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CONGRUENCES ON (n,m)-GROUPS

Biljana Janeva

Abstract

In this paper we give a generalization of some definitions and
properties of congruences on n-groups given in [2]. Congruences
on (n, m)-groups are defined as congruences of the corresponding
componrent algebra, and as kernel of a homomorphism, and a con-
nection between these two definitions is given. Also, it is shown
that for each rongruence of an (n, m)-group € there exists an in-

variant subgloup of its universal covering group Q of @, that is
a subset of @y 4p, where m + p = sk, k = n — m > 0. Conversely,

for each invariant subgroup K of QV, which is a subset of Q

o7 m+p
and satisfies the condition

ijj—l €K, j=1,n&s1 - Tn =01 8m, Y1 Yo =

=b1- bm = a;b]! € K,

for all i = 1, m, there exists a congruence a on the (n, m) -group

Q, such that the correspondmg invariant subgroup of Q is ex-
actly K.

1. Preliminary definitions and results

Let @ be a nonempty set. .Denote by Q7, r is a positive integer,
the r-th Cartesian power of ¢}. Instead of denoting the elements of @
by (a1,...,a,) we will use the notation @y ---a,, or a]. In this way we
can identify the set Q" with the subset {a;--a, | a, € Q} of the free
semigroup Q+ with a basis Q. The element a;---a; € Q1 will be de-

noted by a!, meaning the empty symbol when j < 1, i.e. the unity of

Q*=Q*U(1},1¢Q*.
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Let m,n,n — m = k > 0 be positive integers, and f : Q® — Q™ a
mapping. Then we say that Q = (Q; f) is an (n, m)-groupoid, and f is an
(n, m)-operation on Q. If, moreover, Q satisfies the condition

2k " ] i 2k
FUf@D™) = fei f(zd)eiih),

for each 1 < ¢ < k, z, € @, then we say that f is an associative
(n,m)-operation. We say that the ordered pair (Q; f), where f ! is an
associdtive (n, m)-operation, is an (n, m)-semigroup.

If @ = (Q;[]) is an (n, m)-semigroup, then the semigroup Q" given
by the presentation

Q" = (Q [ {(a],5"); [af] = b]"})

in the class of all semigroups, is said to be the universal covering semigroup

of Q.

The carrier Q" of Q" is a disjoint union of the form

Q“=QUQQU-_--UQ’"UQm+1U---UQm+k_1,

where Q,,4; = Q™¢/B such that g is the congruence on Q" induced by
the defining relations of its presentation ([1]). We denote by QV the subset
QmUQmir U UQmyr-1 of Q*. QY is an ideal of Q" ([1]).

In this case we have the following property

ism’xu€Q=>($1"'$i:yl"'yi=>zu=yu)7V: 77:'

For each (n,m)-groupoid we can associate an algebra with m n-ary
operations defined by [al]; = b; iff [a}] = b], where i = I,m, and
ay,by € Q2. Then (Q;[ h1,...,[ }m) is called a component algebra of

Let @ and Q' be two (n, m)-semigroups and ¢ :Q — Q' a mapping.
We say that ¢ is an (n, m)-homomorphism if it is a homomorphism between
their corresponding component algebras. We can define a mapping "
between the corresponding universal covering semigroups by

e™(21) = p(z1) -+ p(). (1.1)

Then ¢” is a homomorphism induced by ¢. ]

We give, bellow, some connections between a homomorphism of
(n, m)-semigroups and the induced one of their universal covering semi-
groups.

1
2

Further on we will denote an (n, m)-operation by [ ].
Further on we will assume that a,,by € Q.
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Prop 1.1. Let ¢ : Q — Q' be a homomorphism of (n, m)-semigroups
and " the induced homomorphism defined by (1.1). Then " is the unique
homomorphique extension of ¢ and ¢ is surjective iff " is surjective as
well ([1]).

Let Q=(Q;[]) be an (n,m)-semigroup, such that for all a,,b) € Q,
there exist z;,b; € @, such that

[ay2]"] = b7 = [y"af].

Then we say that Q is an (n, m)-group.
In this case, when Q is an (n, m)-group, Q" is the universal covering

semigroup and
Q' =Q™"UQms1U U Qmir1

is a group, called universal covering group of Q ([1]).
For each a € Q, Q" has the form

QV =QmUa@mU U ag-1Qm,

and the unity 1 of QY iz an element of Qmﬂ,; where m + p < m + k, and
m + p = sk. Thus, @ can be considered as a subset of Qmip+1-

Prop 1.2. Let Q = (Q;[ ]) and @ = (Q';[ }) be (n,m)-groups,
and ¢ : Q — Q' a homomorphism. Then there exists a unique eztension

eV QY = Q" of ¢, defined by
@V (21 - Tmti) = @(21) - P(Tmai),

and ¢ is surjective (injective) iff ¢V is surjective (injective) as well ([1]).

2. Congruences on (n,m)-semigroups

Let a be an equivalence relation on Q. We say that is a congruence
on Q if for 1 = 1, n, we have

a;ab; = [aT];a[bT];,7 = 1,m,

Le. if a is a congruence on the corresponding component algebra of Q.

