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IDENTITIES OF SONIN-TYPE AND APPLICATIONS

ANDREA AGLIĆ ALJINOVIĆ, JOSIP PEČARIĆ,

AND SANJA TIPURIĆ-SPUŽEVIĆ

Abstract. Some weighted generalizations of recently obtained identi-
ties for perturbed Čebyšev functionals are given by using Sonin’s iden-
tity. They are used to obtain the new bounds for perturbed weighted
Čebyšev functionals. In a special cases they are reduced to Grüss type
inequalities.

1. Introduction

For two Lebesgue integrable functions f, g : [a, b] → R, Čebyšev func-
tional is given by

T (f, g) =
1

b − a

∫ b

a
f (x) g (x) dx − 1

(b − a)2

(∫ b

a
f (x) dx

)(∫ b

a
g (x) dx

)
.

In 1882, Čebyšev in [1] proved that

|T (f, g)| ≤ 1
12

∥∥f ′∥∥
∞
∥∥g′∥∥∞ (b − a)2 ,

where f, g : [a, b] → R are such that f ′, g′ exists and are continuous on [a, b]
and ‖f ′‖∞ = supt∈[a,b] |f ′ (t)|. It also holds if f, g : [a, b] → R are absolutely
continuous and f ′, g′ ∈ L∞ [a, b] while ‖f ′‖∞ = ess supt∈[a,b] |f (t)|.

In 1934, Grüss in his paper [3] proved that

|T (f, g)| ≤ 1
4

(M − m) (N − n) ,

provided that there exists the real numbers m, M, n, N such that

m ≤ f (t) ≤ M, n ≤ g (t) ≤ N

for a.e. t ∈ [a, b]. The constant 1/4 is the best possible.
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S. S. Dragomir in the recent paper [2] established two representations of
Čebyšev functional T (f, g). First if f is absolutely continuous on [a, b] and
g Lebesgue integrable on [a, b] then

T (f, g) =
1

(b − a)

∫ b

a

∫ b

a
P (x, t) (g (x) − λ) f ′ (t) dxdt (1)

where λ is arbitrary real number and the Peano kernel P (x, t) is defined
by

P (x, t) =

⎧⎨
⎩

1
b−a (t − a) , a ≤ t ≤ x,

1
b−a (t − b) x < t ≤ b,

and second, if f and g are absolutely continuous on [a, b] then

T (f, g) =
∫ b

a

∫ b

a

K (x, t) f ′ (t) g′ (x) dxdt (2)

where

K (x, t) =

⎧⎪⎨
⎪⎩

1
(b−a)2

(t − a) (b − x) , a ≤ t ≤ x,

1
(b−a)2

(b − t) (x − a) x < t ≤ b.

With the following notation for Lebesgue norm

‖f‖∞ = ess sup
t∈[a,b]

|f (t)| , ‖f‖p =
(∫ b

a

|f (t)|p dt

) 1
p

, 1 ≤ p < ∞,

identities (1) and (2) were used in the same paper [2] to obtain the bounds
of the perturbed Čebyšev functionals T (f, g) − μT (e, g) and T (f, g) −
μT (e, g)− νT (f, e) when μ, ν ∈ R and e (t) = t, t ∈ [a, b], which are given
in next two theorems.

Theorem 1. Assume that g : [a, b] → R is Lebesgue integrable function on
[a, b] and f : [a, b] → R is absolutely continuous on [a, b], p, q > 1 such that
1/p + 1/q = 1, then for any μ ∈ R

|T (f, g)− μT (e, g)|

≤

⎧⎪⎪⎨
⎪⎪⎩

1
3 (b − a) ‖f ′ − μ‖∞ infγ∈R ‖g − γ‖∞ , if f ′, g ∈ L∞ [a, b](

2
(q+1)(q+2)

) 1
q (b − a)

p−q
pq ‖f ′ − μ‖p infγ∈R ‖g − γ‖p , if f ′, g ∈ Lp [a, b]

(b − a)−1 ‖f ′ − μ‖1 infγ∈R ‖g − γ‖1 .
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Theorem 2. Assume that f, g : [a, b] → R are absolutely continuous on
[a, b], p, q > 1 such that 1/p + 1/q = 1, then for any μ, ν ∈ R

|T (f, g)− μT (e, g)− νT (f, e)|

≤

⎧⎪⎪⎨
⎪⎪⎩

1
12 (b − a)2 ‖f ′ − μ‖∞ ‖g′ − ν‖∞ , if f ′, g ∈ L∞ [a, b][

B(q+1,q+1)
q+1

]1
q (b − a)

2
q ‖f ′ − μ‖p ‖g′ − ν‖p , if f ′, g ∈ Lp [a, b]

1
4 ‖f ′ − μ‖1 ‖g′ − ν‖1 .

