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A STUDY OF FUNCTOR ASSOCIATED WITH

TRANSFORMATION GROUPS

PRAVANJAN KR. RANA

Abstract. The aim of this paper is to construct a functor associated
with transformation groups as well as investigate this functor.

In this paper we show that:-
i) for a given transformation group (X,G), where X is a path con-

nected pointed topological space with base point x0 and G is a group of
homeomorphisms of X, there always exists a covariant functor ′F′ from
′Tgh′ to ′Fgh′, where ′Tgh′ denotes the category of transformation
groups and their continuous group homomorphisms and ′Fgh′ denotes
the category of fundamental groups and their group homomorphisms;

ii) if the transformation groups (X,G) and (Y,H) have the same
homotopy type , then the groups F(X,G) and F(Y,H) are isomorphic;
we also prove that

iii) The covariant functor F : Tgh → Fgh is a homotopy type
invariant.

1. Introduction
Throught this paper we assume that X is a path connected pointed topo-

logical space with base point x0 . For simplicity, we write (X, G) in place
of (X,x0,G).

Now we recall the following definitions and statements:-
Definiton 1.1

A transformation group is a pair (X,G), where X is a path connected
pointed topological space with base point x0 and G is a group of home-
omorphisms of X.

A map (Φ, Ψ) : (X, G) −→ (Y, H) consists of a continuous map Φ :
X −→ Y and a homomorphism Ψ : G −→ H , such that

Φ(gx) = Ψ(g)Φ(x), for every pair(x, g).

Definiton 1.2
Given any element g of G, a path α of order g with base point x0 is a
continuous map α : I −→ X such that α(0) = x0, α(1) = gx0.
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A path α of order g1 and a path β of order g2 form a new path α + g1β
of order g1g2 defined by the following equations:
(α + g1β)(t) = α(2t), 0 ≤ t ≤ 1/2;
(α + g1β)(t) = g1β(2t − 1), 1/2 ≤ t ≤ 1.
Two paths α and β of same order g are said to be homotopic iff ∃ a con-
tinuous map
C : I × I → X such that,
C(s, 0) = α(s), 0 ≤ s ≤ 1
C(s, 1) = β(s), 0 ≤ s ≤ 1
C(0, t) = x0, 0 ≤ t ≤ 1
C(1, t) = gx0, 0 ≤ t ≤ 1.
Let [α; g] denotes the homotopy class of a path α of the order g. The family
of all such homotopy classes of paths of prescribed order with the rule of
composition ′�′ is a group, where ′�′ is defined by
[α; g1] � [β; g2] = [α + g1β; g1g2]
This group is called the fundamental group of (X,G) with base point x0

and is denoted by F(X,G).
Definition 1.3

A category C consists of
(a) a class of objects X, Y, Z,....,denoted by Ob(C);
(b) for each ordered pair of objects X, Y a set of morphisms with domain
X and range Y denoted by C(X,Y);
(c) for each order triple of objects X,Y and Z and a pair of morphisms
f : X−→ Y and g : Y−→Z their composite is denoted by gf : X−→Z,
satisfying the following two axioms:
i) associativity : if f ∈ C(X,Y), g ∈ C(Y,Z) and h ∈ C(Z,W), then
h(gf) = (hg)f ∈ C(X,W).
ii) identity : for each object Y in C there is a morphism IY ∈ C(Y,Y) such
that if f ∈ C(X, Y) then IY f = f and if h ∈ C(Y,Z), then hIY = h.

Definition 1.4
Let C and D be categories. A covariant functor T from C to D consists of
i) an object function which assigns to every object X of C an object T(X)
of D; and
ii) a morphism function which assigns to every morphism f : X−→Y in C,
a morphism T (f) : T (X) −→ T (Y ) in D such that
a)T (IX) = IT (X);
b)T (gf) = T (g).T (f), for g : Y−→ W in C.



A STUDY OF FUNCTOR ASSOCIATED WITH TRANSFORMATION GROUPS 21

Definition 1.5
Two transformation groups (X,G) and (Y,H) will said to be of the same
homotopy type if there exists category mappings
(Φ, Ψ) : (X, G) −→ (Y, H) and
(Φ′, Ψ′) : (Y, H) −→ (X, G),
where Ψ and Ψ′ are isomorphisms and Φ′Φ ' IX and ΦΦ′ ' IY .