Let o be a congruence on an (n,m)-semigroup @, and ¢ = nata :
@ — Q/a the natural homomorphism. Then ¢ : Q" — (Q/a)” is an
epimorphism, and a”® = ker¢” a congruence on Q”. Thus

Prop 2.1. (Q/a)* 2 Q"/a™. ]

Using the properties of the universal covering semigroup of an
(n, m)-semigroup and the definition of congruences of -(n, m)-semigroups,
we will give below some connections between congruences of the given
(n, m)-semigroup and its universal covering semigroup.
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Prop 2.2. Let 3 be a congruence on Q" with the property

z;fy; 7 =1, n&"c1 =af*,yy = b = a;fb;,i=1,m. (2.1)
Then a = B¢ is a congruence on Q, such that o™ C f3.
Prop 2.3. Let 3 be a congruence of Q", such that satisfies (2.1) and

T Yy € Q1,5 < m+k = (e}fyl = i=j). (2.2)

Then a = 3¢ is a congruence on Q, such that o™ = (3.

3. Congruences on (n, m)-groups

Let @ be an (n, m)-group, and a a congruence on Q. Define a relation
a¥ on QY by

i.om NV i m

a'zi"a’a'y]” € zay;,i=1,m. (3.1)
Then

Prop 3.1. ( ) aV does not depend on the choice of a; (ii) oV is a
congruence on Q" such that a/Q =qQ.

Thus, for each congruence « on an (n, m)-group, there is a congruence,
namely a,V, of its universal covering group, such that a\/’Q = a.

To be able to establish connections between the congruences of an
(n, m)-group and its unlvelsal covermg group, let us first give some pro-
pertles of the congruence a¥ on Q" induced by a given congruence o of
the given (n, m)-group Q. :

Prop 3.2. Let a be a congruence on the (n,m)-group Q, ¢ = nata,
eV QY = (Q/a)Y, and@ = keryY. Then@ = aV.

Prop 3.3. Let a be a congruence on the (n,m)-group Q. Then oV
satisfies the following conditions

(i) z;0Vy; &2y = al', 47 = O = a;a¥b;, i=1,m; (3.2)

(i9) The invariant subgroup K, induced by oV is a subset of Q4 ,, where
m+p=sk,0<p<k-1.

Prop 3.4. Let 3 be a congruence on Q", a = B,q and 3 satisfy (3.2).
Then a is a congruence on Q, such that avV C 3.

The next proposition establishes connections under which the restric-
tion a = B3,g of the congruence 3 of the universal covering group is such
that avV = (.

Prop 3.5. Let 3 be a congruence on QY, a = B/q, B satisfies (3.2)
and
0<i,j< k&aPtigyt = i=j
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Then o is a congruence on Q, such that ¥ = §.

Prop 3.6. For each congruence o on the (n, m)-group Q, there erists
an invariant subgroup K C Qm4p, such that

vjy; €K, j=Tnkal = al',y7 =b" = ;b7 €K, i=T,m.  (3.3)

Conversely, for each invariant subgroup K of QV, such that K C Qum4p
and (3.3) is satisfied, there erists a congruence o on the (n, m)-group Q,
such that the invariant subgroup induced by oV is ezactly K.

Thus Prop 3.6 is a characterization of the congruences of an
(n, m)-group through invariant subgroups of its universal covering group.

As a corollary of Prop 3.6 we obtain the following

Prop 3.7. The lattice of congruences of an (n, m)-group is a modular
one and is isomorphic to a sublattice of the lattice of invariant subgroups

of Q.
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KOHI'PYEHIIMU HA (n,m)-TPYIIU

Bunjana Jagesa

Peszuwme

Bo 0Boj Tpyx e nanmeHo oboninTyBame Ha HEKOU JeQUHULUY U CBOj-
cTBa Ha KOHrpyeHmuu Ha n-rpymu ([2]). Koarpyermuwure ma (n,m)-
Tpynu ce ne$pMHUPAHU KAKO KOHI'PYEHIMH Ha COOABETHATa KOMIIOHETHA
anrebpa M Kako janpo Ha xomomopdmsam. HWMcro Taka naneHa e ®
BpcKaTa Mel'y oBUMe nBe nepurunuu. [lokpaj Toa, MOKaKaHO e /leKa 3a
CeKoja KOHPpyeHIHMja Ha (n,m)-rpyna @ mOCTOM HOpMalHa HOATpyIa
O/l Hej3MHATa yHUBep3alHa TOKpUBauKa rpyma QY Koja e mOIMHOM-
€CTBO O Qm4p, Kale m+ p = sk, k = n— m > 0, Kako U HeKka 3a
cexkoja HopmanHa moarpyma K om QY Koja e HOIMHOXECTBO OX Qmip
¥ IO 33JI0BOJIyBa yCJIOBOT

iyt €K j=T,n & 21 Tn =01 @, 1" Y = b1+ -bpy
=> abileK,i=1,m,

IHOCTOM KOHT'DyeHIMja « Ha (n,m)-rpynara @, Taka WITO COOABETHATA
HOpMaJiHa moarpyma ox @V e touno K.
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