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ON GENERALIZATIONS OF DRAGOMIR-AGARWAL
INEQUALITY VIA SOME EULER-TYPE
IDENTITIES

J. Petari¢* and A. Vukelié**

Abstract

Some generalizations of Dragomir-Agarwal inequality are gi-
ven, by using some Euler-type identities.

1. Introduction “

One of the cornerstones of nonlinear analysis is the Hadamard inequal-
ity, which states that if [a,b], (a < b), is a real interval and f : [a,b] — R
is a convex function, then

(42 < %zf(t,)dt Ay

Recently, S.S. Dragomir and R.P. Agarwal [10] considered the trape-
zoid formula for numerical integration for functions such that |f'|? is a
convex function for some ¢ > 1. Their approach was based on estimat-
ing the difference between the two sides of the right-hand inequality in
(1.1). Improvements of their results were obtained in [13]. In partlculau,
the followmg tool was established.

Suppose f : I C R — R be a differentiable on I° and that lf']q is
convex on [a,b] for some ¢ > 1, where «,b € I°(a < b). Then

fla)+ f(b) I b—aflf'(a)* +|f'(b)]"11/9
2 arerrel t)dtl [ 2 ] '

(1.2)
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Some generalizations of Dragomir-Agarwal inequality for functions
which are differentiable with order n = 27, » > 1 and aplications of these
result are given in [4]. See also [5].

In this paper we consider differentiable functions with generally order
greater then one, applications of this results and further related results.
We will use interval [0, 1] because of simplicity and it involves no loss in
generality.

2. The main results

In the recent paper [2] the following identities, named the Euler trape-
zoid formulae, have been proved. If n = 2r — 1, » > 1, then

ey T

! 1 | ,
gfdu[ﬂwwumﬂaﬂﬁjfrfaﬂl4f“ﬂ Jdt. (2.1)

If n=2r,r > 1, then

1 l . l 1 ‘ DY .
[ f(t)dt= = [F(0)+ F(1)] =T (f)+ == [ [Bar (1=1)= By, ] fC7dt (2.2)
0 2 (2%
and
1 't'dt‘—l 0 (M) = T(f 1 lB (1-1) P 2.3
({f() —Z[f()+f )]_ 7‘( )+(2'l’)'({ 2r ”)f i, ( )
where for 0 < m < g—
Tu(f) Z:' By [£250 (1) Nk”m] (2.4)
k=

with convention that the sum above is equal to zero when m = 0, that is
To(f) = 0.

The identities (2.1), (2.2) and (2.3) hold for every function f :[0.1] —
R such that f is a continuous function of bounded variation on [0, 1],
for some n > 1. Here Bg(:),k > 0 is the kth Bernoulli polynomial and
B, = Bg(0 ) = Br(){k > 0) the kth Bernoulli number. We denote by
B(-)(k > 0) the function of period one with By (x) = By(z)for 0 £ o < L.

Theorem 1. Suppose f:[0,1] — R is n-times (llﬁ‘émnilublg. .
(a) If If("')|q is conver for some q > 1, then for n=2r-1, r>1, we have

' ! Barl /(oo [P0+ D (1) 4
\gf(f.)dt—i[f(0)+.f(1)]+T_5(_2?')!4(1—2 ) 5 "
| (2.5)
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Ifn=2r, r > 1, then

|Bn7| If(’r)(o)l +If(),)(1 l 1/q
@) -

[ A0de= 51700+ 1)1+ T <
(2.6)

and also, we have

/4

21B,,| |0+ '

'ff df—-[f(0)+f(l)]+T| 2 [ 5 -
(2.7)

(b) If]f(")lq is concave, then for n = 2r — 1, r > 1, we have

f('27-._1) (:‘lz)‘ . (2.8)

fan (;)l (2.9)

IBLI

(2r )!4(1_2421‘)

‘ff(t)dt——[f(0)+f )]+ T | <

Ifn=2r, r > 1, then

|B?-1|
- (2r)'

’ff df—-[f(0)+f1)]+1 —1

and also, we have
2 |Bg,-|

(B o

]ff(t dt = L17(0) + F1)+ T <

Proof. Let H, be defined as

H, = (-1)" {}f(t)df - %[f(ov)*f- fO + Tv--I}
0 (2.11)

