+ Lis Z(0,a) such that Zg = 1, for 8 = o, o; otherwise
Zg=0.1f0 S o < « is an ordinal of the 2nd kind and 0 < o/ < o < «
is an ordinal of the 1st kind, then # + 261—// = 2%// + ﬁ = Z(0,a) such that
Zg =1, for f =d and § > &; otherwise, Zg = 0.

On the other hand, there are no magnitudes in Ra|[071] such as 2—31/ + ?,

2/1’

for every 0 < o/ < a which is an ordinal number of the 2nd kind, because

there is no ordinal number o/ — 1; as well as =% + =17, if o/ is an ordinal

number of the 2nd kind and o' < o”. ’ ’

Moreover, we can define addition X (g o)+ ¥{(g,) in all cases which avoid
the addition of components of the latter cases when sums of dyadic fractions
do not exist.

3). For 1 < o < a, where ¢ is an ordinal number of the 1st kind,

> 2% 20/;—1 - ﬁ, where by an infinite sum we understand

a/<p<a’+w
the supremum of ﬁnite sums, if of course they are well defined. Indeed,
_ 1 _ 1
20/ + 2a/+1 + + 2a/+n + e T Sup(ﬁ + 2a/+1 + + 2a/+n) - S]‘:Lp[( 20/—1 -
1 1 1 1 1
o7) +(m —5r) F et G — )]l = Sgp(Qa/_l — o) = g T

inf = /1 1

n 2a/+n 2a/—1 - 2a/+w'
1 1 "
)' //'F: //@a/,0<05 o < .

5). Each X(g,) € Ral[,1) can be divided by 2. Indeed, it is an immediate
consequence of the following propositions.

Theorem 7 Fach X ) € Ra|[071], in particular, 0 = 0 o) and 1 =
Lo,a) with 0 and 1 in all places, respectively, can be represented by the

following formula:
F(d)
X(O,a) = Z a1’ (82)

0<a’<a

where the summation is taken over all ordinals 0 < o < «, and F(d)
is equal to the element of the component X of X(g ). In particular, for
0 < ag < a, we obtain the following formula:
1 1 1 1 1 1
%TO = Z 20/—}—1 = 2a0+1 + 2a0+2 t+oet oo 2w—|—1 et oo qa +1 (83)
ap<la’<a

The Proof is an immediate consequence of the above definitions.

Thus, we can divide each X(g o) € Ra |[0 1) by 2, changing each term 2%
in (82) by 2[1‘% and adding summands 2“,,,+1, itXg=1d <p<d +wr,
for some 0 < o' < «, where ¢/, is an ordinal number of the 2nd kind such
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that o/ +wr < a, 1 <7 < v, and the sum of all changed terms is the result
Z0,0) = X(0,0)/2=X(0,0) 5. O

Lemma 6. Each interval [X (g o), Y(0,a)] of length - L. 0<d <a,can
be halved.

PI‘OOf In fact YV(O a) X(O a) 1/ or YV(O a) X(O,a) 50 X(O a)

1
X(0,0) + 2a/1+1 and hence

1 _
9a/ 1 + 2a/+1 9a/+1 —
[X(O a) X(O a) ] [YV(O a)” / s YV(O a)] = [X(O a) YV(O a)] Moreover, lengths
of [X(0,a), X(O,a) ——] and [Y(O a)— Y{0,)] are equal to 2a/1+1 = 2%/%
O

Although there are no magnitudes in Ra|jg 1 hke 7, for each 2 < n <
w, where 0 < o < « is an ordinal number of the 2nd kind, there are
magnltudes in R, |[0 1) of multlphcatlons 2—5 29" for some ordinals 1 <

Consequently, Y(O a) —

20/ +1 20 +1’

B, <a=wr,v>1,eg., 2“, - 2% =1(9,q), Which is really unexpected.
Proposition 24. For each o/,a” € On, 0 < o/, 0" < a = wrv, v > 1,
the following formula
1 1 "
90 = quew 2 (84)

holds; in particular, % W= 2% 2% = 1(9,0)-

. def L. . ”
Proof. Since ? . 2(1,/ = W it is sufficient to show tha 21// 2% =1

By Proposition 24, we obtain the following identities:

