SOME RESULTS ON GENERALIZATIONS OF FOX’S H-FUNCTIONS
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In the course of an investigation an attempt has been made by several
workers for the unification and extension of certain recent results in the
theory of special function. The author evaluates here some finite integrals
for the extended H-functions in two arguments with Gauss’s hypergeometric
functions which generalize a number of particular interesting and useful
results scattered throughout literature and also the double-integral analo-
gues for one of the results has been derived.

§. 1. Introduction:

An extension of Fox’s H-function [(5), p. 408] has been recently
introduced by Agarwal and Mathur [(1). p. 536] in the form

I {Ceps ep)}
X . 1, V1s Vo, mymy X {(Yh Ct)}; {(Yt,s ct’s)} .
(1 1) H[ ]= Hp, [t:t°1, s, [9:q) y {(Ss’ ds)} ) =
L {®g bg)}; {Bq's bg')} ]
= (2.,.”)2 f f PE+NYE, n)x y1 dE dn
where

() on<p, o<t 0KV, <Y, o<Km<qg, o<m<q);
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(ii) {(sp, ep)} represents the set of p-parameters:

(e, €)y.nn.. s Gns €n); (Entrs €pg)se .. .. s (ep €p)

and similarly for {(y,, )}, {Gd, ¢/',)} and so on;

(iii) all e’s, c’s etc. are positive integers:

f2(n+v1+m1)>p+s+t+q

2+ vetm)y>p+s+1t+q

[atg ()| <[n+ vt my—1/2(c 4+ 5+ t + g) =,
larg ) [ <+ ve+ my— 120 + 5+ 1 + gy m;

(v) |

(v) L, and L, are suitable contours;
and

{ ['11“(1—81’4‘615%'617))

OE+n)=—p— =

[ T(ej—et—em) 11T G+ a5+ dym)
J=n+1 j=1

V) ) VE )=

Nr e oIl e —s, HIra, + o 7;35} T(@/—b;s)

I F(I—Yj—Cfi)j:m”+ll“ (1—p;+58) T T U—w’%;’n)__'if (1—B/ + &y'n)

Jj=n+1 J=vy~1

This paper deals with the evaluation of some finite integrals invo-
lving the product of the extended H-functions of two variables and Gauss’s
hypergeometric functions by method based on interchanging the order of
integration, term-by-term integration, summing the inner 3% 2(+1) with the
help of the theorems due to Saalschiitz, Watson and Whipple and then
using Gauss’s multiptication formula etc. Tese formulae lead to several
generalizations of the results recently obtained by Mac Robert [(6)], Verma
[(11)], Patnak [(8)], Denis [3)] and Shah [(9)] and one of the double-inte-
gral analogues of the results has been also illustrated.

§. 2. The General results

In this section, we have evluated the three main integrals on genera-
lised Fox’s H-functions and Gauss’s hyrergeometric functions. First Integral .

«®

"W
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yul

1 o ot ().,——-k ;u) xul J
(2. 1) fou (l_u) 2F1 1+7\+P-—-0’k H U=

- AU 1—p), A(, A—o—k+1),7]
(eps €3)
r(6—9+k)lp—d n 421, v, vo my my x . ,{ ? , ¢ }
== '—(G_—_‘)\—_g);-Hp-fﬂ, e:°)5+ 21 [a:q'] y {(’Yt, Ct)}, {('Y ty € t)}
{G,dy)}, A, 6—B), A, 6 +k)
srovided B {Bg, b9)}; {®Bg’s b'g)} _

Re () > Re(p), I iz a positive integer > 0, and

{p+g+s+t<2(m <+ vy+n),
ptq +s+1t<2(m+ vatn,

‘ larg (x) | < [m +vw+n—12(p+ q+5+ D),
@ larg( | <fmy +ve+n—12(p+ ¢ + 5+ )],

Re[p+l(&)+l(6—i,)]>0,j=l, 2, .,myi=1,2,..., my
b; b;

or
prt<st+q p+t<s+4q,

i orelse p+tt=s+gq, p+t'=s+qg with [x|L, |[y|<I,
ii

Re[p+l(&)+l(&7)]>0,j=l, 2,....my;i=1,2,...,my
b, b,

The symbol A(m, n) denotes the set of m- parameters;

n n+1 n+m—1
o y
Second Integral:
- Ipl sz“fl ;uqul(l—n)ld
Q. ) Ou (l—u) 2 1_5_(“+7\+1) yul(l—u)l U=
1
5 (e +2r41);
— b r Hn+2l, Vi, Vo, My My
.I/‘i 229_1 p+21 {:t), s+21, [9:97)