11 1),
= (1) mfﬂ 1(1 =) fCr D ()dt.
Because of [11, 23.1.14,23.1.8]

: 1
(=1) Bayra(t) >0, 0< t < 50 722

and
Bgr_l(l - t,) = —-Bor 1 t € [0 1]
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In [2] has been calculated that

1 y 21— 2=
[1Bara(0ldt = 222 By ).
0 T
Note that
1 ; 1 1 2(1—2727)
FilBar-a (0t + [(1 = O1Bara(Odt = ] [Beroa(t)dt = 2| Bu,].
- ‘ ' (2.12)
On the other hand, by partial integration we have
12 !
ft|Bzr 1(B)]dt = (j)’ t|Bar—1(t)|dt + { t| Byy—1(t)|dt
1/2
1/2 1
= | [ tBy,_q(t)dt [ tBa,_y(t)dt
0 1/2
1/2 1172
—I‘Bgr T)| - Bgr(t)dt
2r o
+ :é;tBQT |1/2 f Bgr(t)dt (213)
1 1 1 1 1 '
= B:» <§)‘ + 50 By - "2'B2r (5)‘

1 1.
— |Bay + 5(1 -2\ B,,

R i ._ _ i—?r
‘47'1 (1-2 )B”|+2r

1—2-?r
= ———|Ba|,
T

where we have used substitutions v = 1, dv = By,_y(t)dt so that du = dt
and v = Bs,(t)/2r. .
With respect of (2.12), we have

mB?T (Dt = (1—t)|B2T_1(t)|dt: leZT_l(tndt.

SRR

So, by power mean inequality we have

A < ey [ 1Bera (0] £ D0

Gr
/ N
< 1)'f [Bar- 1“)"“) Gz [ B 1 T 0
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Now, by Jensen’s inequality

' 1-1/q
|H| < ((———11—),le27~ 1(t )|dt> X

((27"1 1) f‘B2r 1)) - [tlf(%'l)(l)’q-{-(l_t)lf(%-l)(o)‘q] dt)q
1 1-1/q
= (@‘;‘:")—,”Bwq(t)ldt) X

((—2?7'1" Ufm Nt 1 [ By (2)]dt

+ ’f(21‘—1)(0)‘q E/)'(l - t)lBgr_l(fHdl‘]) ’ (2.14)
By, ) |

= (’(2;)!’4(1 ~-27 )) X

% (|(§i3|'2(1_2_2r) f(‘lr—-l)(l)} + [(227)‘! ( 2—-27‘) f(gr 1)(0 l )_

~ |B27“| - T‘ }f(2'r—l)(0)‘q+ If(2r 1) )‘ 1

- W4(1 — 27 [ >

. - q .
Moreover, if | f(27=1)|" is concave then

1

1)|f|Bzr—l(t)‘ 'f(zr z (t)‘dt <

1 1
< —= N (2r-1) | ©
< ((27‘_ 1)!6/|B,T_1(t)|dt) f :

|B2T! _9-2r (2r-1) (l)l
(2r) H1-2 )if' 1 2

and the inequalities (2.5) and (2.8) are completely proved.
Proofs of the inequalities (2.6) and (2.9) are similarly. See also [4].
To proof (2.7) and (2.10) we use the same arguments with

1
[ 1By (t)|dt < 2|Byr|. O
0
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Remark 1. For (2.8), (2.9) and (2.10) to be satisfied it is enough to
suppose that '|f(”)| is a concave function. In fact, if |g|? is concave on [0, 1],
for some g > 1, then for z,y, A € [0,1]

lg(Az + (1= M) = Mg(x)|? + (1= A) |g(y)|*
> (Mg(@)|+ (1 =) |g(y))?

by the power mean inequality. Therefore, |g| is also concave on [0,1].
Remark 2. It is simply to prove that if f : [a,b] — R is n-times

differentiable then

(a) Iflf(")|q s convez for some ¢ > 1, then forn =2r—1, r > 1, we have

2r|B27“

[Hy(a,0)] < (b= a)™ (7 541 - 2*”)['

f(2r—1)(a)lq + |f(2r—1)(b)“1:| 1/q
5 .