Lemma 1.6
The transformation groups and its continuous group homomorphisms forms
a category.

Proof:- We take all transformation groups (X,G) as the set of objects and
the set of all transformation groups homomorphisms, the set of morphisms
and the composition is the usual composition of mappings. This category
will be denoted by ′Tgh′.

Lemma 1.7
Let (X,G) and (Y,H) be transformation groups. If f1 and f2 are two ho-
motopic paths in X with base point x0 of order g1 and g2 respectively, then
h1f1 and h1f2 are also two homotopic paths in Y with base point y0 of order
h2g1 and h2g2 respectively , where g1, g2 ∈ G and (h1, h2) : (X, G) → (Y, H)
be a continuous group homomorphism ,
i.e; [f1; g1] = [f2; g2] =⇒ [h1f1; h2g1] = [h1f2; h2g2].

Proof:- Using Definition1.1 and Definition1.2, it follows.
In Section 2, we construct and investigate functor associated with trans-

formation groups.
2) Functor associated with transformation groups.

We now construct functor associated with transformation groups.
Let (X,G) be a transformation group, where X is a path connected

pointed topological space with base point x0 and G is a group of home-
omorphisms of X,

Then we have the following Theorems:-
Theorem 2.1:-

Let I(X,G) : (X, G) −→(X,G) be a mapping,then (I(X,G))∗ : F (X, G) −→F(X,G)
is a group homomorphism.

Proof:- Define (I(X,G))∗ : F (X, G) −→F(X,G) by
(I(X,G))∗([α; g]) = [IX(α); IG(g)] = [α; g].
Let [α1; g1], [α2; g2] ∈ F(X,G).
Then [α1; g1] = [α2; g2]
⇒ [IX(α1); IG(g1)] = [IX(α2); IG(g2)]
⇒ (I(X,G))∗ is well defined.

Now (I(X,G))∗([α1; g1] � [α2; g2]) = (I(X,G))∗([α1 + g1α2; g1g2]).
Thus (I(X,G))∗([α1 + g1α2; g1g2])
= [IX(α1 + g1α2); IG(g1g2)]



22 PRAVANJAN KR. RANA

= [α1 + g1α2; g1g2]
= [α1; g1] � [α2; g2]
= (I(X,G))∗([α1; g1]) � (I(X,G))∗([α2; g2])
Hence (I(X,G))∗([α1; g1] � [α2; g2]) = (I(X,G))∗([α1; g1]) � (I(X,G))∗([α2; g2]).

Theorem 2.2:-
Let α : (X, G) −→(Y,G) be a category mapping between two transforma-
tion groups (X,G) and (Y,G), then α∗ : F (X, G) −→F(Y,G) is a group
homomorphism .

Proof:- Let α∗ : F (X, G) →F(Y,G) be defined by
α∗([f ; g]) = [αf ; g], ∀g ∈ G.
Next let [f1; g1] , [f2; g2] ∈F(X,G).
If [f1; g1] = [f2; g2]
⇒ [αf1; g1] = [αf2; g1]
⇒ α∗([f1; g1]) = α∗[f2 : g1]
⇒ α∗ is well defined.
Next let [α1; g1], [α2; g2] ∈ F(X,G).
Then α∗([α1; g1] � [α2; g2]) = α∗([α1 + g1α2; g1g2]), ∀g1, g2 ∈ G
Now α∗([α1 + g1α2; g1g2]) = [α(α1 + g1α2); g1g2]
= [αα1; g1] � [αα2; g2] = α∗([α1; g1]) � α∗([α2; g2]).
Thus α∗ : F (X, G) −→F(Y,G) is a group homomorphism .

Theorem 2.3:-
Let (h1, h2) : (X, G) −→(Y,H) be a category mapping between two trans-
formation groups (X,G) and (Y,H), then (h1, h2)∗ : F (X, G) −→F(Y,H) is
a group homomorphism .

