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A STUDY OF FUNCTOR ASSOCIATED WITH
TRANSFORMATION GROUPS

PRAVANJAN KR. RANA

Abstract. The aim of this paper is to construct a functor associated
with transformation groups as well as investigate this functor.

In this paper we show that:-

i) for a given transformation group (X,G), where X is a path con-
nected pointed topological space with base point xp and G is a group of
homeomorphisms of X, there always exists a covariant functor 'F’ from
'"Tgh’ to 'Fgh’, where 'Tgh’ denotes the category of transformation
groups and their continuous group homomorphisms and 'Fgh’ denotes
the category of fundamental groups and their group homomorphisms;

ii) if the transformation groups (X,G) and (Y,H) have the same
homotopy type , then the groups F(X,G) and F(Y,H) are isomorphic;
we also prove that

iii) The covariant functor F' : Tgh — Fgh is a homotopy type
invariant.

1. Introduction

Throught this paper we assume that X is a path connected pointed topo-
logical space with base point xg . For simplicity, we write (X, G) in place
of (X,:L'(],G).

Now we recall the following definitions and statements:-

Definiton 1.1
A transformation group is a pair (X,G), where X is a path connected
pointed topological space with base point x¢g and G is a group of home-
omorphisms of X.

A map (®,¥) : (X,G) — (Y, H) consists of a continuous map & :
X — Y and a homomorphism ¥ : G — H, such that

®(gx) = U(g)®(x), for every pair(z,g).
Definiton 1.2

Given any element g of G, a path « of order g with base point z( is a
continuous map « : I — X such that a(0) = xg, a(1) = gxzo.
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A path « of order g7 and a path 3 of order go form a new path o + g1
of order g1g2 defined by the following equations:
(0 +g18)(t) = (2t),0 <t < 1/2;
(a+q1B)(t) =82t —1),1/2<t < 1.
Two paths o and 3 of same order g are said to be homotopic iff 3 a con-
tinuous map
C : I x I — X such that,
C(s,0) = a(s),0<s <1
C(s,1) = B(s),0< s < 1
C(0,4) = 2,0 < t < 1
C(1,t) = gz, 0 <t < 1.
Let [a; g] denotes the homotopy class of a path « of the order g. The family
of all such homotopy classes of paths of prescribed order with the rule of
composition ¢’ is a group, where ‘¢’ is defined by
[ 1] © [B5 g2] = [ + 9155 9192]
This group is called the fundamental group of (X,G) with base point xg
and is denoted by F(X,G).
Definition 1.3
A category C consists of
(a) a class of objects X, Y, Z,....,denoted by Ob(C);
(b) for each ordered pair of objects X, Y a set of morphisms with domain
X and range Y denoted by C(X,Y);
(c) for each order triple of objects X,Y and Z and a pair of morphisms
f: X— Y and g : Y—7Z their composite is denoted by gf : X—7Z,
satisfying the following two axioms:
i) associativity : if f € C(X,Y), g € C(Y,Z) and h € C(Z,W), then
hgf) = (hg)f € CX,W),
ii) identity : for each object Y in C there is a morphism Iy € C(Y,Y) such
that if f € C(X,Y) then Iy f = f and if h € C(Y,Z), then hly= h.
Definition 1.4
Let C and D be categories. A covariant functor T from C to D consists of
i) an object function which assigns to every object X of C an object T(X)
of D; and
ii) a morphism function which assigns to every morphism f : X—Y in C,
a morphism T'(f) : T(X) — T(Y) in D such that
a)T(Ix) = Ir(x);
b)T(gf)=T(9).T(f), forg: Y— W in C.
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Definition 1.5
Two transformation groups (X,G) and (Y,H) will said to be of the same
homotopy type if there exists category mappings
() : (X,G) — (Y, H) and
(@', 9 : (¥, H) — (X,G),
where ¥ and ¥’ are isomorphisms and ®'® ~ Iy and ®®' ~ Iy

Lemma 1.6
The transformation groups and its continuous group homomorphisms forms
a category.