Ifn=2r, r 21, then

|Hr(a,b)| < (b - a)27‘+1 lB2rl

(2r)! 2

|f(2r)(a)]q + ‘f(zr)(b)r;} 1/q
and also, we have

2|By|
* Ml < N 2741 T
Hi DI < 0 - i o

If(2r)(a)|‘1 + If(zr)(b)lq} 1/q
2

(b) If |f(”)| is concave, then forn = 2r — 1, r > 1, we have

oo )
()
()

IBZT‘

|Hr(a,b)] < (b~ a)”" =5 2n)!

I4(1 - 27

Ifn=2r, r>1, then

, < 21"+1| 7'|
lHT(a’b)I — ) 2,,)'

and also, we have

- 2|Bas|
* < _ 2r+1
700 < 0 - apr 2Dl
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where
_y ' b b —-a
Hy(a,8) = (<1)" {f F@ydt - =2 5@y + f0 +

+ EB%((I;]C [f(2k D (p) - f(2k 1)(a)]}

and

e b) = (1) {11000t - 232 1@ + 101+

.\ Z nggk a)’* { FOV(b) - f”‘f-l?(a)] }

The resultant formulae in Theorem 1 when n = 1 are of the special
interest and we isolate them as corollary.

Corollary 1. Suppose f:[0,1] — R is dzﬁerentzable
(a) If | f!|* is convez for some ¢ > 1, then

|f eyt - S17(0)+ f(l)]l <1 [If'(O)l";If’(an]l/q =

(b) If |f'| is concave, then
1 1. , 1], (1 '
‘({ f(t)dt - 3 [£(0) +f(1)}l <3 {f (§>{

Remark 3. The inequalities in Theorem 1 are gerieralzzatzons of the
Dragomir-Agarwal znequalzty, because for n = 1 (see (a) in above corollary)
we get (1.2).

3. Tile Euler midpoint formulae

In this section we take a different path from (2.1), (2.2) and (2.3),
one leading to the Euler midpoint formulae instead of the Euler trapezoid
formulae.

In the recent paper [3] the following identity, named the Euler midpoint
formulae, have been proved. If n = 2r — 1, r > 1, then

1 1 .
B (5-) £

1 1 1
I Sty = f (5) -+
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If n=2r,r2>1,then

'2fﬁwt=f(%>*—ﬂ%ﬂf%FE%ﬁz[B;(% t) - B (3)] 1

‘
§

and I
=1 (5) -0+ o183 (3-1) g0

where for 0 <m < 2

NE

Tn]‘f(f) =

(Qk)szk(l - 2172k [f(zk_l)‘(l) = f(Zk—l)(O)] ,

x
I

1

with convention that the sum above is equal to zero when m =0, that is
TM(f) = 0. S
In 3] have been calculated that

A 1 21 -2y
f B2r—1 (‘ - t>ldt = _—‘—“"“( )|B2rl’
o] ° 2 r

! * 1 1 : 1-27 A
({ B3, 37t - By, 3 dt = (1—-2"7°T)|By,|, see also [5]

1
B2r (’— - t) ‘ dt < 2|B27-|

We can parallel the development of the prev10us sectlon w1th the fol-

lowmg theorem. ' : P
Theorem 2. Suppose f: [0 1] — R is n-times dzﬁ‘erentzable

a Iflf(")| is conve:cfor some g > 1, then forn =2r-1, r > 1, we have

Sntogner b

ljrrae-s(5) 42 \<‘£2;!4u oo (L2

If n =27, > 1, then.. .

uﬂﬁﬁ—f(;)+TMe

| B | . |f("T>(0)| + 1f“’")(1)|
Syt [ Tz
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and also, we have

‘zf(t)dt—f(%> +va\4’ < 2(]213‘2)?|

|f(2r)(0)|q + |f(2r)(1)I(Ij!1/q
2 : : .

(b) If |f(")|q is concave, then for n = 2r — 1, r > 1, we have

() e ()

Ifn=2r, r > 1, then
‘ _ (L M en (LY]
Frar- 1 (3) 41| < ™ (3)
2|Bar| | y2n) (1>’
<% 13

and also, we have
The resultant formulae in Theorem 2 when n = 1 are‘ of the special
interest and we isolate them as corollary.

|BQ7‘| -2r
< @t 2

|B2T!
(2r)!