Proof:- Define (h1, h2)∗ : F (X, G) −→F(Y,H) by
(h1, h2)∗([f ; g]) = [h1f ; h2g].
Let [f1; g1] , [f2; g2] ∈F(X,G).
If [f1; g1] = [f2; g2]
⇒ [h1f1; h2g1] = [h1f2; h2g2], by lemma 1.7.
Thus [f1; g1] = [f2; g2]
⇒ (h1, h2)∗([f1; g1]) = (h1, h2)∗([f2; g2]).
⇒ This map is well defined.
Now (h1, h2)∗([f1; g1] � [f2; g2])
= (h1, h2)∗([f1 + g1f2; g1g2])
= [h1(f1 + g1f2); h2(g1g2)]).
=[h1f1 + h1(g1f2); h2(g1)h2(g2)]
= [h1f1 + (h2g1)(h1f2); h2(g1)h2(g2)]
= [h1f1; h2g1] � [h1f2; h2g2],
= (h1, h2)∗([f1; g1] � (h1, h2)∗([f2; g2])
Thus (h1, h2)∗ : F (X, G) −→F(Y,H) is a group homomorphism .
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Proposition 2.4:-
Let α : (X, G) → (X, H) be a category mapping, α induces a group homo-
morphism, α∗ : F (X, G) → F (X, H), where α∗ = (IX , α)∗.

Proof:- Let [f ; g] ∈ F (X, G).We define α∗ : F (X, G) → F (X, H) by
α∗([f ; g]) = [f ; αg].
Let [f1; g1] = [f2; g2] ⇒ [f1; αg1] = [f2; αg2] ⇒ α∗([f1; g1]) = α∗([f2; g2).
⇒ α∗ is well defined.
Now α∗([f1; g1] � [f2; g2])
= α∗([f1 + g1f2; g1g2])
= [f1 + g1f2; α(g1g2)]
= [f1 + (αg1)f2; (αg1)(αg2)]
= [f1; αg1] � [f2; αg2].
Thus α∗([f1; g1] � [f2; g2]) = α∗([f1; g1]) � α([f2; g2]).
⇒ α∗ is a group homomorphism.

Theorem 2.5:-
Let ′Tgh′ denotes the category of transformation groups and their continu-
ous group homomorphisms and ′Fgh′ denotes the category of fundamental
groups and their group homomorphisms.
Then F : Tgh → Fgh is a covariant functor.

Proof:- Let (X,G) be a transformation group in ′Tgh′, then F(X,G) is a
fundamental group in ′Fgh′.
Also for (h1, h2) : (X, G) → (Y, H) in ′Tgh′, (h1, h2)∗ : F (X, G) → F (Y, H)
in ′Fgh′ by
(h1, h2)∗([f ; g]) = [h1f ; h2g].
Let (α1, α2) : (X, G) → (Y, H), (β1, β2) : (Y, H) → (Z, W ) are continuous
group homomorphism, then (β1, β2).(α1, α2) = (β1α1, β2α2) : (X, G) →

(Z, W ) is also a continuous group homomorphism.
Thus (β1α1, β2α2)∗ : F (X, G) → F (Z, W ) by
(β1α1, β2α2)∗([f ; g]) = [(β1α1)f ; (β2α2)g]
= [β1(α1f); β2(α2g)] = (β1, β2)∗[α1f ; α2g] = (β1, β2)∗(α1, α2)∗
Thus ((β1, β2).(α1, α2))∗ = (β1, β2)∗(α1α2)∗ .
Also, for I(X,G) : (X, G) → (X, G),
F (I(X,G)) : F (X, G) → F (X, G)by
F (I(X,G))([f ; g]) = [f ; g] = IF (X,G)

⇒ ’F’ is a covariant functor.
Theorem 2.6:-

If (X,G) and (Y,H) be two transformation groups having same homotopy
type, then the groups F(X,G) and F(Y,H) are isomorphic, where G ' H
and X ' Y .