The aim of this paper is to give weighted generalizations of identities (1)
and (2). By using these identities we will also give weighted generalizations
of the Theorem 1 and Theorem 2, i.e. bounds for perturbed weighted
Čebyšev functionals

Tw (f − μe, g) , Tw (f − μe, g − νe) ,

when μ, ν ∈ R and e (t) = t, t ∈ [a, b] and weighted Čebyšev functional is
given by

Tw (f, g) =
∫ b

a
w (x) f (x) g (x) dx−

(∫ b

a
w (x) f (x) dx

)(∫ b

a
w (x) g (x) dx

)

where f, g : [a, b] → R are two Lebesgue integrable functions and w :
[a, b] → [0,∞〉 is some normalized weight function.

2. Representation results for perturbed weighted Čebyšev
functional

In the next lemma the first representation for weighted Čebyšev func-
tional Tw (f, g) is given. The method of proof is different and simpler from
that of the identity (1) in [2]. Here, we use the Sonin identity.

Lemma 1. If f : [a, b] → R is absolutely continuous on [a, b] and g : [a, b] →
R is Lebesgue integrable function on [a, b], w : [a, b] → [0,∞〉 is some
Lebesgue integrable normalized weight function and W (t) =

∫ t
a w (x) dx for

t ∈ [a, b], then

Tw (f, g) =
∫ b

a

∫ b

a
w (x)Pw (x, t) (g (x) − λ) f ′ (t) dxdt (3)
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for any λ ∈ R, where the weighted Peano kernel is

Pw (x, t) =

⎧⎨
⎩

W (t) , a ≤ t ≤ x,

W (t) − 1 x < t ≤ b.
(4)

Proof. We apply Sonin’s identity (see [7])

Tw (f, g) =
∫ b

a
w (x) (g (x)− λ)

(
f (x) −

∫ b

a
w (x) f (x) dx

)
dx

where λ is arbitrary real number, with weighted Montgomery identity
for function f (obtained by J. Pečarić in [5]) which states

f (x) =
∫ b

a
w (t) f (t) dt +

∫ b

a
Pw (x, t) f ′ (t) dt. (5)

Thus we have

Tw (f, g) =
∫ b

a
w (x) (g (x) − λ)

(∫ b

a
Pw (x, t) f ′ (t) dt

)
dx

=
∫ b

a

∫ b

a
w (x)Pw (x, t) (g (x)− λ) f ′ (t) dxdt.

�

Now, we can state the following integral representation for perturbed
weighted Čebyšev functional Tw (f − μe, g) when μ ∈ R and e (t) = t,
t ∈ [a, b].

Theorem 3. Suppose that all assumptions of Lemma 1 hold. If e : [a, b] →
R, e (t) = t, we have

Tw (f, g) = μTw (e, g) +
∫ b

a

∫ b

a
w (x) Pw (x, t) (g (x) − λ)

(
f ′ (t) − μ

)
dxdt

(6)
for any λ, μ ∈ R.

Proof. By using the Lemma 1 and utilizing the linearity property of Tw (f, g)
in each argument, the proof follows. �

Remark 1. For the uniform normalized weight function w (t) = 1
b−a ,

t ∈ [a, b], the weighted Peano kernel Pw (x, t) reduces to the Peano kernel
P (x, t) defined by

P (x, t) =

⎧⎨
⎩

1
b−a (t − a) , a ≤ t ≤ x,

1
b−a (t − b) x < t ≤ b.
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Consequently, for the uniform normalized weight function the results from
Lemma 1 and Theorem 3 reduce to the results from [2], that is (1) from the
introduction and

T (f, g) = μT (e, g) +
1

b − a

∫ b

a

∫ b

a

P (x, t) (g (x)− λ)
(
f ′ (t) − μ

)
dxdt

where

T (e, g) =
1

b − a

∫ b

a
g (t) tdt − a + b

2 (b − a)

∫ b

a
g (t) dt.