( 21 21')

sz(t)dt ~f (;) + TM

Corollary 2. Suppose f :{0,1] — R is dzﬁerentzable
(a) If | f']? is convex for some q > > 1, then

‘({ f(t)dt — f (2)‘ % [If’ 0)|"-;|f'( )|q]1/q-

(b) If | f'] is concave, then

v o(2) <1 ()

4. The Euler-:Simpson formulae

In this section we explore a path that is associated with the Euler-
Simpson formulae.

If fis defined on segment [0,1] and has n (n > 3) continuous deriva-
tives there, then the Euler-Simpson formulae (see [6]) state that if
n=2r-1,r>2

[ F(00dt= 2 [f(0)+ 47 (5) 4 (4T (1) s | 1O (0) By ().

3(2r —1)'
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Ifn=2r r>2,then

fra=glrosar (5) 450 42X+ gy

o

[ £ () By (t)dt
and
] f("”)(t)Gzr(t

=g |10 +47 (3) + FQ| A+ 55

Ot pa
cnl -

3(2r)!
where T (f) = TE¥(f) =0and for 1 <m < %

B

-1 :
TX() = Y gl = 2708 [£20(0) - 4D (0)
1 ,

x
i

and

Go(t) = Bx(1 1) +2B" (% - t) ,

Fu(t) = B2(1— 1) + 2B (l—t) Bn—an(%)

It was proved in {11] that F,(1- t) (-1)"F,(t) and that (-1)™ F,,.(¢) >0.
Also (see [6]),

1 2 - 91-2r
({'F2r-—l(t)|dt —_‘B%"

1 ; 2-2r
[ ()] di = (1= 22727){ By

and
1 -2
[1Gar(t ldt<2 — 2°7%")| By, .
0

We can parallel the development of the second section with the follow-
ing theorem.

Theorem 3. Suppose f:[0,1} — R is n-times differentiable.
a) If|f(") lq is convez for some q > 1, then forn = 2r—1, r > 2, we have

-3 [ +a7 (3) + 1) - Ti‘(f))

< 1B2] o [[FE=D ) 4 | FOm -1 (1)) 1/q
ST )[ ;
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If n =2r, r > 2, then

Fioa- 3 10+ (3) + 1] - 120

1/q
<

Barl 1 pmary | SO +£C0 ()]
3(27’)!(1_2 )[ 2

and also, we have
Jrai- g |r+ar (3) + ] -1200)

I 3o 1/[1
| Bar| | 02—27 ’f(”)(o)]q*' If(”)(l)lq

(b) If |f‘”)| is concave, then forn = 2r — 1, r > 2, we have

Jra- 3 [r@+47 (3) + 0] - 1700)

| Br -1 (%)’

S3(27‘)!

2(2 =217

If n = 2r,r > 2, then

1

J o= [f (0)+4/ (%) + f(l‘)} - T;Y(f)l

0
IBZTI - 2-2r (2r) <J‘_>l
53(27w)!(l -2 )’f 2

and also, we have

L 1 : 1
P~ g | r@var (3) + )] - 1300

| Bar| (27) i
/ 51

The resultant formulae in Theorem 3 when n = 3 are of special interest
and we isolate them as corollary.

< 2(1 - 2°7%7)

Corollary 3. Suppose f :[0,1] — R s 3-times differentiable.



* %

28 J. Pecari¢™ and A. Vukeli¢

(a) If |f(3)|q is conver for some ¢ > 1, then

o - s () 0] ¢ g L2

0

b) If | f®)] is concave, then

Viﬂﬂdt-%[f(“)“f(%)*f( H- 576|f(3)( )l

5. The Euler two-point formulae

In this section we explore a path that is associated with the Euler
two-point formulae.

If f is defined on segment [0, 1] and has n (n > 3) continuous deriva-
tives there, then the Fuler two-point formulae (see [12]) state that if
n=2r-1,r2>2

Fiwie=3[(5)+£(3)]+ T2+ g L F D OF,

2(2r

If n=2r, r2> 2, then

w1 (3) 01 (2] 20+ gt

2(2r)!
and
! — _1_ - (27') P
Fioar=3 |1 (3) + 7 (5)] + 720+ g5 [ 2006w,
where Top(ff) =0andfor 1< m< 3
=3 gt =8B [FH 0 - 00
P !

and
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It was proved in [12] that FF(1-t)= (—l)ﬁFf(t) and that (=1)" Fy(1)>0
in [ , 2] Also .