1:21—0:%+%+23+ (22+23+ )+(22+%+ )=
(gz+gs+.)2= 2—[( For )ttt 2=

(% + 31+ ) 22=i = [(guer + g +)F
(2n1+1+2n1+2+ )] 2 (2n+1 2+ ) 2m= 1-1—
(2n1+1+2n1+2+-.)-2"—1 (b + gz +0) 2" = 2= (85)
(2%1_2%'11'2w1+11+ 2w1+21+ 2= =
:(2_“’_2_“’—1_2w+1+2w+2+"')'2w2

(2w14—1+2w1+2 +) 2“1:2%,244}_ =

o 1 1 //_ 1 "

=Grm tem t) 2% =520

We also need the following lemma.
Lemma 7. For every X g ) < Y(O a) in Ryljp,1) there are X(o o <Y (0 @)
1

in Qalo,1) such that X g o) < X(O a)’ (0 o) < Y(0,a) and Y(O o) X{o o) = 307
1

for some 2 < o < «; in particular, for each Y(0,a) there is o7 such that
2a7 < Yv(()’a).

Proof. Since X(g,) < Y{g,a) there exists o/, 0 < o’ < a such that
Xy =0,Y,y =1and Xg =Yg, for all 0 < § < o/. There is a minimal
o’ > o such that X,» = 0; otherwise, Xg = 1, for all 5 > « and hence
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X should be equal to 1. Consider X(O ) such that X!, =1, X}, = X3,
0< B <a and Xj=0,8>a" Clearly, Xga < X{O,a) < Y0,0)-
Consider Y(/o o) Such that Yo =1 and Vi = Xp 0< 8 <o’ Clearly,
1. _
XEO,a) < Y(/(),a) < Y(Ova) and Y(O ) XEO a) T a1 Le, o' =a"+1. 0
Definition 20. Let X(g o) and Y(g ) be two elements of R,|jp 1) such
that X9 o) < Y(0,0) and Y(ga) — X(0,a) is defined. Then the generalized
real number (g ) = Y(0,o) — X(0,a) is called a length of the closed interval
[X(0,0)> Y(0,a)] and of the open interval (X g o), Y(0,q))-
Theorem 8. Let [X(0,a), Y(0,a)] 2 [X(107a), Y(%J,a)] D..D [X(O(‘m), Y(%"a)] D
.. be a system of embedded closed intervals of R, |[0 1 such that inf l% @) =

0(0,); then there exists a unique element Z(O a) € Ra |[0 1) such that it be-
longs to all these intervals, i.e., ([X (0/704), Y(O a)] Z(0,0)-

Proof. By Theorem 5, there exist M(O,a) = sup {X(o o) }and mg o) =
0<a/<a

f in Ralio11. Then Zyg o = Mg o) = . Otherwise, b
ot (Y.} 0 Ralo.a)- Then Zg ) (0,0) = M(0,0) erwise, by

Lemma 7 for m(0,0) < M(O a) in Rqjo1] there are X(O a) (’0 o) in Qa o, 1]
such that mq, a) < X(o a) < (0704) < M(O o) and Y, (0 a) (0 Q) = 2a
for some 2 < o < «a, which is in contradiction with the assumption that
1nf l(()f) o) = 0(0,); because [Xg(m) Y(lo a)] [X(o(‘) o) Y(%‘ a)] for each 0 < o/ <
a O

Theorem 9. Ra|[071] in the order topology is a compact Hausdorff space.

Proof. We already know that the linearly ordered space Ra|[071] is
normal. Let now v = {Ux} | A € A be an arbitrary covering of Ra|[o1),
consisting of open intervals Uy of R,|j0,1]- We have to prove that there ex-
ists a finite subcovering of , which covers Rq4|(g 1. Suppose the contrary,
and we cannot choose such a finite subcovering. By Lemma 6, we can halve
Raljo,1) = [X(0,0), Y(0,0)] (evidently, X(g o) = 0(0,0) and Y{g ) = 1(0,a)) and
choose one [X (10704), Y(%J,a)] of the parts that cannot be covered by finite ele-

(00 Yo Of
the parts that cannot be covered by finite elements of v. We continue this

process and conclude that [X (0 ay (“5 a)] cannot be also covered by finite

ments of v. Then we halve [X (10704), Y(%J,a)] and choose one [X

elements of 7, otherwise, [ X (0.0)’ (78 a)] can be covered by finite elements
of v, which is in contradiction with our choice. We halve [X (0,00 Y0 a)]
and continue our choice for each 0 < o/ < . We have gotten a system

