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ANOTHER APPROACH TO COMPLEX INTEGRATION

W. Tutschke

Abstract

In this short note we are going to show that the concept of
associated differential operators can be used in order to invert com-
plex differential operators by complex line integrals not depending
on the path of integration.

While the well-known Tg—operator (domain integral over  with
Cauchy singularity, cf. I N. Vekua [4]) defines a special solution of the
inhomogeneous Cauchy-Riemann equation

Gw=~nh (1)

if only the right-hand side h is untegrable, a special solution of (1) is also
given by the line integral

[ h(z)dz

b

provided it does not depend on the path of integration. This is the case if
and only if A is anti-holomorphic.

On the other hand, in case h is (locally) a power series in z and Z
(sometimes then one writes h(z, Z) intead of h(z)), the inhomogeneous
Cauchy-Riemann equation (1) can be solved by termwise integration of h.
Although not being based on a path—independent line integral, sometimes
this solution is denoted by

£ h(z,z)dz
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Let G be the first order operator
Gw = 0w — a(2)w — b(2)@.

Denote by Wg(§2) the set of all solutions of Gw = 0 in the domain
(note that this differential equation is the canonical form of a uniformly
elliptic (homogeneous) system in the plane, see [4]). Then the most general
linear and homogeneous first order operator acting on functions W = W (z)

belonging to Wg({2) and not containing d,W has the form
FW =C(2)0,W + A(2)W + B(z) W.
Notice, further, that the line integral

£(p dz + qdz) (2)

does not depend on v provided the compatibility condition
Ozp—0,¢=10

is satisfied (and € is simply connected). Consequently, in Wg(Q2) the dif-
ferential operator F can be inverted by a path-independent line integral of
type (2) if the system

FW=w (3)

GW =0 (4)

is completely integrable where w € Wg(Q) is given. Solving (3), (4) for
0,W and W, and substituting these expressions into the corresponding
integrability condition, one gets four relations for A, B, C, a, b, e.g., C has
to be holomorphic and B = bC.

The question of inverting F in the space Wg(2) is closely connected
with the construction of associated pairs. A pair F, G of first order opera-
tors is said to be associated if G = 0 implies G(Fw) = 0. Since the complex
derivative of a holomorphic function is holomorphic again, the operators

F =20, and G =0z

form an associated pair.

Comparing the conditions for associated pairs formulated in the paper
[1] (see also the booklet [2])with the compatibility condition for (3), (4),
one gets the following statement:

Theorem. The compatibility conditions are identical with the condi-
tions for associated pairs.
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This theorem implies, in particular, the following statement:
Provided F, G is an associated pair, in Wg(Q) the differential operator
F can be inverted by a line integral not depending on the path of integration.

Concluding remarks.

Comparing different inversion formulae (Tq-operator, termwise inte-
gration of power series, path—-independent complex line integrals) and com-
bining them, new versions of complex methods for partial differential equa-
tions can be expected.

Representing solutions W = W(z) of (3), (4) in the form (2) (where
W (z) can be prescribed at one point 2g), one gets a Volterra integral equa-
tion which locally can be solved by the contraction—-mapping principle pro-
vided the equations (3), (4) are compatible (see the paper [3]). The present
paper shows that compatibility of (3) an (4) implies that F and G are
associated, while the converse statement is formulated in [3] already.

Notice, finally, that in the paper [3] also such associated pairs F, G are
under consideration for which F does contain not only 8,W but also 0, W.
Moreover, this paper [3] contains analogous constructions for systems in
more than two real variables.
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EJEH ITPN1OA KOH KOMIIJIEKCHA
HNHTEI'PAIINJA

B. Tyure

Peaume

Bo oBa KpaTka HOTa Ce IPUKaKyBa KOHIOENTOT NeKa HPUIADPYK-
HUOT KOMILTEKCEH mudepeHIrjalieH OepaTop MOXe Jla ce yIoTpedu 3a
mpecMeTyBambe Ha JUHACKA KOMIUIEKCHY WHTEI'PAJIHY IITO He 3aBUCAT O
MaTOT Ha MHTErpamyjaTa.
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3aleselika HA TIABHUOT ypeaHUK: Jloceraurny Tpy.IOBU Ol 0Baa
06JaCT MevaTeHy BO HAIUMOT Buiatern o6UYHO MaBaaT HeoUpeneleH WH-
TerpaJ Bekya, mpu Koj onpenelyBameTO Ha aHAJUTUYKA (YHKIH)ja
#(z) Be e TpuBMjasteH npobiem. Bo oBoj Tpya moa Hekou mocebHM
ycinosu (3) u (4) ce naBa efeH JelyMeH OITOBOD.



