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DISTRIBUTIONAL BOUNDARY VALUE
OF THE BLASCHKE PRODUCT

Nikola Pandeski and Vesna Manova-Erakovié

Abstract

In this paper we found the distributional boundary value of
the Blaschke product in the upper half plane.

Introduction

We denote by It the upper half plane, i.e. It = {2, Imz > 0}. Sup-
pose that (Ax)pe, i a sequence in the upper half plane such that the series

E ImAj converges. A function of the form
k=1

bz) = ] 222 (1)

is a holomorfic function and is called Blaschke product. Note that
|b(2)| <1, for every z € II'™ and

lirg+b(:c+iy)=b“ (), p*@)|=1, ae (2
y— .
The functions
12— M |1+ A3 Im)\
b (2) = ] ==2* A, k=1,2,..., Y —2F
,:!;Ilz—Ak 1+AZ ’ ’ ’;Ii+,\k|2
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and

oz — Ak Xk 1

b = — =, el k=1,2,.., Im—

O=I500 2=

are also Blaschke products, [b (2)| < 1, |b2(2)| < 1, 2 € II*, and satisfy
(2). We will work with the Blaschke product (1).

< o0

Main result

Let S(R) be the class of rapidly decreasing infinitely differentiable
functions, g € S(R)and f € H? (C\R). Then the limit

@)= lm, [f@+i)g@)ds
R
exists and is a distributional boundary value of the function f. The limit
T(9)= lim [If(e+in) - F o~ a)g(e)de
R

exists and is a tempered distribution. Let

A =ar+ifrellt, k= L2.., Zﬂk < 00.
k

Then, using arg1 = 0, we have Djarbashian (see [4]) representation

00

Z—Ak
b(z)=H — =
k=1z—Ak

—Bk |
_ -~ 1 _ 1 ,
—expl:g.o/(‘r-!-i(z—:\k) T+i(z—/\k)>d:|.

) B0+ (@~ B)?
l( ’Ak)‘“ (w—ak)2+(y+ﬂk)2,

(3)

Put

ALY — y—FB y+06e _
P(2;Ak) = a.rctgw . a.rctgz——_ o
= _arctg— 2P (z — ax) and

(@—ox)?+92-62

1 (2,0) =logl (5, M) +ip (5, k).
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Using the Taylor series develompent of the function g (z) in ax, we
have

9@) =) +o @) -+ LB g a4 =

= g(ax) + (z — ar) h(z,0x),

where h(z, ) is a bounded function.
Theorem. Suppose that b(z) is the Blaschke product (1) in the upper
o0

half plane with zeros Ay = oax+ifk, k=1,2,..., Zﬂk < oo andg € S(R).
k=1
Then

b (9) = [ 9(@)do—4x Y fug (en)+
o k=1

+ lim {Z J (2, Ak, n)+

M
o0
+ Mﬁookzl -/ (:B ak) log! (z’ A"7) h (xv ak) dz4-
-M

M—o0
k=1_"s

o M
+i lim E/(a: ak)h(m,ak)p(z,)\k)dm}

where

T (2 My ) = / (Zr(z,xk)) ¢(z) dz,

e k=1

n > 2 and p(2, \k), h(z, Ax), (2, Ax) and r(2, M) are defined as above.

Proof. Using the Taylor series develompent of the exponential func-
tion and (3), we have

2
b(:B + zy) =1+ ZT(Z, Ak) + 5 21 (Zr(z, Alc)) (4)

k=1
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Using the uniform convergence on the compact subsets, we have

M oo
Ing (2, M) = / (Er(z,/\k)) g(z)dz =

M

=Z / r(2,Ak) g (z)dz =

k=1_")s
M

=§:/g(a:)logl(z,/\k)da:+zz/y(z)P(Z,/\k)dz—

o M
= Z / g (ax)logl (2, M) dz+ (5)
M

k=1_"

o« M

+Z/($ ak)h(a:,ak)logl(z k) dz+

o M
+1 E / g (ar)p (z, M) dz+
k=14

o M

+i2/(z—ak)h(m,ak)p(z,Ak)dz.

For the integrals in (5) we have

M

/ g (ax)logl(z,\) dx =
~M

- [(w—ak)logl(z,xk)+2(y—ﬂk)arctgz"°"°
Y — Br

M
_2(y+,3k)arctg +ﬁ ] g(ox) —
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— —4nPrg (ax) a8 M — oo and
M
lim / (a.rctgg——ﬂk - a.rctgyjﬂ) dz=0.
M—+o00 T — o T— O
-M

Hence

y—)0+ M —-'00_ k=1

M [o ) oo
lim lim (Ey (o) logl (2, Ak) d-’v) =—41Y _ Brg (o) -
” k=1

So using (4), (5) and the above computations, we have

o

b* (g9) = / g(z)dz — 41rZﬂkg (ox)+

~o0 k=1

o0
+ lim {;J(z, Ak, )+

o M

+ A}131°° ; / (z — ax)logl (2, Ag) b (z, o) dz+
=1_"M

—t

o M
+i Mlimooz / (z — ax) h (z, ax) p (2, k) d:v} .
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I'PAHNUYIHA BPEITHOCT HA
BJIAIMKEOBHUOT IMTPOX3BO_BO
CMUCJIA HA TUCTPUBYIIUN

Huxona Ilamnecku u Becna Marosa-Epaxosut

Peszuwme

Bo oBoj Tpyx ja HajnoBMe rpammyEaTa BpexEOCT Ha BiamkeoBuoT
OPOM3BOJ BO CMHCIIA Ha JUCTPMOymumm.
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