1 ’ 2y ‘
({|F{; ()] dt = 1—2—” )(1=3'72")| By, |,

1 N
[ |FE (O] dt = (1 - 3'777)| By,

and =
/ | F(t)| dt < 2(1 - 3" 2‘”){32r|
We can parallel the development of the second section with the follow-
ing theorem. .

Theorem 4. Suppose f:[0,1] — R is n- fzmes (Izjj‘rrentmble
(a) If]f(”)| is convex for some q > 1, then forn =2r—1, v > 2, we have

=4 (2) +(2)] o

‘ (25 —1) 4 (2r=1)( q11/4
Bty gy g [J0L £ )

<
=
Ifn=2r, »>2, then

fro=gr(3) e (Z)]:Tf.d(f)f,'

/q
Bl acan [LLEPOL [ ]
S = )[ 2

and also, we have

<

(b) If If(‘l'r)[ is concave, then

=317 () +£(3)] - 7200
)

Bovl . g g
<T==2(1 =27 (L =347
=) ( (1 =372
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If n=2r, r > 2, then

[Frat=3[5(5) +£(2)] - 1) < Q'f;;)'!(l -3t e (é)‘
- and also, we have
o= 515(5) + 5(3)] - ] < g - 3 (5)]

The resultant formulae in Theorem 4 when n = 3 are of special interest
and we isolate them as corollary.

Corollary 4. Suppose f :[0,1] — R is 3-times differentiable.
(a) If lf(3)|q is convez for some q > 1, then

-0 2 g
(B) If | f®] is concave, then
(3)]

Jroa-3 )0 (9]

6. The dual Euler-Simpson formulae

In this section we explore a path that is associated with the dual Euler-

Simpson formulae.
If f is defined on segment [0,1] and has n (» > 3) continuous deriva-

tlves there, then the dual Euler-Simpson formulae (see [7]) state that if
n=2r-1,7r22

pra=gler () -1(3) +2r ()] -m2000

* 35T . 1),ff‘” D()ER_ (t)d.

fn=2r r> 2, then

i = [2f (1) -1 (3)+2r ()] -2

() FL(t)dt

w

(21’)! 0
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jroa=3(2)-(2) () -

_ L p e
+3( )({f ()G on(t)dt.

where TP(f) =0 and for 1 <m < %

and

i P 23 4k _3.91-2% | 1)B,, [f(Zk-—l)(l) _ f(2k-—1)(0)}

e () (3 om0
e () (39 e (1)
() ()0 2)

It was proved in {7] that FP(1—t)=(-1)"FP(t) and that (1) F£_ (t)>0
in [ ,2] Also

and

»Jkln—\

»blr—*

1 2
g|F212 L) dt = =(1 - 272" |BQT;
1
[IFR )] dt = (23-‘" 3277 4 1)| By
and .
’ g |GE.(t)] dt < 2(2°7*" - 3.217%" 4+ 1)| By, .

We can parallel the develop‘mentv of the second section with the follow-
ing theorem.

Theorem 5. Suppose f:[0,1] — R is n-times differentiable.
(a) If |f(n)|q is convez for some ¢ > 1, then if n = 2r — 1, r > 2, we have

Jia- 3 ler (5) -1 () +es @] +12,00)

| Bar| 4(1 - 277) [|f(2’“—1)(0)lq + |f'(27~_1)(1)|q 1/q

2
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Ifn=2r, r>2, then

frna-3ler (3) -1 (5) +2r (3)] #7200

|B‘2'r| lf(ZT)(0)|q + If(”)(l)lq 1/q
3(2r)! 5

S (23—47‘_3_21—2T+1) [

and also, we have

prna-yler (1) = (3) +2r (3)] + 7200

| Bay | | F@0))" + lf(Zr)(1)|Q}1/q‘

<L r 3.1
=3(2r)! ( +1 2

(b) If If(”)l is concave, then forn =2r — 1, r > 2, we have

(jj'f(t)d't - % [Zf G) ~f (%) +2f (g)] +T‘,‘D_1(‘f)i

|B>37‘| ! —2r (2r-1) IAY
< - 27 - - .
= (.:27{)!4(‘J 2 Y 2

(V)

