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INTEGRAL INEQUALITIES
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Abstract

In this paper we establish some CebySev—Criis type integral
inequalities, by using the extension of the Montgomery identity.

1. Introduction

For two absolutely continuous functions f, g: [a,b] — R consider the
functional

1.9 = 55 1 1@) @) do= (725 [ i@ da) (525 o) o).

where the involved integrals exist.
In 1882, Cebysev [4] proved that if f’, ¢’, € Ly |a, b], then

T(5,0)| < 156 = @1 ool oo (L)

In 1935, Griiss [5] showed that
1
T(5,9)| < 3 (M = m)(N =n), (12)
for every two integrable functions f, g: [a, b] — R satisfying the condition
m< f(z) <M, n<g(z)<N, Vz€]la,b]

where m, M, n, N are given real constants.
Let f:[a,b] — R be differentiable on [a,b] and f’:[a,b] — R is inte-
grable on [a,b]. Then the Montgomery identity holds [10]
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1 b b
F@) = ;o [f@) di+ [ P, 0)f (1) dt, (13)
where P(z,t) is the Peano kernel defined by
t—a
b—a’ a<lt<lzx
P(z,t) = f_ Z (1.4)
, x<t<b.
b—a

Let w:[a,b] — [0,00) be some probability density function, that is
b ¢
an integrable function satisfying [w(¢t)dt = 1, and W (t) = [w(z) dz for

t € [a,b], W(t) =0 for t < a, and W(¢t) =1 for t > b. In [10] Pecarié¢ has
given the following weighted of the Montgomery identity:

b b
f@) = Jwt)f()dt+ [ Pu(z,t)f'(t)dt, (1.5)
where P, (z,t) is the weighted Peano kernel defined by
w(2), <t<
N (16)
W) -1, z<t<b.

We use the following notation to simplify the details of the presentation.
For some suitable functions w, f, g: [a, b] — R, we set

T(w.£,9) = [w@)f@o(a}a—([w@)f@)s ) ([ut@a@iz) . 17

and define || - | as the usual Lebesgue norm on Ly[a,b] that is,
|h|loo: = ess sup |h(2)| for h € L ]a,b].
t€la,b]
In the paper [9] B.G. Pachpatte by using Pecarié’s extension of the
Montgomery identity (1.5) proved the folloving two theorems.

Theorem A. Let f,g:[a,b] —» R Dbe differentiable on [a,b] and
f',9":[a,b] — R are integrable on [a,b]. Let w:[a,b] — [0,+00) be an

b
integrable function satisfying [ w(t)dt = 1.
a

Then , b )
1T (w, £, )| < (| f lollg ||oo£w(w)H (z)dz (1.8)

where b
H(z) = [ |Pu (e, 1)ldt (1.9)

for z € [a,b] and P, (z,t) is the weighted Peano kernel given by (1.6).
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Theorem B. Let f,g:[a,b] — R be differentiable on [a,b] and
f',9":[a,b] — R are integrable on [a,b]. Let w:[a,b] — [0,+00) be an

integrable function satisfying }) w(t)dt = 1. Then
10
IT(w, £9)| < 5 [w(z) lg@) 1 lloo + (@) 9lloc] H (z)dz  (1.10)

where H(z) is defined by (1.9).

The main purpose of this paper is to generalize of the Theorem A. and
Theorem B. In fact, by using the extension Montgomery identity obtained
in [2] and [3], we get inequalities similar to those of CebySev and Griiss

inequalities. Our results in special case yields to the results B. G Pachpatte
(1.8) and (1.10).

1. Main results

In this section our main results are given. In what follows, we denote
by R, the set of real numbers and [a,b] C R, a < b. We use the usual
convetion that on empty sum is taken to be zero.

