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THIS paper is concerned with the factorisation of a differential operator.
We give the necessary and sufficient condition that a differential operator
may be factored into simpler operators.
"Consider the generalized Weber’s differential equation*
d

L (x, D) = y"+ Py’ + Py =0, D= m
where P; are real polynomials of degree 1, 2 respectively, i.e.,

P; (%) = aixx® + aisX + aiz; a3 =0
a;;. are arbitrary constants.

If we assume that the operator L (x, D) can be separated into two factors

(P+A® —I—?%x; and (D +§:gg

then the differential equation (1) may be written in the form

LexeD)y=[D+A+% ] [D+L]y=0 )
In this case we have the identities {1}
L+ fo +hifa—Pufa=0
S+ fifs —Pafa =0 7 ©)
Let the functions f; be the polynomials of the form

fiG) = T By, pexnten @

BLk=0,k=01,....n— 1,85 =0, B3, ; = 1

Replacing f; (x) in (3) by its values from (4), we obtain the system of
2n + 5 non-linear algebraic equations

n—k+2)Bs 12+ (B1, n11 — @3) Ba, k-t (B, n — Gg9) Ba, 1 + Bs, =0
n—k+2) /33, k-1 + Bi,nn Bs, x + Bi,n Bs, k1 — G Bs, k+1 — Qa2 :32, 3

i . —asaﬁs,k—1=0,
k=0,1,2,....n 4+ 2). :

By solving these equations, we get the coefficients of the polynomials

k
Ba, 1 3*.!, k

m—mm—k+n
(G2 — 4az;jf 32, F—1s

B s @&ME%%M(k+D&mm=n_

* The primes denote derivatives with respect to x.
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2 By, n= @1 F (@15® — dag)t, 2n B, nyy = na;; F (@ — 4an)t By,, (5)
-2 Bs, 0 = Gy £ (@12% — 4as)t,

2 - 3

ﬂs. k= ﬂa, 0 ﬁs,k + nas £ ﬁz, 1;:13 4a5)

k=1,2,....n4+1)

and the relation for the natural number 2 determining the degree of the poly-
nomials

ﬁz, ka— (n — k+2) ﬁz, k-2

(@12 @13 — 2a4)* + (a12® — 4a3,) (dass — 20,5 — a15%)
= 4 2(2n + 1) (a12%— 4a,,)>>2 )

The preceding relation must be satisfied for the coefficients aj; such
that L (x, D) can be separated in the form (2). It is the necessary condi-
tion. It is easy to show, with respect to (1), that this condition is sufficient
too.

Thus one obtains the following results:

The necessary and sufficient condition that the generalized Weber’s equa-
tion (1) may be written in the form (2) is that the relation (6) is satisfied.

In this case the functions f; (x) are the polynomials (4), the coefficients
of which are determined by (5).

It is obvious that we can solve completely the equation (1), if it can be
written in the form (2). According to the relation (6) represents the inte-

grability condition too.
For the special Weber’s differential equation {2}

Y =1(x*+a)y,
we have from (6) a = F 2 (2n + 1) and we obtain

[0+ 3 - 3] [p+ oo

R = 3xm —(7) nt3ny 3(3) 2% S xn-3, ..

Hy, = He, (x) = (1)® e¥%2 D (e-%%2),

where

Differential equation {3}
Y4+x¥+Em+1DY=0,

may be written in the form

[o-+2 3] [p+ ] ¥ =o.
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