1
S D, O ) |
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a7 A, 1—p), A(la—P‘l'—%—y. -I—%)\ -} %): {(azn ep)}
{Grs» e} {(v'e, v )}
{G®s do}, A( p+—;———;~ u), A(l, o+ —;— 1 7\)

2
Y

2% {Ba: 8} {B' o, b}

where / is a positiv integer > 0, Re(w+2) >— l,and

p+g+s+t<2(m+v,+n, [arg(x)|<[m1+v1+
+n—12(p + g + 5+ D,
PH+q +s+t <2(my+ vy +n), farg () | < [my + v, +
+r—12(p+q +s+t)m,

Re[p+l<%)+l(ﬁz)]>0 =142 . m;i=1,2,...,m,

or

0

P+t <s+gq, p+t’<s+q’.

() orelsep+t=s+q p+t=s+gq with x| <1, |y|<1,

Re[p+1(B’)+1(Bi)J>O, J=12,..m;i=12,...,m,

. ap
The notation T
aq

’] stands for the product of, the type

') I'@y..... I (ap)
re) re,y)..... I'(by) -

Third Integral:

"1 . o, 1 — o xul (1—u)
2. 3) jouP— (1 —u)P—UzFl( s u)H[yul(l —u)l] du =

™ as

/7 92p—1 I
y12% [7(a+o) (o-—oc—i—l)

n+2l vy Vo, My,
p+2l [tt] s+21 [qql

(T
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x| AQ 1—p), AU —p—0), {ep &)} 7
24 {(Yt, qt)} H {(’Y't', C,t',)}
{G, d)}, A (l, p+ —%— o ——;—O‘ + —;—), A (l, p+ l—-;—oc——- %c)
Y
| 2 {Bg b} 5 {®a» b'0)} _

valid for / a positive integer > 0, Re{(c) >0 and
p+qg+s+t <2(m +v+n),

larg (x)| < [m1+v1+n——%—(p+q+s+t)]n,
p+q +s+1<2(my+ vy + n),

(l) '[al'g(J’)|<[m2+vz+n——-;—(l7+q'+s+t’)]n

Re[p +l(%-) + l(“;:)] > Re (5) > —1

=12, my i=12,...,m,

or

p+t<S+q, P+t'<s+q';
orelse y+t=s+¢ p+t=s+q with |x[<I, |y[<L,

@ Re[p + 1(-‘2;;) + l(ii)] >Re(s)—1 0,

J=12,...,my; i=12,...,my

Proofs:
(A) To prove (2. 1), we substitute the contour integral (1. 1) for

x ul )
H [y ul] in the integrand, interchange the order of integration which can

readily be justified by de la Vallée Poussin’s theorem [(2), p, 504] under
the condition stated in (2. 1) earlier, and then interpret the inner u-inte-
gral by term-by temm integration or making use of the known formula

- [(6), p. 850, (12)]:

1 a TaNT ay, U
U—1(1 — -1 P, _ @I (v s .
fox (1 —x)y—1,F, (bq ;o x) dx TiEn @) Py be kv’ o

2 Bunren
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where Re (u) >,0 Re(v) >0, p<(q+1, if p=q+1, then |a|< 1, we obtain

+ 18+ ;
@4 Te—p)may OE+YE T !
(2TCI) LJ L, G+l£+l'l)

3t2

& ¢
1+2A4+p—0—k, G+IE+ln)x Y de dn

Now summing up the inner ,F,(+ 1) in (2. 4) with the application
of Saalschiitz’s theorem [(4), p. 188, (3)]:

—n, a, b (C——a),,(c-b)n
3F2( c, 1+a+b—c—n))_ (c)n(c__a_b)n ’ n:0, 1, 2,...,

and by virtue of the multiplication theorem (@, p. 4, (11)]:
m—1 .
i

1 1
T'mz)=@2m)20 " m™ 2 1 F<z+——>, m=23,4,...,
i=0 m

T (o—p + k)P~ 1
e st R B Rt

1—1 . I—1 .
”F<P-l+-t —l—i—l—’)) [‘]r(c_—;7‘_;_"€_+’+g+n)xi %
(2 5) i—=0 i=0

dg dn.