In the next lemma we derive the second representation for weighted
Čebyšev functional Tw (f, g).

Lemma 2. If f : [a, b] → R and g : [a, b] → R are absolutely continuous
on [a, b], w : [a, b] → [0,∞〉 is some Lebesgue integrable normalized weight
function and W (t) =

∫ t
a w (x) dx for t ∈ [a, b], then

Tw (f, g) =
∫ b

a

∫ b

a
Kw (x, t) f ′ (t) g′ (x) dxdt (7)

where

Kw (x, t) =

⎧⎨
⎩

W (t) (1 − W (x)) , a ≤ t ≤ x,

(1 − W (t))W (x) x < t ≤ b.

Proof. By the Fubini’s theorem and identity (3) we have

Tw (f, g) =
∫ b

a

∫ b

a
w (x) Pw (x, t) (g (x) − λ)f ′ (t) dxdt

=
∫ b

a

(∫ b

a
w (x)Pw (x, t) (g (x) − λ) dx

)
f ′ (t) dt.

Integrating by parts and using the fact that W (a) = 0 and W (b) = 1 we
obtain∫ b

a
w (x)Pw (x, t) (g (x) − λ) dx

= (W (t) − 1)
∫ t

a
w (x) (g (x)− λ) dx + W (t)

∫ b

t
w (x) (g (x) − λ) dx

= (W (t) − 1)
(

W (t) (g (t) − λ)−
∫ t

a
W (x) g′ (x) dx

)

+ W (t)
(

(g (b) − λ)− W (t) (g (t) − λ)−
∫ b

t
W (x) g′ (x) dx

)
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= W (t) (−g (t) + g (b)) + (1− W (t))
∫ t

a
W (x) g′ (x) dx − W (t)

∫ b

t
W (x) g′ (x) dx

=
∫ t

a
(1 − W (t))W (x) g′ (x) dx +

∫ b

t
W (t) (1− W (x)) g′ (x) dx

=
∫ b

a

Kw (x, t) g′ (x) dx

and thus we have

Tw (f, g) =
∫ b

a

(∫ b

a
Kw (x, t) g′ (x) dx

)
f ′ (t) dt.

�

Remark 2. For the weighted Čebyšev functional defined by

T (f, g, p) =
∫ b

a
p (x) dx

∫ b

a
p (x) f (x) g (x) dx−

∫ b

a
p (x) f (x) dx

∫ b

a
p (x) g (x) dx

the following representation identity has been proved by J. Pečarić in [6]:

T (f, g, p) =
∫ b

a
P (x)

∫ x

a
P (t) dg (t) df (x) +

∫ b

a
P (x)

∫ b

x
P (t) dg (t) df (x)

(8)
where f, g : [a, b] → R are two differentiable functions on [a, b] and p :
[a, b] → R integrable, P (x) =

∫ x
a p (t) dt, P (x) =

∫ b
x p (t) dt, for which

0 ≤ P (x) ≤ P (b), ∀x ∈ [a, b] holds.
If we rewrite this identity for p ≡ w and f, g : [a, b] → R absolutely

continuous on [a, b], we obtain (7).

For the uniform normalized weight function w (t) = 1
b−a , t ∈ [a, b], iden-

tity (7) reduce to the Dragomir’s result (2) from the introduction.

Next, we can state the following integral representation for perturbed
weighted Čebyšev functional Tw (f − μe, g − νe) when μ, ν ∈ R and e (t) =
t, t ∈ [a, b].

Theorem 4. If f, g : [a, b] → R are absolutely continuous on [a, b], w, W
such as in Lemma 1 and e : [a, b] → R, e (t) = t, we have

Tw (f, g) = μTw (e, g) + νTw (f, e)− μνTw (e, e) (9)

+
∫ b

a

∫ b

a
Kw (x, t)

(
f ′ (t) − μ

) (
g′ (x) − ν

)
dxdt

for any μ, ν ∈ R.
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Proof. By using identity (7) and utilizing the linearity property of Tw (f, g)
in each argument, we have

Tw (f − μe, g − νe) = Tw (f, g)− μTw (e, g)− νTw (f, e) + μνTw (e, e)

for any μ, ν ∈ R. �

Remark 3. For the uniform normalized weight function w (t) = 1
b−a , t ∈

[a, b], the result from Theorem 4 reduces to the next result from [2].