Proof:- We take all transformation groups (X,G) as the set of objects and
the set of all transformation groups homomorphisms, the set of morphisms
and the composition is the usual composition of mappings. This category
will be denoted by 'Tgh’.

Lemma 1.7
Let (X,G) and (Y,H) be transformation groups. If fi and fs are two ho-
motopic paths in X with base point xg of order g; and go respectively, then
h1 f1 and hq fo are also two homotopic paths in Y with base point g of order
hogi and hags respectively , where g1, g2 € G and (h, hs) : (X,G) — (Y, H)
be a continuous group homomorphism |,

Le; [f1591] = [f2; 92] = [ha f1; hagi] = [ha fa; hagal.

Proof:- Using Definitionl.1 and Definition1.2, it follows.

In Section 2, we construct and investigate functor associated with trans-
formation groups.

2) Functor associated with transformation groups.

We now construct functor associated with transformation groups.

Let (X,G) be a transformation group, where X is a path connected
pointed topological space with base point x¢g and G is a group of home-
omorphisms of X,

Then we have the following Theorems:-

Theorem 2.1:-

Let I(x,¢) : (X, G) —(X,G) be amapping,then (I x )+ : F(X,G) —F(X,G)
is a group homomorphism.

Proof:- Define (I x g))« : F(X,G) —F(X,G) by
Ux,0)+([a;9]) = [Ix(a); Ic(9)] = [a; g].

Let [a1; g1], [a2; g2] € F(X,G).

Then [a; g1] = [a; g2

= [Ix(on); Ia(91)] = [Ix (a2); Ic(g2)]
= (I(x,c))« is well defined.

Now (I(x,q))«([a1; g1] © [aa; g2]) = (I(x,¢))«([01 + g1v2; 9192]).
Thus (I(x,q))«([a1 + g12; g192])
= [Ix (a1 + g102); Ic(9192)]
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= [a1 + g102; 9192
= [a1; 1] © 23 g2
= (Iix,¢))«([a1; 91]) © (I x,q))+([2; g2])
Hence (I(x g))+([a1; 91] ¢ [aa; g2]) = (I(x,6))+([a; 1)) © (I(x,6))+ ([cx2; g2]).-
Theorem 2.2:-
Let a: (X,G) —(Y,G) be a category mapping between two transforma-
tion groups (X,G) and (Y,G), then o, : F(X,G) —F(Y,G) is a group
homomorphism .
Proof:- Let oy : FI(X,G) —=F(Y,G) be defined by
a([f39]) = lafig],Vg € G.
Next let [f1;91] , [f2; 92] €F(X,G).
If [f15.91] = [f2; 92
= [afi; 91] = [afa; g1
= a([f1591]) = [ fo 1 1]
= a4 1s well defined.
Next let [a1; g1], [ae; 92] € F(X,G).
Then o ([a1; 1] © [a2; g2]) = ([ + g1a23 9192]), Vg1, 92 € G
Now ax([a1 + g1ae; g192]) = [a(a1 + g12); 9192]
= [aa; g1] © [aag; go] = au([au; g1]) © ax([az; go]).
Thus ay : F(X,G) —F(Y,G) is a group homomorphism .
Theorem 2.3:-
Let (hy, h2) : (X,G) —(Y,H) be a category mapping between two trans-
formation groups (X,G) and (Y,H), then (h1, ha)s : F(X,G) —F(Y,H) is
a group homomorphism .
Proof:- Define (hy, ho). : F(X,G) —F(Y,H) by
(P, ho)«([f5 g]) = [h1f; hag].
Let [f1;01] » [f2; 92] €F(X,G).
If [f15.91] = [f2; 92
= [h1f1; hag1] = [h1 f2; hagel, by lemma 1.7.
Thus [f1; 91] = [f2; g2
= (h1, h2)«([f1; 91]) = (h1, ho)«([f2; g2])-
= This map is well defined.
Now (h1, ha)«([f1; 1] © [f2; g2])
= (h1, h2)«([f1 + 91f2; 9192])
= [h(f1 + g1f2); h2(9192)])-
=[h1f1 + h1(g1f2); ha(g1)ha(g2)]
= [h1f1 + (h2g1)(h1f2); ha(g1)h2(g2)]
= [h1f1; hagi] © [h1 f2; hagal,
= (h1, h2)«([f1; 91] © (h1, h2)«([f2; g2])
Thus (hi, h2)« : F(X,G) —F(Y,H) is a group homomorphism .
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Proposition 2.4:-
Let o : (X,G) — (X, H) be a category mapping, « induces a group homo-
morphism, a, : F(X,G) — F(X, H), where a, = (Ix, @)s.

