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1 AS n-NORMED SPACE

Aleksa Malgeski

Abstract

The concept of a n—norm on the vector space with dimension
greater than n», n > 1, was introduced by A.Misiak ([4]). It is
multidimension] analogy of the concept of a rorm. In [1], [2], [3]
and [4] was proved several properties of the n-normed spaces. In
this work we will prove that the space of the bounded real sequences
with usual operations adding and product with scalar is a real
n—normed space.

Let L be a real vector space with dimension greater than n, n > 1

and || e ..., | is a real functionon on L™ which satisfy the following
conditions: :

i) |lz1, ...y zall > 0, for every z1, ..., 2, € L and ||z, ..., z,]| = 0 if
and only if the set {zq, ..., z,} is lineary dependent.

i) |lz1, .. zall = ||7(21), ..., ©(zn)|], for every z1,...,2, € L and
for each bejection 7{z1,...,z,} — {21, ..., Zp
i) |lazi, ..., z.|| = la} - ||z1, ..., 24|, for every z;,..., 2, € L and

every a € R
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V) llor + 24, -y @all < 01, -, @all + |12}, ..., @all, for every

L1, .eoy Ty, 2] €L
We call the function ||e,..., || a n-norm on L; and we call (L, ||e,...,0||)
n—normed space.

We denote with [* the set of all bounded sequences of real numbers.

These set with usuall operations adding sequences and product with real
number is a real vector space, ([15]). We will prove the following lemma.

Lemma 1. The vectors z; = (zij);f__l el®, i=1,2,...,k; ke N,
are lineary dependent if and only if:

T1j, Tljz 7 Tl Tigy
Toj, T2j, T2, T2
n 2 Jk—1 2 — 0’ (1)
_ Tkiy Thkja " Thkjx-1 Tkix
for every natural numbers j; < jo < -+ < Jg.

Proof. If the vectors z; = (2i;);2; € 1%, i=1,2,..., k are lineary
dependent, then (1) is obviously.

The converse statement will be prove by induction in %.

Let k& =2 and let the vectors z; = (w,-j);';l €l*®, i=1,2 satisfy:

T15:  T1j; . . .
=0, for every natural numbers j; < j3, which means
T2j:  T2j,
T1j,T2j, — T1j,%25 =0, for every natural numbers j; < 75, (2)

If 21,, =0, for every m € N, then 21 =0, and so 1 =0-z3, which means that
the vectors z; = (fl?ij);-_.;l € [, ¢ = 1, 2 are lineary dependent. If there

. x

exist m € N such that 21, # 0, then from (2) follows x5, = -i"ixlp, for
T1im

every natural number p. These means that the vectors z; = (z;;) o, € I*°,

Jj=1
1 =1, 2, are lineary dependent.
Suppose thet the statement is true for some k > 2 and that the vectors
T = (wij);il €l>®, i=1,2,...,k+ 1 satisfies:

T1j T1j; e T1jx L1k 41

T2j, T2j, Tt L2355 Z2jk4+1 =0
- b

Thd1j, Th+lj, - Tkl Thtljeg



105

for every natural numbers j; < jo < -+- < jg < jg41, which means that
for every natural numbers j; < jy < -+ < g < jr41 it is true:

151 T2 0 T
k+1 R R . . e . .
(c1)titig, | Tl A 3
tIk+1 . - ( )
i=1 Tit1jp  Titljs  °° Titlgy
Th+1j:  Th+1jn " Thktls

We will consider two cases:

— For every natural numbers j; < j2 < :++ < ji < jr41 all deter-
minants in (3) are equal zero. Then, for every k vectors of the set of
vectors

"zi:(z,-j);';lel“’, izl,...,k-l-.l‘

the conditions (11) is true.

By the inductive hipotheses these vectors are lineary dependent. These
means that the vectors

xi:(x,-j);ilel‘)o, 1,...,k+1

are lineary dependent.

— For every natural numbers 7; < j2 < +++ < jg < Jg41 some of the
determinants in (3) is different of zero. Withous loss of generality we may
assume that

Tijy  Tijp 70 Tije.g Ty
T2ji T2z "t T2y T2 # 0
Tkiy Tkja " Tkik—r  Tkix

Iffor:=1,2,..., k we put
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T1j, T1j, e T1jk—1 L1
Ti-1j1  Ti-1jp  ** Ti=1jp_;  Ti-1j,
Titljy  Titlje " Titliy  Titlgy
a; = (—1)k+i LZhtlin Thtljp 70 Tkiljens  Thtls
Tiji T1j; 0 Tlje_y  T1g
T2j T2jp " T2y T2
Tkizn Tkja " Tkjx_1 Tkix

then we may write the equality (3) in the following form:

k
Thktljrsr — Z A1 Ti55 44 -
i=1
From the condition of the Lemma 1 and the properties of the determi-

nants it follows that for the natural numbers j; < j2 < --- < ji and every
naturall m it is true:

15 L1, T Z1 5 Tim
T2j; T2z Tt T25 Tam =0
T+l Th+ljz """ Thtlje  Thtim

Now, as in the previous considerations can be prove that for every natural
number m:

k
Tk41m = z QT im
i=1
which means that the vectors z; = (2i;)0, €1, i=1,2,...,k+1 are
lineary dependent.