Theorem 1. Let (p, ) be a pair of conjugate exponents, i.e. 1<p, g<oo
and % + % =1 and f, g: [a,b] — R functions such that f™, g™ € L,[a,b].

b
Let w: [a,b] — [0,+00) be an integrable function satisfying [w(t)dt = 1.
Then for n > 2 the following inequality holds *

b b
(Tw, £,9)+ [w(@) | (=) = [ w()f(£)dt] x

n—2 g(z+1)(w)

X [Z Q1) ] Jw(s)(s— w)i"'lds]dz

+ ({w(w) [g(w) — ({w(t)g(t)dt] [Z f(l_: 1(;) Jw(s)(s— w)i"'lds] dz

+ zw(z) [Z f (:+ l()w') [w(s)(s — z)i+lds] X (2.1)

n=2 G+ (g .
X [ g( -:_1()') Jw(s)(s— )’+1ds] dw‘
||f( Npllg™llp &
= —f Twn z,s
D f @ [t ]

where
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7w(u)(u —8)" ldu, a<s<z

Tun(@) =1 4 (2.2)
—Jww)(u—s)""du, z<s<b.
Proof. The following integral identity is valid (see [2]):
_ b p n—2 f(z+1)(z) b i+1d
f(@) = [w()f(t)dt - z_; (i +1)! [w(s)(s —2)™ds
" (2.3)
1 b
o] Ten(® 9 W ()ds,
and similarly .
noé i+l
g(iE) =fbw(t)g(t)dt — g('+ )]F:E') },w(s)(s _ :E)H'lds
a SR (2.4)
1 b
o Ten(:9)9(0)ds,

From (2.3) and (2.4) we have

n2 i), |
(@) - Zw(t) fOdt+y ! (; 1()!) Zw(s)(s ~ 2)*1ds] x
= g () b

X [g(w) - Zw(t)g(t)dt+ Z @t ({w(s)(z _ a)i+1ds]

= = _11)!]2 [ZTw,n(z, s)f(n)(s)ds] [ZTw’n(z, S)Q(n)(s)ds] ,

b b b b
F(@)g(z)~ f(2) [w(D)g(t)dt—a(a) [w(®){(O)de+( [ wDfe)dt) ([ wit)g(t)dt)

n=2 (i+1) b
9 (z) i
2 ) l{w(s)(s —x) +1ds]

- b
OB OHOE|

n—2 f(i+1) (z) b

+ [96@) — fuaoa [ Ty Futs) =o' as] (2.5)

P2 p(H) () b 112 g () N
L= (i+ 1()!) £w(s)(3 —z)** ds] [i=0 g(i n 1()!) ({w(s)(s —z)* ds]

1 b b
= ——— [Tun(z,s £ (s)ds [Twn(z,s ™)(s)ds| .
i | Ten @ £0) [ 1 Toon(a, )9 ()ds]
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Multiplying both sides of (2.5) by w(z) and then integrating both sides of
the resulting identity with respect to = from a to b and using the fact that

b
[w(t)dt =1, we have

0,0+ (o) [5) - wt0 £ 0] g(’+ 9 Loy~ as]aa

- jw(w) l9(2) - fbw(t)g(t)dt] [z:: ! (l+ l()w') [ w(s)(s —2)"ds| dz
+ }’w(z)[z ! (l+ l()w') uw(s)(s — )7*ds] (2.6)
'S zg(H_l)(w) it+1
[ Gy ] [w(s)(s—z)*" ds]dw
1
72f fTwnzsf(n)sds [Twn(z,s ") (s)ds|d
i (@) [Tuin(2,9) £ (5)d5] [ Tun (2, )9 (5)ds o

From (2.6) and using the properties of modulus we observe that
b b
(7w, £,0)+ [ w(a) [£(2) — [w(®) f(2)dt] x
9 D(e) b

X [Z SN Jw(s)(s— w)i"'lds]dz

+ ({w(w) [g(w) — fw(t)g(t)dt] [Z f(l_: 1(;) Jw(s)(s— w)i"'lds] dz

n—2 (i+1) .
+fbw(w)[zf( +1()')fw(s)(s z)*1ds| x 2.7)

X [Z g((:':_l)l(;) Jw(s)(s— w)i"'lds] dw‘

<mf 0(@)| Tl 5)7)($)d8] [ FTun(2, )9 ()lds] da

After applying Holder inequality
b
[1Tun(@,9) £ (@) ds < | Tun(a, )lq 151

b
[T n(2,5)9™(5)/ds < |Ton(@, 9l 9™
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we obtain the inequality (2.1).

