3A MTPUAPYXEHUTE LEGENDRE-OBH C®EPHH ®VHKIIUH

bunren Ha JIpymTBoTo Ha MaTeMaTHYapuTe U (pU3HIAPUTE
on H P Makenonuja, ku. VIII, 1957, 5-18

1. Osue ¢pyHxumuH ce nedMHHEPAHHM CO peaamujaTa

mfz d™ Py (x)

;‘n —=(— D ™1 —
Pp (x) = (— 1) 7( _x’) T

f1 jJa 3a0BOJIyBaaT OudepEeHIHjaTHATA PaABCHKA

d du mr ]
Kane mTo e u=Pg (o)
P,(x) npercraByBa dynkuuja Ha Legendre, a m e mpoussiieH men

no3uTaBeH Opoj.
YecTo nmatu HamecTo cO penanujaTta (1), obue QpyHkimH ce medu-

nupaHd cofl]
mj2 d mP n (x)
dx™
KOjanITo penanmja ke ja mojisyBaMe HHE BO HATAMONIHATE Pa3rjieAyBamka.
Cnpema 10a OBHE (PYHKIIEH MOXaT na Sunar IPETCTABCHA H CO
(popuynara

Py (x) = (1—x%)

Pm4nt DA —xD) _ N B
(l) Py )= 2" T (n—m+ D+ I)F(m mmtntl,mtd, 2 )'

xane wito ¢ F(a,b,c,xX) xumepreoMeTpHCKa ¢QyEXNHja.

IIpeagmeT Ha OBOj TPyO € Aa Aane OoDOMINTYBaH-€¢ Ha pesalngjaTa
nanena on Bailey [2] 3a mpoaykr oa nse npuapyxesu Legendre-osn
chepru GYHKIUHM M MCTO TaKa HEKOH HOBH (popMysm 3a opHe QyHKIHH.
TlosnaTo e neka opme ¢yHxIHHA HaofaaT rojreMa NPHMEHAZ BO Pa3JIHIHHA
npodyieMu O KBARaHTHATa MEXaHHKA.

Hacekane Bo pa3riicAyBamkaTa 3¥MMaME napaMeTapoT 7 Aa € nNpH-
poneH Spoj, mTo 3HaYH nexa Py(x) ce nonmomHu Ha Legendre.

2. Bo eagna noparemna pabora [3], ja moSuBMe cienHaTa pejiandja

) F(r—m,r+m+l,r+l, l—2x) F(s—n, s+n+l,s+1, —I—?C~)

or (M—P)V(—S)1P Dy ATl s Ar AT 2m+2n—2r—4k +1
-2 ¢ ¢ Z )

(mer)yt(n+s! Ainrk 2m +2n—2r—2k+1

. r—s, k +r—m,fo—s,—k,
x n—s—k+ 1, k+r—m—n—s,/,+r

x F(r+s—-—m—n¥ 2k, in+n—-r+s-—2k+l,s+l, _l_-2—x~)
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Kane mio ¢

(z+):

m= el = TR

B8 | _ N (D Bk Me e xx
*F’[ a,b,c, x:'— g @B (c)e KT

@r=a(@+1)...(@+k—1),(x)p=1,
A=min (m—r, n—s).
3uMajke ja Bo npensua penammjata (1) M nperxoamHarta, nodusame
JIECHO .
, —ri2
3 A—x) Pn(X)Pa(x)=

_2,? At i Ag, _p A5k (m+n—r—s - 21
e A (mn—rts-201

2m + 2 —2r — 4k + 1
X ImtIm—2r—2k+1

‘ r—s,k+r—mif,—s,—k,
x ‘Fs /2 1 1 P;l-l-n—-r—-Zk (x)’
ntl—s—kk+r—m—n=—sify+r
KOJaINTO pejlallHja HE ja NaBa XOMMO3HNIMjaTa Ha JBE BPHAPYXEHH
Legendre-oBH cdepun ¢ysxuan,
3. OumrneaHo € gexa peramgjara (3) mpercrasysa obommrysame
HA COOMHATATA pejandja mazxeHa on Bailey, 3a mpomsBom Ha aoBpe upH-

npyxern Legendre-orn cdepaw ¢Pynxuam.
Haguctuna, ako 3eMeMe 7=y, nobasame

N ARl Any Ay (m 1 =27 -20)]
1 — x? fﬂPrxPrx=2rS m—k Ak, —r Ap—k
( ) m (X) Pp (x) = 2 T s

2m+2n—2r—4k + 1
X m +2n—2r—2k41 Pt n—r—24(%),

A= thin (m—r, n—r).