/

[X(0,0): Y0,0)) D [X (10(1) (%)a)] D ...D[X (o(‘)a) Y(%‘a)] D ... of embedded
closed intervals of R, (o 1) such that 1nf l(o Q) = = 0(0,n)- Then, by Theorem



72 JU. T. LISICA

8, there exists a unique element Zg o) € Ra|[071] such that it belongs to

all these intervals, i.e., ﬂ[Xf(‘)/a),Y(%‘ a)] = Z(p,n)- Since 7 is a covering
a/ ) )

of Raljp,1) there exists an element Uy € ~ such that Z,) € Ux. Since
inf l% Q) = 0(0,a) We conclude that there exists an ordinal number o/ < «
o ) ’

such that [X(o(‘) a)’
(X f(‘)/a), Y(%‘/a)], which is in contradiction with our choice. Thus the assump-

tion that there is no finite subcovering of v which covers Ry (o q] is wrong.
O

!

Y(%‘/ a)] C U, and one-element subcovering Uy of v covers

14. Generalized real numbers and generalized straight lines

Now we are going to extend Ra|jo,1), @ = wv, v > 1, to the set R, of all
generalized real numbers.

By R we denote Ra|o1]U(Ral(0,1))*, where (L)* is the backwards linear
ordering of L = Ra|1] = Ra|[071]\{0(17a)}, and identify 1 ) and (1 ))*
with the ordinal 1, and each ordinal 2%, 0 < ¢/ < a with (?)* € L* with
the obvious ordering, adding to the following already defined relations:
Y < Z for each Y # 1 4y in L and each Z # (1(g )" in (L)*. Putting
R, = (Rf)" and denoting (X(9n))* by —X(0,a), for every X,y € R{,
identifying 0¢; o) and —0(; o), we define R, = R, U R} as generalized
real numbers with the obvious ordering, adding to the following already
defined relations: X(g ) < Y{0,q), for each X (g o) # —0(1,4) in R, and each
Y0,0) # 0(1,) in R} . Tt is clear that R, is a set of the power 2l

Similarly, we can extend Qq/(o,1] to the dense subordering subset @, of

R, and call it generalized rational numbers. Tts cardinality is 5 2%l

o<«
One can easily prove that @, is dense in R,; dim Q, = 0, dim (R4 \
Qo) = 0, dim R, = 1; R, is continuous, i.e., for every bounded set

Xa C Ry, there exists an interval [ag, ;] such that X, C [ag, a;] has
a smallest upper bound and a greatest lower bound; every closed bounded
set is compact; each Dedekind section in R, has no gap.
In the case o = w", kK > 1 we can represent R, in a more natural form.
Definition 21. By a set R} of all non-negative generalized numbers we
understand an extended system of embedded curly braces

N CEVIN AP S ST IV SR80 (86)

filled by 0 or 1 such that for each X(_, ) € R, X, =1 only for finite
number indexes, —a < o < 0. We consider on R} the lexicographic
ordering identifying twins as above. If all non-negative places are filled by
0 we have the usual ordinal numbers in Cantor’s normal form with base 2
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and the lexicographic ordering of them which coincides with the usual one.
By a set R, of all non-positive generalized numbers we understand the
backwards linear ordering (R.)*, and denote X o) € (RE)* by —X(—aa)-
At last, by a set R, of all generalized numbers we understand R, UR} with
the natural identification OZL_OW) and 0(__0470[) and a clear linear ordering.
Further we denote by X(_, o) an arbitrary element of R, which can be
positive, negative or zero.

Theorem 10. If a = w", k > 1, then R, is topologically and order
isomorphic to R, in the sense of Definition 22.

Proof. We give only a sketch of a proof. It is enough to prove that
RE\ Raljg,1y is isomorphic to RY \ Raljp 1) in the sense of Definition 22,
because Ra|[071) are isomorphic in both senses: notice that Ra|(071] are also
isomorphic in both senses.

Since Ral(o,1) and (Ral(o1])* are evidently topologically isomorphic it is
enough to show that (Ral(0,1)" and {X(_a,a) € Ra | X(—a,a) = L(—a,a)} OF
Ralo,1) and {X(_q.0) € Ra | X(—a,a) = l(—a,a)} are topologically isomor-
phic, respectively.