Remark 1. For n=1 identity (2.3) reduces to weighted Montgomery
identity

£@) = [w(®F @)dt + [Tu(a,5)(5)ds

where T, is the weighted Peano kernel defined by (1.6).
So, if take p = 0o, ¢ = 1 and n = 1 the inequality (2.1) reduces to

7w, £,9)| < F@) [Tz, )] (17 oelgoc)d
where ,
|Tw(z, 8)|l1 = £ |Tw(z, 8)|ds = H(z) .

Therefore the inequality from the last theorem reduces to inequality (1.8)
obtained by B.G. Pachpatte, i.e.:

b
T (w, f,9)| < ||f'||oo||g'||oo({w(w)Hz(w)dw-

Corollary 1. Suppose all the assumptions from the Theorem 1. holds,
and w(t) = 3=, t € [a,b]. Then

a’

‘T(f, g9)+ ﬁf [f(w) - ﬁ,{b f(t)dt] X

2 b— 2)i+2 _ (g — )i+2
X[gg(ﬂ(”( (i)+2)!(lg—a)) [z

L Lo S plet) () (=22~ (a— )2
+b—a,{[g(w)_m,{g(t)dt”;fH)(w) (i+2)(b—a) ]d
1 b n—2 i1 (b_w)i+2_(a_w)i+2
+b—a,{[i§f(+)(w) (i+2)(b—a) ]X (2.8)

— w)i+2 _ (a _ w)i+2

X[ig(Hl)(w)(b (i+2)(b—a) Jz]

(1 1™ pllg™ s & ((-’E —a)"* 4+ (b— -’E)"q+1)2/‘1

n)2  (b—a)® o ng+1

2(b—a)?"[1+ (2n+3)B(n + 2,n + 2)]
(n!)?(n+1)%(2n+3)

(b _ a)Zn—2(22n+1 _ 1)

{ (n!)2227(2n+ 1)

dz, 1<p< oo,

1F ™ loollg™ oo, p= 00,

£ 2llg™]l p=1.
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Proof. (I) For 1 < p < oo we have

b 1/q

IZa,5)la = (JTntz o)iods)

| —(a—8)" —(b-9)"

(,{ n(b—a) ds+g{ n(b— a)

_ ((z —a)tl + (b— w)nq"'l)l/q
nd(b—a)i(ng+1)
1 (x —a)™*! + (b—z)™t1\1/q
" n(b—a) ( ng+1 ) '

q b

qu) 1/q

If we apply the inequality (2.1), the first inequality (2.8) follows.
(ITI) For p = oo we have
b
ds+ [

T

e _f|zlez9)
T2 9)ll = J 1Ta(a: )lds = [ | 5=

1
n(n+1)(b—a) ((

—(b-9)"
n(b— a)

T — a)n+1 + (b _ z)n+1) .

ds

Now, we have

b 2 1 b n+1 n+1)2
£(||Tn(w,s)|1) dx = nz(n+1)2(b—a)2f((w_a) 1+ @®—a)™ ) dz

a

= 7"1,2(7"[, + 1:)12(1) _ a)z [z(% — a)2n+2dz + 2z(z _ a)n+1(b _ w)n+1d$

+ fb(b — w)2n+2dw] .

We have

b (b _ a)2n+3 b (b _ a)2n+3
_ 2n+2 v = _ 2n+2 v =
({(z a) dz 3 ({(b x) dz 3

and, using substitution £ — a = u(b — a) the other integral is equal to
b
2 [(z—a)""(b—2)"dz =2(b—a)*3B(n+2,n+2).