'Penanmjara (3), HA OBO3MOXKyBa Aa godueme dopmMyna 3a XOMIO-
3HIHja HAa €cH moJMHOM Ha Legendre u npuapyxeHa Legendre-osa
chepua Ppyuxumja.

Axo craBame r=0, noSuBame
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&y Api A A’z (m4+n—s—2k)! 2m+2n—ak+1

S,
P,,,(x)P,,(x)-—kg Amin—x (m+n+s—f2k)! 2m+2n—2k+1

—'S)k—'mgi el 9;"ka
X‘Fa[ [a—s

= s
n+l—s+k,k—m—n—s}/, 1 ]Pm+n—2k )

A = min (m, n—s).

Bo cnyvaj xora e s=0, umame

X 4—T —2r—4k 4
) Amep Ap g Ags—yr 2m+2n—2r—4k41

. o m—k In—Kk Afs—r
Pm(x) Pa(x) =2 § Apinr—t 2m+2n—2r—2k+1

rnk+r—mi/,, —k,
[ o

12
n—k+VLk+r—m—n3/,+r 1] A—=x% " Pryn—r—2x(x),

A = min (m—r, n).

dopmMmyaara Ha ‘Neumann—Adams HCTO Taka JECHO c€ IOGHBa
oxn (2), axko ce craBH r—=s5=0.

4. IToafajka ox (3) Moxe na cc XoDHE caHA penanMja 3a MPOH3IBON
on npon3sojied 5poj Takpu QyHKUMM,

Taxa Ha npuMep, 3a IpoU3BoA o TpH PYHKIUH ke HMame

@ PR PR Pi = 2 ST ST B B i
H=0 v=0

- Ik
X (1—x*) % P{ymyp—r—s—ax—2v (X),

Kanae IITo e

Anl Ay AT (mtn—r—s—2i)!

Br,, s —
LB (m+n—r+s—2i)!

Afn-}-n—r~1

2m+2n—2r—4i+1 r—syitr—m3);—s,—i,
2m-+2n—2r—2i+1 S n+l—s—i,i+r—n—s,1fo+r ?

« = min {(m—r, n—s),
B = min (m + n —r—s—2x, I—p).
5. Ha pasrjiedamMe cera HEKOM ONPEHESICHH HHTErpailyn, BO KOH

Baerysaatr npuapyxkeuure Legendre-osu chepHu GyHKUHH.
HajHanpen na ro unpecMeramMe HMHTErpajioT :
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1

'[ Pl () PS(x) dx.

Ox penamujara (3) mMame:

&y A" k AnrxAxo—y M +n—r—s—2k)!
Pl (x) P (x) dx = 2r o Tl o, it
*J m " g Adin & (m+n—r-+s—2k)!

2m -+ 2n—2r—4k + 1 r—s,k+r—mi,—s, —k,
X om i an—2r—2k+ 1% n+l-k-s,k+r-m-n-sily+r

1
[[ (A — X Py ok (¥) dx.

3a mpecMeTyBambe Ha NOCJICAHHOT HMHTErpall, 3UMaMe BO NIPEABHI
Iexa e '

=t O — T 4T
Pa )= 2( (n—-s——k)'k!(s+k)'(n—k)'

Toraj mMame

1

(n+ )'n! (— ¥
J(l — 0P () dx = >n 2 n—s— k! (s + k)l(n—k)!

+ -
X j‘(l = x)"+r—z—s(1 + x)"+'—z—s—" dx.
—i

Ho Sunéjku ¢

1

rts res_
j.(l—x) 2 0™ Fax=
i

r+s
T2

+k+1),

xe MamMme
1

J (l—xz)zLPﬁ (x)dx =

B+ 2 k1, IS '” +k+1)

_ ar41 —
=2 @+ go( 1y (n_s—-k)!k!(s+k)!("—k)!