3. Bounds for perturbed weighted Čebyšev functional

In the next Theorem, utilizing the representation (6) we obtain the
bounds for perturbed weighted Čebyšev functional Tw (f − μe, g) when
μ ∈ R in terms of Lebesgue norms of g, w and f ′.

Theorem 5. Assume that g : [a, b] → R is Lebesgue integrable function on
[a, b] and f : [a, b] → R is absolutely continuous on [a, b], w : [a, b] → [0,∞〉
is some Lebesgue integrable normalized weight function and e : [a, b] → R,
e (t) = t. Then for p, q > 1 such that 1/p+1/q = 1 and any μ ∈ R we have

|Tw (f, g)− μTw (e, g)| (10)

≤
⎧⎨
⎩

I1
w ‖f ′ − μ‖∞ infλ∈R ‖w (g − λ)‖∞ , if f ′, g, w ∈ L∞ [a, b] ,
Iq
w ‖f ′ − μ‖p infλ∈R ‖w (g − λ)‖p , if f ′, g, w ∈ Lp [a, b] ,
‖f ′ − μ‖1 infλ∈R ‖w (g − λ)‖1

where

Iq
w =

(∫ b

a

∫ b

a
|Pw (x, t)|q dxdt

)1
q

.

Proof. From (6) we have

|Tw (f, g)− μTw (e, g)| =
∣∣∣∣
∫ b

a

∫ b

a
w (x) Pw (x, t) (g (x) − λ)

(
f ′ (t) − μ

)
dxdt

∣∣∣∣
≤
∫ b

a

∫ b

a
w (x) |Pw (x, t)| |g (x) − λ| ∣∣f ′ (t) − μ

∣∣ dxdt

≤ ∥∥f ′ − μ
∥∥
∞ ‖w (g − λ)‖∞

∫ b

a

∫ b

a
|Pw (x, t)| dxdt.

Taking the infimum over λ ∈ R provides the first inequality.
Applying the Hölder inequality for double integrals we have∫ b

a

∫ b

a
w (x) |Pw (x, t)| |g (x) − λ| ∣∣f ′ (t) − μ

∣∣ dxdt
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≤
(∫ b

a

∫ b

a

|Pw (x, t)|q dxdt

)1
q
(∫ b

a

∫ b

a

|w (x) (g (x) − λ)|p ∣∣f ′ (t) − μ
∣∣p dxdt

)1
p

=
(∫ b

a

∫ b

a
|Pw (x, t)|q dxdt

)1
q
(∫ b

a

∣∣f ′ (t) − μ
∣∣p dt ·

∫ b

a
|w (x) (g (x) − λ)|p dx

) 1
p

= Iq
w

∥∥f ′ − μ
∥∥

p
‖w (g − λ)‖p .

Taking the infimum over λ ∈ R provides the second inequality.
For the last part, since 0 ≤ W (t) ≤ 1, t ∈ [a, b] we have

sup
(x,t)∈[a,b]2

|Pw (x, t)| = 1

and ∫ b

a

∫ b

a
w (x) |Pw (x, t)| |g (x) − λ| ∣∣f ′ (t) − μ

∣∣ dxdt

≤ ‖Pw (x, t)‖∞
∫ b

a

∫ b

a

w (x) |g (x) − λ| ∣∣f ′ (t) − μ
∣∣ dxdt

≤ ‖Pw (x, t)‖∞ ‖w (g − λ)‖1

∥∥f ′ − μ
∥∥

1
= ‖w (g − λ)‖1

∥∥f ′ − μ
∥∥

1
.

again, taking the infimum over λ ∈ R completes the proof. �

Remark 4. If we take w (t) = 1
b−a , t ∈ [a, b], we have∫ b

a

∫ b

a
|Pw (x, t)|q dxdt =

∫ b

a

∫ b

a
|P (x, t)|q dxdt

=
1

(b − a)q

∫ b

a

(∫ x

a

(t − a)q dt +
∫ b

x

(b − t)q dt

)
dx =

2 (b − a)2

(q + 1) (q + 2)
,

and

Iq
w =

(
2 (b − a)2

(q + 1) (q + 2)

) 1
q

‖w (g − λ)‖p =
1

b − a
‖g − λ‖p

Thus, for the uniform normalized weight function (10) reduces to the in-
equality from the Theorem 1.