So, we have

2(b— a)?"

b 2
I (||Tn(:c, 9)1) dz = T PR [1+ (2n+3)B(n +2,n+2)],
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and we obtain the second inequality (2.8).
(III) For p = 1, we have

—a(a—s)" —(b—s)"
T(x,s)||co= sup |IT(z,s)|=max4q sup |——5—|, sup .
” ( )” z€|a,b] | ( )l {se[a,,:z:] n(b_a) s€[z,b] n(b_a) }
By simple calculation we get
—(a—9)"|_(z—a)" —(b—9)"|_ (b—2)"
sup = , sup = .
s€la,z] n(b - a’) n(b - a’) s€[x,b] n(b - a) n(b - a’)
So, we get

= su z, s)| = max (b—2z)" (z—a)"
Iz )loo = stp (e )] = max {05, 2005 )

Now, we have

(a+b)/2 (b _ w)n zd _ (b _ a)Zn—1(22n+1 _ 1)
a [n(b — a)] T 22r+1(2n + 1)n2

(Gl PR el aset

(atb)/2 Ln(b—a) 22n+1(2n + 1)n?

So, we obtain

(b _ a)Zn—1(22n+1 _ 1)
227 (2n + 1)n2

[ (IT(z,9)c) s =

Then, if we apply the inequality (2.1), we obtain the third inequality (2.8).

Remark 2. For n = 1 the inequalities from the Corollary 1. reduces

to
( ! ! 1 +1
1 llollg’llp & ( (2 —a)?™t + (b—z)9*\2/a
(bfa)Bp,{( g+1 ) dz, 1<p<oo
7
IT(f,9)| < @(b—a)2 1 llosllglloo » p=00
7
| 7/ hllg’l p=1.
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For n=2, the inequalities from the Corollary 1. reduces to

z)? —(a—2)°

\T(f,g)+b aj[f(w)—%}’f(t)dt] [g'(z)(b‘m(b_a) Jda

—(a—2)°

(z) — fg(t)dt] [f () i 2)!zb —a)

g
L e teat g
i(b )3||f”||17||g””p ((z a)* ;1—:—(1)1 )2q+1)2/q

b a ]dz

Qo R*—o

dz, 1<p<oo

b—a)t
S< ( "

31(b
RO} sl p

lloollg” oo » p =00

Il
=

\

Theorem 2. Let (p, g) be a pair of conjugate exponentsi.e. 1 <p, ¢<oo
and % + % =1, and f, g: [a,b] — R function such that £, ¢ ¢ Ly[a,b).

b
Let w: [a,b] — [0,+00) be an integrable function satisfying [w(t)dt = 1.
Then for n > 2 the following inequality holds *

‘T(w, f g) + %jw(z) [g(z) Z f(l:_ ]_(;) fw(s)(s :E)H'lds

+f($)zg(z +1()') [w(s)(s — z)i"'lds]dz‘ (2.9)

S 3m—1) 1_ ! ({w(w)”Tw,n(wa gl lg@ 1™y + ()] 1lg™lp] da

where T, (2, s) is given by (2.2).

Proof. Multiplying both sides of (2.3) and (2.4) by w(z)g(x)and
w(z) f(z), adding the resulting identities and rewriting we have

w(@)f@(z) — 5 [0()9(@) @) fOdt +w(z)1(@) [ (Dg(t)a]

+ % [w(w)g(z) Zz: f(l-:_ 1(;) Jw(s)(s — z)"ds+
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=2 g () b

+w(w)f(w)zg R z)*+1ds] (2.10)

- ﬁ [w(w)g(w) [ Tun(2,5)f " (s)ds + w(z) f(2) fb Tun(,5)9™ (s)ds]

Integrating both sides of (2.10) with respect to z from a to b and rewriting
we have

T )+ [w<w>g<w>.2f{1 1()70')f w(s)(s — z)"+1ds

[l zg’ +1) (z) i+l
+w(w)f(w)z R Jw(s)(s— )+d8]d$ (2.11)

= ﬁ [w(w)g(z)fTw n(x, ) f™ (s)ds
+ w(z) f(z) £ Twn(z, s)g(n)(s)ds] dz .

From (2.11) and using the properties of modulus we observe that

‘T(’w, f g) + %Z’w(z) [g(z) Z f(l+ ]_(;) fw(s)(s :E)H'lds

+ f(z) Z ( n 1(;) Jw(s)(s— w)i"'lds]dw‘ (219)

< ﬁ [0(2)9(0)  1Tun (2,95 ()]s

+ | f(z)| ({ | T, n () s)g(n)(s)|ds] dz .