Proof:- Let [f; g] € F(X, G).We define a, : F(X,G) — F(X, H) by
a([f; 9]) = [f; ag].
Let [f1; 1] = [f2; 2] = [f1; ag1] = [f2; aga] = au((f1; 01]) = ([ f2; 92)-
= «y 1s well defined.
Now a.([f1; g1] @ [f2; 92])
= o ([f1 + 91.f2; 9192])
= [f1 + 91f2; a(g192)]
= [fi + (@g1) f2; (ag1)(ag2)]
= [fisaq] o [fa; agal.
Thus a.([f15 91] © [f2; 92]) = ([ f15 91]) © ([ f25 g2])-
= @, is a group homomorphism.

Theorem 2.5:-
Let "Tgh’ denotes the category of transformation groups and their continu-
ous group homomorphisms and ‘Fgh’ denotes the category of fundamental
groups and their group homomorphisms.
Then F : Tgh — Fgh is a covariant functor.

Proof:- Let (X,G) be a transformation group in 'Tgh’, then F(X,G) is a
fundamental group in 'Fgh'.
Also for (hy, he) : (X,G) — (Y, H) in'Tgh’, (h1,he)«: F(X,G) — F(Y,H)
in '"Fgh’ by
(h1, h2)«([f5 9]) = [ f; hag].
Let (a1, a0) : (X,G) — (Y, H), (1, 052) : (Y,H) — (Z, W) are continuous
group homomorphism, then (531, 52).(a1, a2) = (Brar, feaz) @ (X, G) —
(Z,W) is also a continuous group homomorphism.
Thus (Brou, Beaz)s : F(X,G) — F(Z,W) by
(Braa, B2a2)+([f5 9]) = [(Bran) f; (Bacr2)g]
= [Bi(a1f); Ba(azg)] = (B1, Bo)s|on f; aag] = (B1, B2)«(on, az)s
Thus ((81, B2)-(a1, @2))« = (B1, B2)«(102) -
Also, for I x o : (X, G) — (X, G),
F(I(Xg)) :F(X,G) — F(X,G)by
F(Iix,e)f;9) = [f; 9] = Irx,0)
= 'F’ is a covariant functor.

Theorem 2.6:-
If (X,G) and (Y,H) be two transformation groups having same homotopy
type, then the groups F(X,G) and F(Y,H) are isomorphic, where G ~ H
and X ~ Y.