200



Ogn apyra cTpaHa JIECHO C€ HAora AcKa €

r—s r+s
> —k+1, 5 }+k+_1)

Y G RTR G R (i—R)

n—s Bn+

&,=—0

I‘('“ +1 )I‘('“ +A+1) (’_’)
. 2 2 2 /a s — 2N
- (r+s+22a+2)(s+M)! A n! ? o

H aodmBame
3

. ,
J (1—x)2 P; (x)dx = 0, n—s = 2A+1.

r+s r+s
_2rH (n45)! (2 “)F( 2 +”1)

GFMIR - Tmiri2)

S+r
(- 2 )l’ Lt

Bo HammoT ciayvaj ke uMame

]
L 2t (m+n—r+s—2k)!
—'[ (=52 Poyn—r—2x (x) dx = G+ v—Ik) (v—k)!

2 2
'm+n—2k+2)

S—r
2

r (r+s +v—k=—-1) P('—t‘i+l)
( ) m+-n—r—s=2k
v—k,

=0m4+n—r—s=2r+1
BHecyBajkH ja oBaa BPEOHOCT Ha HHTErpajior Bo (35), mobuBame

1
'[P; x) Py(x)dx =
= 2%r1 (" +s + 1) & Ay Ay g Agor (2v—¥2k)!
2 Aotari GHV—BIG—H!
I‘(r;SFI;v—k + l)

2m 4+ 2n—2r—4k 41 (s_ -——r) .
m+n—2k+1 2m+2n—2r—2k+2\ 2

v—k

F r—s,l;+r—m,‘/,—s;—k
X af's nt+l—k—sk+r—m—n—sY,+r}’
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®  my-n—r—s=2v,

1
r‘-Pf,, x) P (x)dx = 0, m4+n—r—s=2v+41.

6. Bo cayvaj xora e r=s, ja nodSuBame noszsarara dopmyna

1 0,m=En
JP,’,,(x)P,',(x)dx= 2 m+n!
- 2m+1 m—nt’" ="

Ako e r=3, s=1, ro amaMe ciregHHOT pe3ynraT [1]

8hn(n+ 1),m—n=2,

1
fPi-(x)P; (x)dx = __2"_;1(:: J;— 1
—i

0, ocTaHaTH BPEZHOCTH HA m U n.

)4!,m =n,

Onxn penaumnjaTa (3) moxe na ce nodue u popmynata

1
,[ (A — x2)~ "PPL ) P (x) dx

= Zr+i

S Al i Anin Agey —r 2v —2k)!
= Appn—r—k s+ v— k)!(vfk)!

2 2 l 2m+ 2n—2r—4k +1
'(m+n—r—2k+2) 2m+2n—2r—2k+1

l"(i +1) I‘(5+v—k+1
)i

( s
2
r—s,k+r—m,/,—s,—k,
X Fy 1
n+l—s—k, k+r—m—n—s,%, +r,

JIecHO ce moSuBa cera K popMyaTa

I
—ri2

l[(1—:@) R Pt (x)Pa (x) dx =

2 (k+r~—l )(m+n+r—-1)!t

r—t J@ramrr i =20

= 0, m—r—n<0 wma m—n—r=2x+1.

ar<m.

KXaKo H
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1

["Pm(k)P,f(x)dx= 2 ﬁ Pr
=0 mi-n—k

s+v—)t(v—Kk)!

i s Ky ~
| 2m+2n—dk+1 P(i“) P(E +"'"k“,)
2m+2n—2k+1 I'(m+n—2k-+2)

. —s, k—m, ’lz—s,—k,- .
n+l1—k, k—m—n—s2/, -

{m+4+-n—r=2v).

Ap_ g Ag Ags v—2k)! ( s )
v—k

7. Ha crivueH HaAYMH MOXE Jia Ce NpecMeTa MHTErpaioT BO KOJIITO
BJIETYBA HPOH3BOM OA TpH mpuApyXkeHNA Legendre-osu chepan dyHkmnn.

3a Toa men noarame ox pexanujaTa (4) 1 HAoraMme

1

J P{(x) Pn(x) Pi(x) dx = 227+>+ (P+r+s e )

SR Y (22 + 2p—2%— 29!
2=lo é m, o, % n = LY Y m+n—2x—2v+ 1)

r p+r+s

+A—x— v+ 1)
(p—r—s) ,
(l—u——y)! (p+A—x—v)! 2 A—H—V

I4-m+4-n—p—r—s=2A.
On (3) moxe Aa ce onpeAean M uHrerpanora ¢gopmyna [1}*

1
[a—ricornePicoax =

2 T (m—k+3/) T (n—k+*/) T (r+k+/y) (n+n—K)!

T k! (m—r—B(—r—KIT /)T I+k+ '/,) T+

mt-n—r—]=2x

8. Jla ro mpecMeTaMe cera MHTerpamoTt

ﬁ[P;, () Py (x) dx.