If n=2r, r>2, then

Lo (1Y (Y L. (3 b
({f(l)fﬁ —3 [Zf (1) -/ <E> +2f (1)] +Tr—l(f,)|

|Biv“ —dy 1 =27 (27) 1
< 232! )| fR |
—:(27‘)!( ; 0 2

and also, we have

Jrude=3[ar (3) =1 (5) +20 ()] + 72000

lB27'| 34 h oal-2r . o 1
BYDE T .92 27 1 (2r) - )
<3022 3 + 1|47 5

Lo

The resultant formulae in Theorem 5 when n = 3 are of special interest
and we isolate them as corollary.

Corollary 5. ;S"uppose f:00,1] — R is 3-times differentiable.



DRAGOMIR-AGARWAL INEQUALITY VIA SOME EULER-TYPE IDENTITIES 33

(a) If lf(3)|q is convez for some q > 1, then
f Lgp( L L LSOO + 1 fS (D))o 4
o= 3[2s(5) - 1(3) +21(3)]] < g5 2 ]
(b) Iflf(3)| is concave, then .
@ (L
™ ()]

w3 )1 Q) (] <5

7. The Euler-Simpson 3/8 formulae

In this section we explore a path that is associated with the Euler-
Simpson 3/8 formulae.

If fis defined on segment [0,1] and has n (n > 3) continuous deriva-
tives there, then the Euler-Simpson 3/8 formulae (see [8]) state that if
n=2r—-1,7r2>2

[ S=glr )5 (5 (s ()70t J PO @) Sy (1)t

8(2 ~-D)ls
If n=2r, r> 2, then

gf(_t)dt:%[f(0)+3f(§>+3f(§)+.f(l ]+Tﬂ+8( ff"”” (t)FS (1)t

£l )+3f< >+3f<§>+f(1)] +T7

where T3 (f) = 0 and for 1 < m

and

I
] =

1
[ f(t)dt
0

P—"f—-|

IN

' m 1 o . - .
Tall) = 2 gy =87 B £ (1) - s ()]

and

; 1 .
6z =ampai-owam (L) +om (220).

1 .
F? =2B>(1-t)+ 3B (§~t) + 3B (%—t)

1 2
-2B,-3B,| =] —-3B,1-1.
(3) <3)
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It was proved in [8] that F7(1~t)=(=1)"F7(¢t) and that (-1)"Fy._,(¢) >0
in [0,%}. Also

1 S 2 a—=2r\/ 2-=27r

FIFS (0] de = 201277001 - 877 By

1 ,
[|Fs(t)] dt = (1~ 3°7%7)| By
0
and .
[|G5. ()] dt < 2(1 = 32727)| By, .
0

We can parallel the development of the second section with the follow-
ing theorem.

Theorem 6. Suppose f:{0,1] — R is n-times differentiable.
(a) If |f(”) Ill is convez for some g > 1, then forn =2r—1, r > 2, we have

Tiwa-g 10+ (3) +ar (3) +rw)] -2,

< IBZTI (1 _ 2—27')(1 - 32—21-) [

|f(-37._1)(0)‘q + lf(g,._l)(l)lq 1/q
~2(2r)! 2 '

Ifn=2r, r>2, then

1

[rna- ¢ [r@+ar(3) 43 (3) + ra] -1,
0 O .

By, .
1Bl |(1—3~—~’) [

—8(2r)!

]f(er)(0~)|<1 + If(zr)(l)‘(J} 1/q
2

and also, we have

oo fposor(3)s(2) ] 2
0 “ - v

1/q

| B | caan [ |FEO + £ (D)

(b) If If(”)’ is concave, then then for n = 2r — 1, r > 2, we have

1 1 1 2
L= 5 [ro+sr (3) +ar (3) + 1] -1,
0 b 3 3

o w0 (3)
< f )1

—2(2r)!

(J . —21)(l _ 3‘.7.—'2'/‘)
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Ifn=2r, r2>2, then
1 1 71 2\
-2 rowar(3) +ar (3) + 1] -2,

[B27‘| (27) _1_
/ 2

< 8(2r)!