I—1 . l—1 .
T[T (e

The contour L, in the £ —plane here is a straight line along the
imaginary axis extending from — i oo to -4 i oc with indentation, if necessary
to the ensure that the poles of I'(8;—b,8), j=1, 2,..., my lie to the
right of it and the poles of Py +e8,j=1,2,...,v,and T(1 — g+

- i —Atk+i
+eE+em), j=1,2,..., n, F(M : +E+V)),I“(G—IL~—’+E+W),

I
{i=0,1,..., (I—1)} are to the left of the contour.

Similarly the contour L, in the v — plane runs from —ioo fo + ioo
with loops, if necessary to ensure that the poles of L@/ —b'7), j=1,2,
s+ -5 My, lie to the right and T (v/'+¢;' 7)), j=1, 2,... Ve, T(l—g5+ ¢, & +

, j — A+ k4
+ejn)3]=19 25'--9’1’ r(p_}-l +£+v])r(c_ﬁjﬂ +E—|—7)>s
{i=0,1,2,..., (I—1)} are to the left of the contour.
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Therefore. the value of integral (2. 1) follows immediately from (2. 5)
in view of (1. 1).

(B) The proof of integral (2. 2) is based on the same lines as above
in (2. 1) and summing up the inner ;F, (4 1) by Watson’s theorem [(4),
p. 189, (6)]:

a, b, ¢ ;

o2 ; (@+b+1),2¢ =

o1 1 1 1
€ty 2-(a+b+1), c+§~__2_a__7b,
= ]‘/;t-'r

l 1ol
5 ¢ — b

1 1 1
|5 @@+ 1),y b+ 1), ety —

where Re(c) >—1/2, Re{a-+-D)>—1, Re(Qc—a—b)>—1.

(C) The integral (2. 3) can easily be evaluated similar to (2. 1) and
summing the inner ;F, (+ 1) by virtue of Whipple’s theorem [(4), p. 189, (7)]:

a, 1 —a, c; :
3F2(f, 2c+1—~f)—
fi2¢c+1—f;

=qu2l=%¢r | | | l I 1 1 | 1 1
et yaty Ty fipatyherlmgamy Sy ety

where Re(f) >0, and Re Qc—f)>—1.

§ 3. Applications

Particular cases:-

If we take all €'s, ¢'s, ¢’ 5,d’s,b’s and b"s equal to unity in (2, 1),
we obtain the known recent result of Denis [(3), p. 3 (3. 1)].

(i) For p=s=n=0, the double integral in (I. 1) breaks up into
the product of two Fox’s H-functions:

me [ 0= Ci)}:' 1y, Vz[ {0 =, C't)}] : .
H H ) | ) 1, , :/ ,
5 q [x\ {(qu bq)} v, q e J‘ {(B'q,’ b’ql)} (=1t ¢q t)

and from (2. 1) we thus obtain

2%
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h—k

s u
wP—1 (1 — 1j0—p—1
60 [t —upe Ely s oo t)

My Vi {Yt’ ct)}] My, Vz[ {Y c ')}]
H H, du =
t, [ {Bes b0} T By by
_ F(G—p+k) [p—o 21, Vis Vg mp My
- —r=p) 21, [t:1], 21, [gq:q']

[ |AG 1—p), A, A—o—k + 1)

* {& ks {('u, ¢}
’ A, s—n), A(, o +k)

L {Bg, 5} {B'qi> b'q))}
which holds under the same conditions as in (2. 1) with p=s=n=0.
(iii) By setting the parameters suitably in (1. 1), we have
{(51» ep} 1

i g2 Ve O 1 X s )} —
m
o0 p, [t:0], 5, [g:1] y {G, do)}

L [{@q 09)}; 0

my, p+v, [
pt+itsdgq

{(sp € {(I“Yt’ "t)}]
{(B‘I’ bQ)} {1 ¥ s}

the special case p=¢t =pn= Ve =m,—1=¢'—1=0 and then replacing
€+v, by vy, p+ tby tand s+¢ by q respectively of (2. 1) yields the formula