Corollary 1. Suppose that all assumptions of Theorem 5 hold. Addition-
ally, if −∞ < m ≤ g (x) ≤ M < ∞ for a.e. x ∈ [a, b] then for any μ ∈ R

we have

|Tw (f, g)− μTw (e, g)|
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≤

⎧⎪⎨
⎪⎩

1
2I1

w (M − m) ‖w‖∞ ‖f ′ − μ‖∞ , if f ′ ∈ L∞ [a, b] ,
1
2Iq

w (M − m) (b − a)
1
p ‖w‖∞ ‖f ′ − μ‖p , if f ′ ∈ Lp [a, b] ,

1
2 (M − m) (b − a) ‖w‖∞ ‖f ′ − μ‖1 .

Proof. If −∞ < m ≤ g (x) ≤ M < ∞ for a.e. x ∈ [a, b], then

inf
λ∈R

‖w (g − λ)‖∞ ≤
∥∥∥∥w
(

g − m + M

2

)∥∥∥∥
∞

≤ ‖w‖∞
∥∥∥∥
(

g − m + M

2

)∥∥∥∥
∞

≤ ‖w‖∞
1
2

(M − m)

and for p ≥ 1

inf
λ∈R

‖w (g − λ)‖p ≤
∥∥∥∥w
(

g − m + M

2

)∥∥∥∥
p

≤ ‖w‖∞
∥∥∥∥
(

g − m + M

2

)∥∥∥∥
p

= ‖w‖∞
1
2

(M − m) (b − a)
1
p .

Applying (10) the proof follows. �

Corollary 2. Suppose that all assumptions of Theorem 5 hold. Addition-
ally, if −∞ < γ ≤ f ′ (t) ≤ Γ < ∞ for a.e. t ∈ [a, b] then we have∣∣∣∣Tw (f, g)− γ + Γ

2
Tw (e, g)

∣∣∣∣
≤

⎧⎪⎨
⎪⎩

1
2I1

w (Γ − γ) infλ∈R ‖w (g − λ)‖∞ , if g ∈ L∞ [a, b] ,
1
2Iq

w (Γ − γ) (b − a)
1
p infλ∈R ‖w (g − λ)‖p , if g ∈ Lp [a, b] ,

1
2 (Γ − γ) (b − a) infλ∈R ‖w (g − λ)‖1 .

Proof. If −∞ < γ ≤ f ′ (t) ≤ Γ < ∞ for a.e. t ∈ [a, b] then∥∥∥∥f ′ − γ + Γ
2

∥∥∥∥
∞

≤ 1
2

(Γ − γ)

and for p ≥ 1 ∥∥∥∥f ′ − γ + Γ
2

∥∥∥∥
p

≤ 1
2

(Γ − γ) (b − a)
1
p .

Applying (10) the proof follows. �

In the next Theorem, utilizing the representation (9) we obtain the
bounds for perturbed weighted Čebyšev functional Tw (f, g)− μTw (e, g)−
νTw (f, e) when μ, ν ∈ R in terms of Lebesgue norms of f ′ and g′.
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Theorem 6. If f, g : [a, b] → R are absolutely continuous on [a, b], w :
[a, b] → [0,∞〉 is some normalized weight function and e : [a, b] → R,
e (t) = t. Then for p, q > 1 such that 1/p + 1/q = 1 and any μ, ν ∈ R we
have

|Tw (f, g)− μTw (e, g)− νTw (f, e) + μνTw (e, e)| (11)

≤
⎧⎨
⎩

J1
w ‖f ′ − μ‖∞ ‖(g′ − ν)‖∞ , if f ′, g′ ∈ L∞ [a, b] ,
Jq

w ‖f ′ − μ‖p ‖g′ − ν‖p , if f ′, g′ ∈ Lp [a, b] ,
1
4 ‖f ′ − μ‖1 ‖g′ − ν‖1

where

Jq
w =

(∫ b

a

∫ b

a
Kw (x, t)q dxdt

) 1
q

.