3raeme mexa ¢ [4]

* @opmynara e gamena ox Dougall, [2] u cogpxu mramMmapcka TDEmika.
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(% + 1)" -+ T ()

n+r ‘m_r 3\
-+ (n— S+5+5
2rti(n r)!]."( 5 +1)I‘(2+2+2)

1
J(l—!x’)’ﬂ Pr(x)dx=

Bo Toj cnyuaj, 3aMajka Bo npeasun (3), ke amMame

1

J Pp (X)) Pp (x)dx =

m+n

& Anlx Y el PR (k U 2 ) myn—r—2k

& Amors (T p (23 )

= 2"’1

2m+2n—2r—4k+1 o ,
X Im¥on—2r—3k+1 LCh)

A=min (m—r, n—r).

ITo mCTHOT Ha4HH, 3HMAajKH BO IPEXBUA JIEKa €

(—1)’1"(-;-+§2~)1"(1+—;—)(r+n)!

Y s 1.__'3) (3 s.n :)'
2rti(n r).l‘(1+2+2 5 r 2+2+2+2

1
J x8(1—x2) °P} (x) dx =

Haofame

1
j- x5 Pry(x) Pp (x) dx =
0

1 s ( LATEY
ok (5 u E) i+ 5) X0 A A Ar 2+ 20— 27—t 1
k=0

2 = Apmyn-i—r 2m+2n—2r—2k+1
1
* +n 3 s m+n |
S5 m

A=min (m—r, n—r).

204



BIBLIOGRAFIJA

{1} Wittaker, B. T. and Watson G. N., A4 Course of modern Analysis,
fourth edition, Cambridge, 1952.

[2l Bailey, W. N (1935), On the Product of two associated Legendre Functions,
The Quatzrly Journal of Mathematics, Oxford series, vol 11, Ne 41 (1940)
pp. 30—36.

[31 Popov S. B. Sur quelques relations concernaut les polynomes de Legendre*
God. Zbomik na fil. fak. t. 10 (1957) p. 1—25.

Summary

ON ASSOCIATED LEGENDRE FUNCTIONS

1. The object -of the present note is to obtain a generalisation of Bailey’s
formula (1) concerning of the product of two associated Legendre functions. We
deduce also, some integral formulas involving these functions.

We profiti by the Ferrers definition of the associated Legendre functions (2)

Pl(x)=(1— xi)”'ﬂ dam d}; x:" (x)

m = 0,1,2,... ; n being unrestricted,
or, in hyrergeometric notation,

P (x) =

(n + m)! : 1—x
m(l x’)m’zF(m—",m+n+i,m+1, 3 )‘_

2. Recently we have established the following result {3].
H m, n are positive intggers, and r << m, s < n, then

) F(r—~m,m+r+1,r+1,1;x)p'(s-—n,h+s'+1,s+i,i_z.x)
=EagF(r+s—m—n+2k,m+n;r+s—2k+1,3+1.l—x).
k=0 2
with
—~ st Cm—k T n—g 5T
@ a, =2t —D(n—3s
% mn+@n+ s Ao —rk
* 2m+2ﬂ—2"—4k+'1 F, T—S,k+f—m,1/z—s»—k, 1
Zm+2n—2r—2%k +1 * *tn—s—k+ 0 r+hk—m—n—sty+r |°

where

().

4n (m+r)! *

l+')
27"

Ak, r = =

B, 'r. @) B (V)i Byt x?
-Fa[ ] 2 @@ i’
(a)(——oc(a+ l) e +i—1), (@, =1,
A =min (m—r, n—s).

‘From (1) and (2) we have
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® A= PPy

A - —8
= 9r g Amr—kAn—sk A r (M+n—r—s—20)!

Ans:-;-n—r—k m-+n—r+4+s—2k)!

2m 4 2n—2r — 4k + 1 '—s9k+'—mgl/z_s»_k’ Ps
2m + 2n —2r — 2% +1 “ *{n+1—k—s,k+ r—m—n—s),+r mun-r—2#(%)-

3. Now for the special cases of r and s we obtain
1° ¥ r ='s, the Bailey’s formula

AT AT Ay i+ n—2r —2k)
(m+ n—2k)

2,
A—x® "2 PL OO PL() = 2 Z‘ 5
*—0 m+4-n—r—k

2m+20—2r—dk 41 .
Im ¥ In—2r—2k ¥4 I mtu—r—2k &)

X

Ase=prin(m—r, n—3s).
2° If r = s = 0, the Neumann -— Adams formula

min (m,n) Ay g Ap_y A 2m + 2n—4k +1

S ok P2k (.