After applying Holder inequality

b

£|Tw,n(w, 8)f™(8)lds < | Tuw,n(z, 8) Il £ ()]l
b (n) (n)
£|Tw,n(w7 8)g"™(8)|ds < | Twn(z, 3)|lqllg"™ |

we obtain the inequality (2.9).
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Remark 3. For n = 1 identity (2.3) reduces to weighted Montgomery
identity

£(@) = [w(t) SOt + [To(,5)f ()ds

where T, is weighted Peano kernel defined by (1.6).
So, if we take p = 0o, ¢ = 1 and n = 1 the inequality (2.9) reduces to

T (w, £, 9)| S%zw(w) @)1 Tw(, )1 1 oot £ (@) | Tw(z, 5)ll1 19" ll0] dz

where \
|Tw(z, 8)ll1 = [ |Tw(z, s)|ds = H(z).

Therefore, the inequality from the last theorem reduces to inequality (1.10)
obtained by B.G. Pachpatte, i.e.:

T (w, f,9)| < %zw(w)[lg(w)l 1 oo + 1£ (@) 19'lloc] H (z)dz .

Corollary 2. Suppose all the assumptions from the Theorem 2. holds,
and w(t) = , t € [a,b]. Then

n-2 i+2 i+2
7(.9) + 2(b1_ 1[5 > 1) R
+1(a) gg““)(z) O e (213)
o i () [l + le ] 1 < < o
< % [ ollll + ool 1], p=oo
=) 1 gl + Lol p=1

Proof. (I) For 1 < p < oo, we have

—a ng+1 1/q
_n(bl—a)((bnq—?—l ) :
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Now, we have
b b b
({[Ig(w)l £ p+1£ )] g™ 1l5) dz=[lg(2)| IIf(")IIpdw+£|f(w)l lg"™|pde

O )y ¢ (n) (n)
=|f |Ip£|g(w)|dw+|lg ||p£|f(w)|dw=||f lollglls + lg*™ [lpll £ll2

and, if we apply the inequality (2.9), the first inequality (2.13) follows.
(ITI) For p = oo, we have

| Tn(z 3)||1=fb|T (z 3)|d8=;((w—a)"+1+(b_w)n+1) < (b—a)"
n\Z, 15t n(n+1)(b—a) =n(n+l)

and, if apply the inequality (2.9), the second inequality (2.13) follows.
(III) For p = 1 we have

(b—a) !

b

1 n n
| ma,x{(b—z) ,(z—a)"} <

n

and we obtain the third inequality (2.13).

Remark 4. For n = 1 the inequalities from the Corollary 2. reduces

to
( 1 (b—a)?ti\Va ,
s—ar(grt ) gt I 1], 1<p<oo
1
T 9IS (15 leollglh + ' leoll 11 p=oo
1 ’ /
=1
| 55—y 1 sl + 1101 p

For n = 2 the inequalities from the Corollary 2. reduces to

—2)? = (a—2)°
2!1(b—a)

T(.9)+ 3555 [160)£ @) ©

+ 1) @) =

(1 1 (b—a)2q+1 1/q " "
4 (b—a)Z( 2q +1 ) [ Ip gl 4+ lg" Nl fll2] , 1<p<oo
b—a

< O gl + ool 1] P

1
L7 [ gl + Nlg” N £ll] p=1
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3A HEKOU HEPABEHCTBA OJI TUIIOT
HA CEBUSEV-GRUSS

A. Agli¢ Aljinovi¢*, R. Hoxha**, J. Pecarié***

Peszuwme

Bo oBaa pabGora ce mamenu mokasu 3a aOBeTre TeopeMu, leope-
mara 1 u Teopemara 2, Kou r'u reHEpaANU3MPaaT OBE MHATETPAJHN HE-
paBercTBa on TunotT Ha CebySev—Griis. Co xopucreme Ha UASHTUTETOT
Ha Montgomery ([2] i [3]) ce moOuern HOBM HepaBeHCTBA OX TUIOT HA

Cebysev—Griis.
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