{(Yt, t)}
{(Bq; bq)}] =

A 1—p), A (1, —o—k +1), {(ys, c,)}]
bg)} v (ho—N, v (o4 k)

k 5
. . ot my, vy
G. 2)~/uP (1 —uys—* 2F(1+)\+p——c—k)H [

_ I'(c—p-+k)lo-o Hm'2;’+2121[
(G_)\_P)Ic 421, 9+

where, fo convergence, Re(c) > Re (p), 1is a positive integer >0 and
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(2(m, +v) >t+q,

) |arg (x) | < [m1 + vl—%(t+q):| T,

Re[p+l(—l%i)]>0,j=l, 3,...,m,
7

or

[ 1>4q,
or else t=g¢ with | x| <1,

Re[p+l(ﬂj):|>0 j=1,....,m,

while y (m, n) will stand for the sequence

(i)

LN PR sk U . s S LA sty
m m m m

As the H-functions are generalizations of Meijer G-functions on spe-
cializing the parameters we can obtain many results, some of which are
known and others are believed to be new, interesting andalso useful in the
analysis of many problems of mathematics, both pure and applied, and
in mathematical physics.

Similar results can be obtained from (2. 2) and (2. 3) which include
extensions of many particular cases giyen by Mac Robert [(7)] Denis
[(3), p- 3, 3. 2) and (3. 3)], Pathak [(8), pp. 585—86 (1) —(2)] and Shah
[©), p. 5 @ )—(2. 2.

We remark in passing that on th same procedure of (2. 1), we can
still evaluate the integral of the form

1
3.3 ,[o us—! (1 —uw)P—o—1 F,, (1)

T {(sp ep)} 7
My Vi Vo My, my | xuF(A—u)t| {(ye el {('s i)} "

p, [t:t'), s, [q:q'] | yul (1 —uy {05 dy)}
{Bg; b)}; {B'qi> b’q,)}__|
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for either k=h =0, /=r or [ =r =0, k=h ork=h=r=0or k=
r=1[1=0 and where :
AR, —m), 4, ]

. Mui

Fm (u) == yQu--Dm P—f—’,‘FQ [ B
o

is the generalized hypergeometric polynomial introduced by the author in
his recent paper [(10), p. 79, (2. 1)] which yields many known polynomials

with special values of the parameters and argument pnua . Thus by particular
choice of parameters in (3. 3), we can easily evaluate its value.

§ 4 The double-integral analogues

In this section we have derived in a straight forward manner the
double-integral analogues for the extended H-function in two arguments
and Gauss’s hypergeometric function by the method of the preceding section.

The double-integral analogues is:

1 1
(4.1) f f P! (1 = u)o—0—1yo—P—T (] —y)a—p -1
0J 0

r—k P go—r v
2Fl(1 thtp—o k) T+ +pu—o-—r

T {(Ep’ eP)} 1
ny vy, vyt my | xul | Uy, e} {&us Cu)}
p, (1), s, [q:q"]] yvh {Gs, dy)}

{(Bg, be)}; {(B" 1 b'gH}L
P=oh=2T(6—p+ k)T (e —p + r)
(6 —A—p) (a—B —p),
ny, vy -+ 210 vy + 20, my, m,
polt+210 ' +2h), 5, [q421: ¢ + 24

dudv =

B {(epa ep)}' T
N Al 0), Al s —nr+k), {(yrc)}; Alh, w), Ath, o —B+r), {¥'u, o)}
. ) |

{Ba 09} A 1 —0 + 1), AU, | — 6 —k); {B 0 bg)} A 1 —
| —a+B), Ah, | —a—r) : .

where / and % are positive integers > 0,

(19

o
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Re(c) > Re(p), Re(«) > Re(y) and set of the conditions of the validity:

prag+s+it<2(m +v,+n
pH+q +s+t <2(my+ v, + 0,

Jarg ()| <my v, +n— - (0 + g+ 5+ D]
@ larg ()l <my+ Vz+”_%(P T4 + s+ 0w

Re[p+l(%)]>0, j=L1L2,...,m,
¢ o

Re[p.—i—h(si,)]>0, i=1,2,...,m,
1
or

pPHt<stq, p+t<s+q
orelse p+i=s+g, p+t=s+q with |x|<l, |y|<],

(i) Re[p+z(%i)]>o, i=1,2,...,m,

)

Bs’ .
Re[p—}—h( % >0, i=1,2,...,m,

Similar results can also be obtained from (2. 2) and (2. 3).
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