Proof:- Since (X,G) and (Y,H) have the same homotopy type, then there
exists
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(ag,0) : (X, G) — (Y, H) and (31,02) : (Y, H) — (X, G) such that
arof1~ Iy and Bioa ~ Ix and ag 0 By >~ I and By 0 ag >~ Iz,.
Let (a1, 2)s : F(X,G) — F(Y, H) be defined by
(o, a2)+([f3 g]) = [a1 f; cag].
Using Theorem2.3 and Lemmal.7, (a1, a2)s is a homomorphism from
F(X,G) to F(Y,H).
Then (aq, ag). satisfies the following properties:-
i)(on, a2) > (B, B2) = (a1, a2)s = (B, B2)«
ii)I(X,G) : (Xv G) - (Xv G)
= (Iix,g))« = ld.p(x,c). = 1d.
iii) (81, B2)-(a1, @2))s = (B1, B2)+ (o, a2)s.
Since gy o By ~ Iy and B1oay ~ Ix and ag 0 B2 >~ Iy and By 0 an >~ I,
Thus (£ 0 a1, B2 0 ag) ~ (Ix, Ig), by i) and ii) we have
(ﬁl © aq, ﬁQ © a2)* = (IXa IG)*
Hence ((1, B2) o (a1, 02))s = (I(x,6))+ = Id-(r(x,q)) = 1d. ,by ii).
Now by iii) we have (81, f2)«(a1, a2). = Id..
Since (a1, ag)y is a homomorphism and since (51, B2)«(1, ag), = Id. and
hence (aq, @2)s is a monomorphism.
Similarly we show that (aq, @2)«(51,52)« = Id. and hence (i, a9), is a
epimorphism.
Therefore (o, a2), is an isomorphism .
Thus F(X,G)= F(Y,H).
Theorem 2.7:-
If two transformation groups (X,G) and (X,H)have the same homotopy
type , then
F(X,G)= F(X,H).
Proof:-
Since (X,G)~(X,H), 3 a: (X,G) — (X,H) and #: (X, H) — (X, G) such
that - S~ I and B -a ~ Ig.
Let a, : F(X,G) — F(X, H) be defined by
ax([f;g]) = [f; ag]. Using Theorem?2.4; «, is a homomorphism.
Then «, satiesfies the following properties:-
H)a~f=a.= 0
ii)I(X,G) : (Xv G) - (Xv G)
= (Iix,g))« = ld.px,c). = 1d.
iii) (- B)x = - B
Since (-« ~ I, by i,ii,iii, we have (- a). = (Ig)«
= 0y -, = Id.
= v is a monomorphism. When « - 3 >~ [y , similarly prove that «, is a
epimorphism.
Thus a, is an isomorphism and hence the theorem is proved.



A STUDY OF FUNCTOR ASSOCIATED WITH TRANSFORMATION GROUPS 25

Next we have:-

Theorem 2.8:-
The covariant functor F': Tgh — Fgh is a homotopy type invariant.
Proof:- Using the Theorem?2.5, it follows that F is a covariant functor
and using the Theorem?2.6, it follows that F is a homotopy type invariant,
in the sense that if (X,G) and (Y,H) are same homotopy type, then the
groups F(X,G) and F(Y,H) are isomorphic.
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CTYINJA 3A $YHKTOP ACOIINPAH CO I'PYIIATA OI1
TPAHC®OPMAIINN

IIpaBaman Kp. Pana

Pezuwme

[lenTa Ha OBOj TPYX € Ja ce KOHCTPYyUpa (YHKTOD acONMPaH CO IpyHaTta
On TpaHC(hOpMAaNUU KaKO U Ia Ce UCIUTa TO] (PYHKTOP. Ke IOKaKeMe [IeKa:

1) 3a manena rpyna ox tpauchopmanuu (X, G) xane (X, () e nat cp3an
Tonosomku ipoctop 1 G e rpymna on xomeoMopusMu Ha X , Ceroramnt moCTou
kosapujarTen ¢pyrrrop 'F/ ¢pom 'Tgh’ on 'Tgh’ o 'Fgh', xane 'Tgh’ ja
O3Ha;yBa KaTeropujaTta OJ I'PYION O TPaHC(HOpPMAIUU U HEj3UHATA HEIPEK-
uHaTa rpyma ox xomomordusmu u 'Fgh' ja osmauysa kareropujara on ¢ym-
JMAMEHTAJHYU TPYIU U HUBHUTE TPYTU OJ] XOMOMOD(PU3MU.

2) Axo rpynure oxn rparcdopmanuu (X, G) u (Y, H) mmaat uct xomoron-
ckn tun, toram rpynute F(X,G) u F(Y, H) ce usomopduu.

3) Kosapujartauor ¢ymrrop F' : Tgh — Fgh e umsapujanta ma xomo-
TOIICKY THIL.
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