Proof:- Since (X,G) and (Y,H) have the same homotopy type, then there
exists
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(α1, α2) : (X, G) → (Y, H) and (β1, β2) : (Y, H) → (X, G) such that
α1 ◦ β1 ' IY and β1 ◦ α1 ' IX and α2 ◦ β2 ' IH and β2 ◦ α2 ' IG,.
Let (α1, α2)∗ : F (X, G) → F (Y, H) be defined by
(α1, α2)∗([f ; g]) = [α1f ; α2g].
Using Theorem2.3 and Lemma1.7, (α1, α2)∗ is a homomorphism from
F(X,G) to F(Y,H).
Then (α1, α2)∗ satisfies the following properties:-
i)(α1, α2) ' (β1, β2) ⇒ (α1, α2)∗ = (β1, β2)∗
ii)I(X,G) : (X, G) → (X, G)
⇒ (I(X,G))∗ = Id.F (X,G). = Id.
iii) ((β1, β2).(α1, α2))∗ = (β1, β2)∗(α1, α2)∗.

Since α1 ◦ β1 ' IY and β1 ◦ α1 ' IX and α2 ◦ β2 ' IH and β2 ◦ α2 ' IG,
Thus (β1 ◦ α1, β2 ◦ α2) ' (IX , IG), by i) and ii) we have
(β1 ◦ α1, β2 ◦ α2)∗ = (IX , IG)∗.
Hence ((β1, β2) ◦ (α1, α2))∗ = (I(X,G))∗ = Id.(F (X,G)) = Id. ,by ii).
Now by iii) we have (β1, β2)∗(α1, α2)∗ = Id..
Since (α1, α2)∗ is a homomorphism and since (β1, β2)∗(α1, α2)∗ = Id. and
hence (α1, α2)∗ is a monomorphism.
Similarly we show that (α1, α2)∗(β1, β2)∗ = Id. and hence (α1, α2)∗ is a
epimorphism.
Therefore (α1, α2)∗ is an isomorphism .
Thus F(X,G)∼= F(Y,H).

Theorem 2.7:-
If two transformation groups (X,G) and (X,H)have the same homotopy
type , then
F(X,G)∼= F(X,H).

Proof:-
Since (X,G)'(X,H), ∃ α : (X, G) → (X, H) and β : (X, H) → (X, G) such
that α · β ' IH and β · α ' IG.
Let α∗ : F (X, G) → F (X, H) be defined by
α∗([f ; g]) = [f ; αg]. Using Theorem2.4; α∗ is a homomorphism.
Then α∗ satiesfies the following properties:-
i) α ' β ⇒ α∗ = β∗

ii)I(X,G) : (X, G) → (X, G)
⇒ (I(X,G))∗ = Id.F (X,G). = Id.
iii)(α · β)∗ = α∗ · β∗

Since β · α ' IG, by i,ii,iii, we have (β · α)∗ = (IG)∗
⇒ β∗ · α∗ = Id.
⇒ α∗ is a monomorphism. When α · β ' IH , similarly prove that α∗ is a
epimorphism.
Thus α∗ is an isomorphism and hence the theorem is proved.
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Next we have:-

Theorem 2.8:-
The covariant functor F : Tgh → Fgh is a homotopy type invariant.

Proof:- Using the Theorem2.5, it follows that F is a covariant functor
and using the Theorem2.6, it follows that F is a homotopy type invariant,
in the sense that if (X,G) and (Y,H) are same homotopy type, then the
groups F(X,G) and F(Y,H) are isomorphic.
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STUDIJA ZA FUNKTOR ASOCIRAN SO GRUPATA OD

TRANSFORMACII

Pravaǌan Kr. Rana

R e z i m e

Celta na ovoj trud e da se konstruira funktor asociran so grupata

od transformacii kako i da se ispita toj funktor. Ḱe doka�eme deka:

1) za dadena grupa od transformacii (X, G) kade (X, x0) e pat svrzan

topoloxki prostor i G e grupa od homeomorfizmi na X , segogax postoi

kovarijanten funktor ′F′ from ′Tgh′ od ′Tgh′ vo ′Fgh′, kade ′Tgh′ ja

ozna;uva kategorijata od grupi od transformacii i nejzinata neprek-

inata grupa od homomotfizmi i ′Fgh′ ja oznaquva kategorijata od fun-

damentalni grupi i nivnite grupi od homomorfizmi.

2) Ako grupite od transformacii (X, G) i (Y, H) imaat ist homotop-

ski tip, togax grupite F (X, G) i F (Y, H) se izomorfni.

3) Kovarijantniot funktor F : Tgh → Fgh e invarijanta na homo-

topski tip.
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