(1 - 32—27‘)

and also, we hazje
o N L2\ s
-3 [r0+27 (3) +ar (5) + 1] -1

(3

The resultant formulae in Theorem 6 when n = 3 are of special interest
and we isolate them as corollary.

'(1 Zr)

Corollary 6. Suppose f :[0,1] — R is 3-times differentiable.
(a) If lf(3)|q is convex for some q¢ > 1, then

‘({l‘f(t)dt—% [f(0)+3f( )+3f( )+f(1)] f < 17128 [lf(a)(o)lq ;r lf(B)(l)'q]é

(b) If | f®| is concave, then

o= [rorsr (5) +a7 (3) + o]l < s ()]

8. The Euler-Maclaurin formulae

In this section we explore a path that is associated with the Euler-
Maclaurin formulae.

If fis defined on segment [0, 1] and has n (n > 3) continuous deriva-
tives there, then the Euler-Maclaurin formulae (see [9]) state that- if
n=2r-1,r2>2

(it = 5 [3f (3) +2f (-1—) +3f (-Z:)] - TEL(f)

; (2r-1)
8(21 - 1)! IO Fr ()t
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If n=2r, r>2,then

1 1
[ 70t =3 [3 f

@0 () ()t

(o)
[
0

and

| Hiwa =g s (5) +2r (3) +37 ()| - T2
+ g P Gk (0

where T¢(f) =0 and for 1 <m < %

i 21 Zk)( —2k)B2lc [f(2k—1)(1)‘__ f(2k—-1)(0)]
k=1
and | . 5
| G’,;:3B,’;(—6——t)+232<-2——t>+3B;<-é—t),

F,$=3B;;(%—t)+23;;<%—t)+33,:<%—t>'
1 1 5
~3B, (=) -2B,(2)-3B.(2).
30 (6) 23"(2) } (6)

It was proved in [9] that FE(1—1t) = (~1)"FE(¢) and (=1)""'FE_,(¢1) > 0
in [0,2] Also .

|F2r l(t)l dt 2 21 QT)( 32#27“)(’3‘21"[7
f |F{;,(¢)| dt = (1-2172")(1 = 32727)| By, |
0 .

and
|d1 < 2(1 =227 (1 = 32727 Byl

1
[1G
0

We can parallel the development of the second section with the follow-
ing theorem.

Theorem 7. Suppose f:[0,1] — R is n-times differentiable.
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(a) If 'f(“)|q is convex for some ¢ > 1, then for n ="2r ~1, 1> 2, 'vizé ha've

Jroa= g (8) s (3) or (Y] reun]

. — /
S |B27‘| (2_ 21‘~‘27')(1 _ 32—27‘) l:lf (2r 1)(0)!q -; ’f() (l)lq]l !

If n=2r, r> 2, then

-5 |31 (é) vor(3) +o/ (§>] +TEL()

[Bar| Al—2r . |f(2r) |‘1_|_[f(‘27~)(1)|q‘ 1/q
_8(2r)( — 21721 - 32 [ ;

and also, we have

(L [3f(> +2f( ) +3f,(§>] +TH)

\ /
<IB”|(1—2‘“2T)( e [|f"> i"+|f”"’<1)l"}”

~4(2r)! 2

—

(b) If | f®7)] is concave, then for n=2r -1, 7> 2, we have

jae- ¢ s () +21 () var(3)] + L)
(27)

2 21—-21")(1 _ 32—27")' f(2r—i) (l) ‘ .
2
If n=2r, r> 2, then

rou o () o () o1 ()] 72

|B2r| 1-2 2-2 1

2 r T (21”), _
(1= 22y gy |5 (2
and also, we have

<3
‘}f(t i - : [3f (3)+20(3) +os (3)] +Tf(f)l |

|Bzr| (1 — 21727y (1 - 32 f'(‘2r}—1) (%) I _

|B2r|

,\b

- 4(2r)
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The resultant formulae in Theorem 7 when n = 3 are of special interest
and we isolate them as corollary.

Corollary 7. Suppose f :[0,1] — R is 3-times differentiable.
(a) If If(3)|q is convez for some q > 1, then

o) 21 3) o] < L0

(b) If | f®| is concave, then
! 1 1 1 5 1
'({f(t)dt -3 [3f (g) +2f (5) +3f (-6-)” <

9. The Euler-Bool formulae

~ )

In this section we explore a path that is associated with the Euler-Bool
formulae.