This isomorphism can be defined by the following transfinite induction:
the first step is to show that R, | 1 1] is isomorphic to R,| [1,2]- It can be done

by putting in correspondence % to 2 and 1 to 1, respectively (we obviously
simplify the notation). By halving the intervals [$,1] and [1,2] we put
their centers in correspondence to each other, i.e., % + 21—2 to 1+ %, and
do the same (i.e., halving the intervals) with each corresponding interval
(5,3 + 52) and [14 %, 2] as well as [§ + 57, 1] and [1, 1+ 3], respectively. Of
course, the limit ends will be in this natural correspondence and we continue
halving further and further, i.e., o times. It is clear that the closures of
the corresponding isomorphic sets of halving are also isomorphic and they
coincide with Ra|[ 1) and Rg|[ 9], respectively.

We can do the same with Ra|[2%71] and Rq|[ 92], respectively, and no-

tice that a new isomorphism restricted on Ra|[%71] and Ra|[172], respec-
tively, will coincide with the previous one. The limit isomorphism between
R L] and Ralf 9wy is obvious, which we extend to the isomorphism
between Ra|[2%71] and R[4

In the same manner we show that Ra|[ﬁ72%] and Ra|[2w72w+n], 1<n<
w, are isomorphic. (Only notice here that if o« # w", k > 1, then this step
would be wrong.) And extend it to the isomorphism between Ra|[ 1

w2 1w

and Ra|jgw 9w2) and hence between Ra|[ 1) and Ralp,2¢2). The further
w2 ’
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steps are similar. We omit the details. The resultant ordering isomorphism
between R, in both senses will be an isomorphism, too. [

If each element of R(_, o), @ = wg, §& > 0, is considered as a geometric
point, then we denote this point set by L(_, ) and call it a generalized
straight line. If £ = 0, then we obtain a classical Euclidean line, which
as we know is uniquely defined by Hilbert’s axioms. Moreover, by one of
Fuclid’s definitions: “The straight line is a line such that it is uniformly
arranged towards all its points”. It is not so in the cases where & > 0;
i.e. there are different kinds of points, e.g., £ = 1 and 2% and 2“,% in
R(_; w), which have a different structure to the right of them, though the
same structure to the left. We are going to state the following conjecture.

Conjecture 4. There exists a system of axioms including a general-
ized Archimedian axiom, a generalized Cantor’s axiom of continuity, which
uniquely defines the generalized straight line L(—w€,w€); &> 1, with an iso-
morphism ¢ : L(_w@w&) — R(—w€,w€)-

In favour of this conjecture says the following corollary of Proposition
26:

Corollary 10. For each generalized dyadic fraction a = 2—31/, o’ € On,
1 <d <a=uw, > 1, and arbitrary positive generalized real number
b e RZL_%’%) there exists an ordinal number v, 1 < v < wg, such that
a-v>b.

Proof. Indeed, there exists an ordinal number 3, 0 < 8 < a = wg, such
that 27 > [b], where [b] is an integral part of b. Putting o’/ = o/ @ 3, we
obtain v = 2¢'®8 which, by Proposition 24, satisfies the desired condition,
le,av=chv=;L 2990 = L. 20" 920 = (5 .20). 20 = 1.20 > b,
O

Note also that the geometry of such straight lines is different from the
classical one; i.e., L(_, .. E.g., in the generalized plane, i.e., L?—w@w&) =
L we) X L(—we we)> € 2 1, it s not a case that each of two different points
?_‘%7“’6
) such as y = z, or y = —x, or x = const, or

of R? werwe) belongs to a generalized line in R

2
(—weg,we
y = const, but there is no line given by the following equation: y = 2z.

So for possible straight lines in R?_% we)? & > 1, a generalized version of

Zeno’s paradox arises; however in the direction y = 2z, Zeno’s arrow does
not even exist; it is totally destroyed. U

) For example, there

are straight lines in R

15. Elements of a generalized calculus

Definition 22. By an o’-sequence in Ry, w < @ < a < Q, a =
wr, o =w, 1 < v < Q, we understand a generalized skand S o1
whose components Sg are elements of Ry, 0 < ' < o/. We denote it
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temporarily by Sz, 0 < 3 < ¢/; in the usual way its denotation is more
complicated, i.e., {Sp }|g<os and is called a transfinite sequence of type
o’ (see the corresponding definitions of course for transfinite sequences of
ordinal numbers [52], p. 287).