P (x) Pn (x) =
T k=0 Am+n—k

We easily also find

M) Am kAT Ak n+n—s—20)! 2m +2n—4k 1
= Afn+n—k Mm+n4s—2)! 2m+2n—2k+1

Pm(x) Py (x) =

: —s,k—m,)y—s,—k,
F, 1}Ps
X ol [n +1—s,—k,k—m—n—s,/, mtn—2k (%),

and

AL Am—r Aky—s  2m 4+ 2n—2s—4k +1

Pm(x)P(x) =28 Z

bed  Amtn—s—k 2m+2n—2s—2k +1
s,k +s—ny,—k,
F, 1 1 — xS e )
X 3[m-’——k-!—‘l,k+.s'—m——n,1/z+s ]( XD Pmtn—s—2k (X)

4. A further generalisation of the result (3) is the following

A om
Pl(x) P, () Py (x) = 2r+s Z: Z; By ke Brln—son,1, v
k=0 vr=0
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ris
X(1—x0 2 Py min—r s k2 *)

where

A_r —1 An—t Ai,—r m4+n—r—s—2MN

BHS =
N —_ — {
m,n m+n-—r—k (m+n—r+s— 2!
2m+2n—2r—4i+1 o r—s,i+r—mlfy—s,—i,
2mtoan—2r—2% 424 nr1—s—iitr—m—n—sY,+r |’

A=min (im—r, n—s),
w=min(l—p,m-+n—r—s—2x).

S. With the help the above result, we now evaluate the integral of the product
of two associated Legendre functions of different degree and different order.

Since

1
r
"'(l-—x)'é’ Prx)dx =0 ,n—s=27+1

2+ (uts)t T (’+" +1) I‘('+s+x+1) .,
CFOAN T@E+r+2) ( 2 );U"—‘=21

we have
i

Pl () Pi(x)dx =2+ ( ) m—kAk —r Ank Gv—2k)!
J Z Arn s, CTV—RI—B

r r+s _ )
(,2 R At 2m+2n—2r—4k+‘1(s——r)
v—k

TmYu—26%2 2m+on—or—2k+1\ 2

r—s,k+r—mY,—s,—k,
X Fy 1
n—s+1—kk+r—m—k—s1/y+r,

X

m+n—r—s =2,
and
1

r‘.P‘,’,,(x)1",§(:c)abc =0, m+n—s—r=2n+1.

When r = 5, we get the well-known result

1
["P';n(x)P’;’(x) =0, mshn

o 2 (n -+ r)!
T 2031 (n—nAr

nt = n.
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If s = 0, we have

—ri2 ' k+r—1 +n+r—1n
J’(lvle ! P"(X)P'r"(x)dx=2(' r—1 )E:+:—:+1)n""_”_"=2">°-

=o,m—r—n=0o0orm—n—r=2k+1

( é r < mi
Similarly
] A k+1— f_if)
. r Vr ) Am—k Aky—r An—x ( 2 m+n—r—2k
Pl () Py () dx = 5~ AT m+-n mtnt3
k=0 m-fn—r—k r( 3 —k+1)r( —3 +k)

2m+2n—2r—4k 4 1

X m Y an—2r—3k¥1’

A=min (m—r,n—r).
6. Following the above method, we obtain

1
lf Pix) PL(0) Pi(x)dx =

2r42s4+1 pfp+r+s 5
= 2%rt2s+ I‘(P_z___ +1) Z 2 Bg,sn,k Bfn-{n—r—-?k, Ly

A=0 v=0

| r{2rr¥s o __p_ )
(O — 2p — 2k — 23)! ( 7 tr—k—v+1 (p—r—s)
AE-myn—2k—2v+ D1 0 —k—DW (P +r—k—w) 2 k¥

I+m4+n—p—r—s=2.

We further obtain a very simple proof of Dougall’s formula

1
'f A—x""" Pl ) P (x) PL(x) dx

2T m—k+Y) T —k+ YD T +k+Y) (m+n—K)!
TR m—r—BDI—r—OI T T T k) T+ Yy

m+tn—r—I1=2.
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