Proof. From (9) we have

|Tw (f, g)− μTw (e, g)− νTw (f, e) + μνTw (e, e)|

≤
∫ b

a

∫ b

a
Kw (x, t)

∣∣f ′ (t) − μ
∣∣ ∣∣g′ (x) − ν

∣∣ dxdt

≤ ∥∥f ′ − μ
∥∥
∞
∥∥(g′ − ν

)∥∥
∞

∫ b

a

∫ b

a

Kw (x, t) dxdt.

Applying the Hölder inequality for double integrals we have∫ b

a

∫ b

a
Kw (x, t)

∣∣f ′ (t) − μ
∣∣ ∣∣g′ (x)− ν

∣∣ dxdt

≤
(∫ b

a

∫ b

a
Kw (x, t)q dxdt

)1
q
(∫ b

a

∫ b

a

∣∣g′ (x) − ν
∣∣p ∣∣f ′ (t) − μ

∣∣p dxdt

)1
p

= Jq
w

∥∥f ′ − μ
∥∥

p

∥∥g′ − ν
∥∥

p
.

For the last part, we have for a ≤ t ≤ x ≤ b, that

Kw (x, t) = W (t) (1 − W (x)) ≤ W (t) (1− W (t))

since W (t) =
∫ t
a w (x) dx ≤ W (x) and similarly for a ≤ x < t ≤ b

Kw (x, t) = (1 − W (t))W (x) ≤ W (t) (1− W (t)) .

We can deduce that

Kw (x, t) ≤ 1
4
, x, t ∈ [a, b]

since 0 ≤ W (t) ≤ 1, t ∈ [a, b]. Finally∫ b

a

∫ b

a
Kw (x, t)

∣∣f ′ (t) − μ
∣∣ ∣∣g′ (x) − ν

∣∣ dxdt
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≤ ‖Kw (x, t)‖∞
∫ b

a

∫ b

a

∣∣f ′ (t) − μ
∣∣ ∣∣g′ (x) − ν

∣∣ dxdt

=
1
4

∥∥f ′ − μ
∥∥

1

∥∥g′ − ν
∥∥

1
.

�

Remark 5. If we take w (t) = 1
b−a , t ∈ [a, b], we have∫ b

a

∫ b

a
Kw (x, t)q dxdt =

∫ b

a

∫ b

a
K (x, t)q dxdt

=
1

(b − a)2q

∫ b

a

(∫ x

a
(t − a)q (b − x)q dt +

∫ b

x
(b − t)q (x − a)q dt

)
dx

=
1

(q + 1) (b − a)2q

∫ b

a

(
(x − a)q+1 (b − x)q + (b − x)q+1 (x − a)q

)
dx.

The Beta function is defined by

B (α, β) =
∫ 1

0
tα−1 (1 − t)β−1 dt α, β > 0

so by substitution x − a = s (b − a) we get∫ b

a
(x − a)q+1 (b − x)q dx = (b − a)2q+2

∫ 1

0
sq+1 (1 − s)q ds

= (b − a)2q+2 B (q + 2, q + 1)

and ∫ b

a

(b − x)q+1 (x − a)q dx = (b − a)2q+2
∫ 1

0

sq (1 − s)q+1 ds

= (b − a)2q+2 B (q + 1, q + 2) .

Since B (q + 1, q + 2) = 1
2B (q + 1, q + 1) we get∫ b

a

∫ b

a
K (x, t)q dxdt =

(b − a)2

(q + 1)
B (q + 1, q + 1) .

Thus, for the uniform normalized weight function (11) reduces to the in-
equality from the Theorem 2.