Remark 21. So, for @ > w, there are many converging «o’-sequences in
R, w < o < a, where o/ = wr, v > 1. Indeed, since each generalized real
number X(_, o) € R, is the intersection of some o/-sequence of embedded

closed intervals [X(_ma),B(ﬁ_a’a)] D [X(—a,a) BAHl , 0 < B <d (a

(—a,a)l
cofinal system of closed neighborhoods on the right at X(_, o)) and is at
the same time the intersection of some o-sequence of embedded closed
 X(—aa) D [A’8+1 X caw 0 <8< w<a <

a,a) (—a,)?
@, (a cofinal system of closed neighborhoods on the left at X(_, ,)) then
BP
(_ava)
that there are elements X(_, o) € Ry for which o/ = o = o (generalized
integers, generalized irrationals, some generalized rationals), but there are

elements X (_, o) € R for which @’ < a or @’ < a though not at the same

L
2w

intervals [A’?_

and A’?_a o) are such o/- and o'-sequences, respectively. Notice

time; i.e., if @/ < «, then o = @ or if & < «a, then o/ = a(e.g., 2%, 1-—
etc.)

Definition 23. A generalized real number X(_, o) € R, is a limit of
o/-sequence Sg, 0 < 3 < o/ < a, notation X(_, ) = 611_)12/ Sg, if for each

open interval (A(_q ), B—a.0))» A—(a,a) < B(—a,qa), Which contains X _, 4,
there exists an ordinal 0 < fy < o' such that Sg € (A(_q,a); B(~a,a)); for
all Bg < B < .

In this case a o/-sequence Sg, 0 < 3 < o < a, is called convergent and
X(—a,a) € Rq is its limit. Clearly, if the o/-sequence Sg, 0 < f < o <
converges to X(_q o) € Rq, then this limit is unique.

Using the classical arguments we can easily prove the following theorems.

Theorem 11. A mapping f : R, — R, is continuous in the ordering
topology if and only if for each element X (_ o) € Ra and every o/ -sequence
S, 0 < B < o < a, such that ,6’11—{2/56 = X(—a,a); then ,6’11—{2/]0(56) =

f(X(—a,a))'

Proof. Let f : Ry, — R, be a continuous mapping and X(_, o) an
arbitrary element in R,. Consider any open interval (A( o) B ))
which contains f(X(_4,)) and find an open interval (A_q ), B( aa))
which contains X(_, o) such that f(A_q.a); B—a,a)) € (A( o) ( o) )
Since hén Sg = X(_q,q) there exists an ordinal number 3y such that Sz €
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(A—a,0) B(—a,)), for all By < 8 < o < «a. Then evidently f(Sg) €
B! ), for all By < B <o < a.

(_a7a)

Conversely, suppose the opposite, i.e., for every o/-sequence Sg, 0 < 3 <

o < a, such that 6lim S = X(—a,a) We have 6lim f(Ss) = f(X(Za);
_)a/ ? _)a/ El

however f is not continuous at some point X(_, ) in R(_q o). Evidently, f
is not continuous on the right at X(_, o) or on the left at X(_, o). We can
consider the first case; the second is similar. Thus, if f is not continuous
on the right at X(_, o), then there is an open interval (A’(_aﬁa), BE—a,a))
which contains f(X(_,4)) such that for every embedded closed interval
[X(—a,a)vB?_a a)], 0 < 8 < o < «, which is cofinal in the system of
all neighborhoods on the right at X(_, ), we have f([X(_ma),B(ﬁ_a’a)])
is not a subset of (A . B/ ). Choosing in each [X(—a,a)vB?—a,a)]

(—a,a) Z(—a,a)
an element Sg, such that f(Sz) ¢ (A] BE—a,a))’ 0<pB<d <a

(_ava)7

we see that 6lim Sg = X(—a,a) but 6lim f(Sp) # f(X(—a,a)), which is in
—a! ’ —ao! ’

contradiction with our assumption; i.e., if for an o/-sequence Sz we have
lim Sg = X(—a,a)a then liénf(Sg) = f(X(—a,a))' U

p—a!

Theorem 12. Let X(_, o) and Y(_, o) be elements of Ry. If
e [X(—a,a)a Yv(—a,a)] — R, (87)

be a continuous mapping such that f(X(_q q)) and f(Y(_qa,q)) have different
stgns, i.e., — and + or + and —, respectively, then there exists an element
Z(—a,a) m Ra such that f(Z(_ma)) = 0(_(17(1).