If f is defined on segment [0,1] and has n (n > 5) continuous deriva-
tives there, then the Euler-Bool formulae (see [14]) state that if
n=2r-1,r>3

zf(t)dt = 91—0 [7f(0)+ 321 (i) +12f (%) +32f (2) + 7f(1)]

L [ ey EB_ (1)dr.

B
- Tr—l(f)"l‘ _—90(2T — 1)' !

If n=2r, r> 3, then

zf(t)dt - 9io [7f(0)+ 32f (%) +12f (%) +32f (%) + 7f(1)]
R

STE ()4 —— ]
T 90(21‘){0

FE ) FR(t)dt
and

2f(t)dt - é% [7f(0)+32f G) +12f (%) +32f (-2—) +7f(1)]
L

o | 1 WGt

~TE()+
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where T(f)=0and for1 <m < %

Tn{?(f) = Em: %—(;T)!(Q —5.9372% 4 27—4k~)32k [f(2k:——1)(1) - f(2k—1)(0)]
k=1

and

: 1 1
GB =14B3(1 - 1) + 32B;, (Z - t) +12B;, (5 - t) +32B; (-z - t) :

1
FnB = 1432(1 — t) + 323; ('}I - t) + 123; (*2'

1 1 L (3
~ 14B, - 32B, (Z) —12B, (5) 32B (4)

It was proved in [14] that FB(1-t) = (-=1)"F2(¢) and (-1)""'FE_,(t) > 0
in [0,2] Also

1 4 )
[ Foa(0)]dt = (1= 27%")[Bur],

1
[IFE®]dt= (25272 +274)| By,

and .
[GE(t)] dt <2(2—5-2°72 4 27747)| By, |.
0

We can parallel the development of the second section with the following
theorem.

Theorem 8. Suppose f:[0,1] — R is n-times differentiable.
a) If ]f(") |q is convez for some q > 1, then forn =2r—1, r > 3, we have

}f(t)dt—%[?f( )+32f( )+12f< )+32f< )+7f( )]+TBl(f)‘

0
|BZ7‘| _ap ]f(QT 1)(0[ _|_|f (27— 1)(1)1‘1 1/q
< it 2 )[ :

Ifn=2r, r >3, then
lff t—-——-[?f 0)+32f( )+1zf( )+32f G)+7f(1>]+T£1<f)’

< |B‘2T| (1 -5. 22—21‘ + 26-4r) |:|f(27‘)(0)lq + If(QT)(l)r]] e

= 45(2r)! 2
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and also, we have

jf(tdt—— 7f(0)+32f +12f +32f +7F()|+TE(F)
=g [rreans (3)si2s (5) saas (§) 470 20

|B2r‘ (2 —~5- 23——21‘ + 27—-47‘) [

IO +]f 2’“><1>|"}”"
~ 45(2r)! -

2

(b) If lf(2r)| is concave, then forn =2r — 1, r > 3, we have
}ff vat- g (17 @321 (7) 4121 (5 )+32f( 2+ )]+T£.1(f>l

| Bar| For=1) (5)‘ '

~ 45(2r)!

4(1 277

Ifn=2r, r>3, then

gf(t)dt—%[ﬁ( eaes (1) +12s (5) +320 () #7s0] 47200

en (1
0 (3)

(1_5 22 2r+26—4r)

and also, we have

‘ff(t t~——[7f(0)+32f< )+12f< >+§2f( >+7f(1)]+TB f)‘

IBZTI f(2'r—1) <_;_) ‘ )

45(2r)!
The resultant formulae in Theorem 8 when n = 5 are of special interest
and we isolate them as corollary.

S (2 . 5 . .23——27‘ _+_ 27—47‘)

Corollary 8. Suppose f :[0,1] — R is 5-times differentiable.
(a) If If(5) ‘q is convex for some q > 1, then

zf( )dt——g—%[ﬁ( )+32f(%>+12f< )+32f< )+7f(1)]|
i [um 1+ 1£00) |T”_

345600 2
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(b) If | F®)| is concave, then

]}f(t dt - = [ £(0)+ 32 (i) § 12 (%) 432 (3) +7f(1)”

(5)
*315 600'f ( )

T I N S K A S A
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