Corollary 3. Suppose that all assumptions of Theorem 6 hold. Then we
have

|Tw (f, g)| ≤
⎧⎨
⎩

J1
w ‖f ′‖∞ ‖g′‖∞ , if f ′, g′ ∈ L∞ [a, b] ,
Jq

w ‖f ′‖p ‖g′‖p , if f ′, g′ ∈ Lp [a, b] ,
1
4 ‖f ′‖1 ‖g′‖1 .
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Proof. Applying (11) with μ = ν = 0 the proof follows. �

Remark 6. Taking w (t) = 1
b−a , t ∈ [a, b], in the last corollary we have

|T (f, g)| ≤

⎧⎪⎪⎨
⎪⎪⎩

1
12 (b − a)2 ‖f ′‖∞ ‖g′‖∞ , if f ′, g′ ∈ L∞ [a, b] ,(

(b−a)2

(q+1) B (q + 1, q + 1)
) 1

q ‖f ′‖p ‖g′‖p , if f ′, g′ ∈ Lp [a, b] ,
1
4 ‖f ′‖1 ‖g′‖1 .

Notice that the first inequality is exactly the Čebyšev inequality from 1882.
and the other two were obtained in [2].

Corollary 4. Suppose that all assumptions of Theorem 6 hold. Addition-
ally, if we assume that −∞ < γ < f ′ (t) ≤ Γ < ∞ and −∞ < φ < g′ (t) ≤
Φ < ∞ for a.e. t ∈ [a, b], then we have the following inequality

∣∣∣∣Tw (f, g)− γ + Γ
2

· Tw (e, g)− φ + Φ
2

· Tw (f, e) +
(γ + Γ) (φ + Φ)

4
Tw (e, e)

∣∣∣∣
≤

⎧⎪⎨
⎪⎩

J1
w · 1

4 (Γ − γ) (Φ − φ) , if f ′, g′ ∈ L∞ [a, b] ,
Jq

w · 1
4 (Γ − γ) (Φ − φ) (b − a)

2
p , if f ′, g′ ∈ Lp [a, b] ,

1
4 (Γ − γ) (Φ − φ) (b − a)2 .

Proof. If −∞ < γ ≤ f ′ (t) ≤ Γ < ∞ and −∞ < φ < g′ (t) ≤ Φ < ∞ for
a.e. t ∈ [a, b] then ∥∥∥∥f ′ − γ + Γ

2

∥∥∥∥
∞

≤ 1
2

(Γ − γ) ,∥∥∥∥f ′ − φ + Φ
2

∥∥∥∥
∞

≤ 1
2

(Φ − φ)

and for p ≥ 1 ∥∥∥∥f ′ − γ + Γ
2

∥∥∥∥
p

≤ 1
2

(Γ − γ) (b − a)
1
p ,

∥∥∥∥f ′ − φ + Φ
2

∥∥∥∥
p

≤ 1
2

(Γ − γ) (b − a)
1
p .

Applying (11) the proof follows. �
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Remark 7. Taking w (t) = 1
b−a , t ∈ [a, b], in the last corollary we have∣∣∣∣T (f, g)− γ + Γ

2
· T (e, g)− φ + Φ

2
· T (f, e) +

(γ + Γ) (φ + Φ)
4

Tw (e, e)
∣∣∣∣

≤

⎧⎪⎪⎨
⎪⎪⎩

1
48 (b − a)2 (Γ − γ) (Φ − φ) , if f ′, g′ ∈ L∞ [a, b] ,(

1
(q+1)

B (q + 1, q + 1)
) 1

q · 1
4 (Γ − γ) (Φ − φ) (b − a)2 , if f ′, g′ ∈ Lp [a, b] ,

1
4 (Γ − γ) (Φ − φ) (b − a)2 .
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[4] D. S. Mitrinović, J. E. Pečarić, and A. M. Fink, Inequalities for functions and their
Integrals and Derivatives, Kluwer Academic Publishers, Dordrecht, 1994.
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IDENTITETI OD TIP NA SONIN I PRIMENA

Andrea Agliḱ Aǉinoviḱ, Josip Peqariḱ, Saǌa Tipuriḱ-Spu�eviḱ

R e z i m e

Napraveni se nekoi generalizacii na identiteti za perturbirani
Qebixevi funkcionali koristejḱi go identitetot na Sonin. Tie se
iskoristeni za dobivaǌe na novi granici za perturbirani Qebixevi
funkcionali. Vo specijalen sluqaj se reduciraat do neravenstva od
tipot na Gros.
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