Proof. If in the interval [X(_ o), Y(—q,q)] there are no integer ordinal
numbers except X(_, o) and Y(_, 4, then the proof is classical here and
is given by the method of our generalized dichotomy, or halving the inter-
vals of the unit one. Comp., [20], Theorem 25, p. 41. If there are such
integers, then choose one of them; let it be Z_, 4y such that X(_, o) <
Z(—a,a) < Yv(—a,a)' Clearly, f(X(—a,a)) and f(Z(—a,a)) or f(Z(—a,a)) and
f(Y(Za,a)) have different signs, and we choose that interval and denote it

by [X(l_a ) Y(l_a a)]. We continue this transfinite process up to the first
case where there are no integer ordinal numbers except X (ﬁ_ma) and Y(ﬁ_ aa)’

1 < B < «; then the proof is also classical and is given by the method of
our generalized dichotomy or halving intervals of the unit one. Since we
obtain a system of embedded closed intervals whose lengths converge to
0(—a,a), by Theorem 8, there exists a unique element Z ) € Ry such that
it belongs to all these intervals. By the continuous property of f, f (Z(()’a))
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has at the same time different signs, which is possible only in the case where
f(Z(O,a)) = 0(—a,a)' U

One can consider other classical theorems of Mathematical Analysis in
the case of R, since for £ = 1 we have the usual real numbers R = R,,.

Theorem 13. Every closed interval [A(_q,a), B(—a,a)] of Ra is compact.

Proof. Without loss of generality we can assume that A_, ) and
B(_qa,a) are positive or negative ordinals and A_qq) < B(_q,a). More-
over, we can restrict the proof to the case where [A(_ma), B(_ma)] C R.
Assume now that v is a covering of [A(_q o), B(—a,a)] C R} consisting of
open sets in R, which has no finite subcovering. Then we divide this in-
terval by the point A(—a,a) +1, i.e., [A(—a,a)a B(—a,a)] = [A(—a,a)a A(—a,a) +
1] U [A(—a,a) + 1, B(—a,a)]v the next [A(—a,a) + 1, B(—a,a)] by A(—a,a) + 2,
etc. By Theorem 9, restrictions of v on [A(_q o), A(—a,e) T 1], [A(—aya) +
LA o) + 2] [A(—aa) T 1 A(—a,a) + 1+ 1],... have finite subcoverings;
we conclude that the restrictions of v on each [A(—a,a) +n, B(_ma)] have no
finite subcoverings, 0 < n < w. Hence [A(_4 ) + w, B(—q,q)] has no finite
subcovering of the restriction of v, if of course A_q ) +w < B(_q,q)- If
A—a0) T w = B(_a,a), then B_, o) is covered by one element of v and
consequently, [A(—a,a) +n, B(_ma)] covers by this element for some natural
n. Contradiction. So we continue this transfinite process, passing all pos-
sible limit ordinals and B(_, o) with the same argument. If B_, ,) is not
a limit ordinal, then the impossibility of choosing a finite subcovering from
the restriction of v on [B(_, o) — 1, B(—qa,a)] contradicts Theorem 9. O

Theorem 14. A subspace X of Ry is a compact Hausdorff space if and
only if it is a bounded closed subset of R,,.

The Proof is classical, except with reference to Theorem 13.

Theorem 15. Every continuous image of a compact Hausdorff space is
a compact Hausdorff space.

The Proof is classical.

Theorem 16. Every bounded subset S of Ry has a smallest upper bound
Mo,a) =sup S and a greatest lower bound m(g o) = inf S in R,.

Proof. It is a consequence of Theorem 5.

Theorem 17. Every continuous function f defined on a compact subset
X of R, is bounded and reaches its mazrimum and minimum values.

Proof. By Theorem 16, the image S = f(X) is a compact Hausdorff
space of R, and hence, by Theorem 15, bounded. We apply Theorem 17
and obtain M(_, ) = sup X and m(_, ) = inf X which by compactness
of S belong to f(.5). Since f : X — S is a surjection f, evidently reaches
its maximum and minimum values.
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Remark 22. If a = we, where w¢ is the initial ordinal number, § > 1,
then our Ry, differs from the space denoted by Ry in [29] Hausdorff, [1908],
because for the latter dim R¢ = 0 and for the former dim ng =1.

Theorem 18. The class Qq is an N.-universal linear ordering for all
cardinals X, k € On.