Note. In the same way can be prove that the condition of the Lemma
1 is necessary and sufficient for lineary dependence in:

(o o]
— the space Iy = {z |z =(zi)j2y, ¢i € R, Emf < o0 ¢, with usual
i=1
operations;
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— the space ¢ of all convergent sequences z = (z;);o,, with usual oper-
ations;

— the space ¢g of all sequences (z;);-, whcich converg to zero with usual
operations; and

— the space R™ of all real sequences, with usual operations.
Let z; = (J?ij);i] el®, i=1,2,...,n. With

Tijp Tij, 0 Ty T1j,
sup
T2 T2 vt T2y T2j
xr vees &L = . . n—1 In
lov, o anll =5, e (4)
Fi<<fn
xnjl :Ean e xnjn-l xnjn
we define a function |le,...,f]:1° X ... x I®° — R. Since z; = (2;),2, €

[®, 1=1,2,...,n there exist constants M;, ¢ = 1,2, ..., n such that
|zij| < M;, for every j € N, which implies

n
o1, ..., zall < nt T] Mi,
i=1

These means that function ||e, ..., e|| is good defined.
Lemma 2. ({*,||s, ..., ||) is a real n—normed space.

Proof. Since the function ||e, ..., || is good defined, we have prove
that it satisfies the axioms of the n—norm.

From the definition of ||e, ..., e}|:I®® X ... X [* — R it follows that
|z1,..., 2] > 0. It is clear that ||z1, ..., .|| = 0 if and only if

Zijy  Tijs " Tlja_n Tlg,
T2j,  T25, "7 T2,y T2j, =0
3
Tnjy  Tnjy *°° Tnjp-z Tnja
for every natural numbers ji,..., 7, such that j; < --- < j,. From

Lemma 1 we have that ||zy,...,2,|| = 0 if and only if the vectors z4,...,z,
are lineary dependent.
The properties ii), iii) and iv) of the definition of the n-norm follows
from the properties of the determinants and the properties of supremum.
In the end of these work we give some notes on the space [*°.

1. In [1] was proved that every n—normed space can be introduced
topology 7 which make the space into a local convex space. In these
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topology the n—norm is continuous in each variable. We have a question:
ifin [*° we introduced a topology 7 in the descripted way, what properties
has the topological space (I°°, 7).

2. In [2] was given the following definition for a strong convex
n—normed space: the n-normed vector space (L, ||o,..., o]]) is called
strong convex if from

"a'+b, L1y L2500+, zn—l” = ”a’ L1y T2y + oy wn—l“'*‘ “b, L1y T2y o oey xn—lll;

”a’a (1,‘1,“\172,. R} mn—l” = ”ba T1, T25..., wn——l” =1

and

P(CL, b)ﬂ P(zla O P m'n—l) = {0}

follows that a = b.
If we use

1 1 1 1 1
a=(1—§, 1—2—2, 1—53',1—2—4,...,1-57{,...);

1 1 1 1 1
= -—=,1-= 1 ey 1= ——, ... ) ;
b (0,1 57 1 577 1 , 1 ) ; and

z;=(0,...,0,1,0,...,0,...), 1=1,2,...,n—1.

then it is easy to see that

P(a,b)ﬂ P((Bl,...,.’lln_]):{O}, ||a,x1,...,wn_1||=||b,z1,. ..,fEn_l”:l

||(l+b,(171,(132,. . ~7mn—1” =2= ”(1,1111,1,‘2,.-.,1117,,_1” + ”byzlamb' °'awn—1”,

but a # b. This implies that (I°°, ||, ..., e]]) is not strong convex.

3. In [3] was given the following definition of a strong n-convex
n-normed space: we call the n-normed space (L, ||e, ..., ¢||) a strong
n—convex if for every vectors zy, ..., Z,41 € L which satisfies the condi-
tions: '

11y @i, Tias e vy Ty Tppa|l= |z14+Zng1, Z2HEn1s - -+ » TatEnt1 ||=1,

n+1
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n
for i=1,2,...,n+1 itis true that z,4; = Ewi.
. =1
In the same work it is proved that every strong convex n—normed space
is strong n—convex. The converse is not true. If n = 2 in [5] was given an
example of a strong n—convex n-normed space which is not strong convex.

It is naturally to ask does (I°°, |le, ..., #||) is a strong n—convex n-normed
space.
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[ KAKO n~-HOPMMUWPAH ITPOCTOP

Anekca Mandecku

Pezume

Konnenror 3a n—HOpMa Ha BEKTOPCKY OPOCTOP CO AWMEH3Wja IIO-
ronema oxg n, n € N e BoBesner on A. Mucuak ([4]). Toa e moBekemn-
MeH3MOHAJHa aHaJOrdja Ha IOMMOT 3a HOPMA.

Bo [1], [2], [3] u [4] ce mokaxaHW HEKOM CBOjCTBa Ha N—HOPMUPA-
HWTe mpocTopu. Bo oBaa paboTa e NOKaKaHO NEKa BO IPOCTOPOT O
OrpaHUYeHU HU3U peallHM OpoeBHM co BooOMYaeHHTe olepamyii cobOm-
pambe ¥ MHOXeme CO CKaJap € pealieH n—HOPMUPAH IPOCTOP.

Faculti of enginearing
P.O. Box 162

91000 Skopje

Macedonia