The Proofis a consequence of Mendelson’s theorem: (), is an N.-universal
linear ordering (see [39] and [53], p. 169). O

We omit another way to construct a hierarchy of generalized real num-
bers of different powers, which are one-dimensional and continuous but dif-
ferent from these presented above, which we had originally planned to show
in the present paper. Moreover, algebraic operations would be completely
defined, as in Conway’s approach [20], but through fundamentally different
method. The field strucrure will be on that generalized real numbers and
even the completions of fields but all of then except our real numbers R
will be zero-dimensional. There is also a conjecture that Conway’s numbers,
which come from Game Theory, are subclasses of these new generalized real
numbers and all Conway’s numbers which is a Field, i.e., with a domain as
a class will have a completion which is a FIELD in a more general sense,
like a hyperclass. Since this paper is already too long, and a construction
of generalized real numbers with complete operetions is beyond the scope
of skand theory, we plan to publish the new material in another paper in
the near future.
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CKAHJ TEOPUJA U HEJ3VHU IIPUMEHN.
(HOB IIOTJIEL MHOYKECTBATA IITO HE CE JIOBPO
OCHOBAHI)

J. T. Jlucuna

Peszuwme

Bosenen e HOB MaTeMaTuyky 0GjeKT HAPEUEH CKaHO, KOj BO OIIIT CIyYaj €
MHOKECTBO ITO He € 106po ocHoBaHO. CKaHIOBUTE CO KOHEUYHA NOJLKUHA Ce
ce cTaHmapIHU JOOPO OCHOBAHU MHOKECTBA a CKAHIJOBUTE CO MHOLY rojieMa
JOJIKUHA (HaKO XUIIep-CKaxHaoOT OO CUTe Op,HI/IHa.TII/I) Ce Xunep-xKjaacCHu.

Pasrnenanu cu u cebe-cauunume CKAaHIOBUA U THE ja pa3jacHyBaaT peiiek-
CUBHOCTa Ha MHOKECTBa, T.€. 3HAUYEHETO Ha penamujata X € X; mocebHO
cebe-CanIHNTE CKAHJOBY PA3rileJaH KAKO MHOKECTBA IITO HE ce TOOPO OCHO-
BaHU Ce CeKoralml pe¢JIeKCUBHU, HO He Basku oOparHO. IlocroemeTo Ha cebe-
CIMYHU CKAHIOBU NOKAKYyBa OeKa HOOPO MO3HATUTE HAPATOKCU O TEOPU-
jaTa Ha MHOKECTBA, BOOIIITO HE C€ MaApadoKcu W CIOPEHd TOa He MOpa 06 ce
pamannu 3a cekoja TeopHja Ha MHOKECTBA. JHAUM MOKAKAHA € HEKOH3WC-
TeHTHOCTra Ha “MHOskecTBOTO” Ha Pacen R = {X| X ¢ X} e co momom na
PacenoBuor napanokc (Kako mMTO € TPAIUIUOHAIHO JANEH, U € MOTPEIIEeH ), HO
CO €IHOCTABEH METOX Ha Makcumaarocm (ynusepsaarnocm) Ha R mro Bpaka
Ha KaHTOpPOBMOT M e mpuMeHET M Ha APYTUTE MAPAIOKCU O TEOpHUjaTa Ha
MHOKEeCTBa.

Ilepuuupanu ce u goonwmenume ckar008u M € NEMOHCTPUPAH HOB MOTJIE ]
Ha BOONIITEHATa CKAaHIA-KJIaca on cure opamHasau. CrnenujasHo, nepuHUpPaAH
€ TOCJEeIHNOT OpauHaJ Hapeden eschaton.

CJIe,]IHaTa OprUMEHa Ha TeOpHuHaTa Ha CKaHIOOBM € BO OIMCOT Ha CHUTE
encuioH-O0poeBu BO cmucia Ha Ramtop. Ilpyra mpumena e oGommrreHara
TeOpI/Ija Ha €OHOJUMEH3MOHAJEH KOHTUHYYM OO INPOU3BOJICH CTEICH W KOH-
CTPYKIMja HA ODOMIITEHU peaJHU OPOEBU KAKO HeapXMMeAOBa MpaBa O IPO-
M3BOJIEH CTEIEH, M BOBEAYBAHETO HA GNCOAYMEN KOHMUNRYYM U HA ANCOAYMHG
npasa KaKO XUIep-KIaca HajOJIMCKa N0 KiacaTa Ol MHOKECTBA.
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