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Abstract In the paper, one linear areolar equation of second order with analytic 

coefficients is considered, regarding the zeroes and the oscillatory character of 

its general solution. In this equation the first derivative is missing. Some 

theorems will be proven and some examples will be given for different cases of 

the coefficient.  

 

 

1. INTRODUCTION 

 

The notion of the term complex number, complex variable and complex 

function ( )f z  is a few centuries old and more than a century old is the idea for 

expanding the operations derivative and integral to a function of complex-

conjugated variable, z x iy  .  

In 1909, G.V. Kolosov [1], during his efforts to solve a problem from the 

theory of elasticity, has introduced the expressions  

ˆ1
2
[ ( )u v v u dW

x y x y dz
i   

   
     and        (1) 

ˆ1
2
[ ( )u v v u dW

x y x y dz
i   

   
              (2) 

known as operatory derivatives of a complex function  ( ) ( , )W W z u x y   

( , )iv x y  from a complex variable z x iy   and z x iy  , respectively. The 

operator rules for these derivatives are given in the monograph of Г. Н. 

Положиǔ [2] (pages 18-31). In the mentioned monograph, are also defined the 

so called operatory integrals 
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( )f z dz


   and  ( )f z dz


  

by z x iy   and z x iy  , respectively, from the complex function  ( )f f z  

in the area D , where their operatory rules are proven as well, page 32 - 41.  

 

2. REASONS FOR INTRODUCING THIS EQUATION  

AND FORMULATION OF THE PROBLEM  

 

In the theory of real functions a big role has the term oscillatory and 

especially the term periodical, as a direct consequence of the Newton's laws. 

The equation 
2

2
0d x k

mdt
x   is one of the oldest differential equations and at the 

same time the equation of oscillatory processes (from stretching the spring 

pendulum, to rotating motion of bodies bounded by mutual action of 

gravitational forces). 

In the case when k  i.e. m  is variable, and if we introduce here a general 

function ( )y x  and a regulator of the appearance ( )a x  we get a differential 

equation  

   ( ) 0y a x y              (3) 

which is called an equation of oscillations, if  

 1. ( ) 0a x 
 
and  

 2. ( )a x  is big enough to cause oscillations, which is expressed analytically 

with the condition the integral 

0

( )a x dx



 

to be divergent. 

Analogous to the equation (3) for the functions of two complex variables 

( , )W W z z , would be the equation with areolar derivatives from second order 

   
2

2

ˆ
( , ) 0d W

dz
A z z W           (4) 

where  ,A z z  is a given function and      , , ,W z z u x y iv x y   is an 

unknown function by the variables z  and z , which is a subject of analysis in 

this paper. Here, the derivative 
2

2

ˆ ˆ ˆ
( )d W d dW

dz dzdz
 , and the derivative d̂W

dz
 is 

defined with (2). One of the questions raised here is the following: Is there an 

analogy with real oscillations and whether (4) can be called areolar equation of 

oscillations? Whether the solutions of the equation (4) have zeros and what is 

their nature?  
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3. MAIN RESULT  

 

In [8], we tried to answer the simplest case of the equation (4), which is also 

the closest to the real oscillations, i.e. ( , )A z z K i     where K is a 

complex constant. There, we considered an areolar equation with constant 

coefficients  

   
2

2

ˆ
( ) 0d W

dz
i W             (5) 

and some theorems were proven. Also, we have considered some examples for 

various cases of the coefficient K .  

In this paper we are considering the equation (4), where ( )A z  is an analytic 

function. Because of that fact, we have that 
ˆ ( )

0.
dA z

dz
  So, in the equation  

   
2

2

ˆ
( ) 0d W

dz
A z W             (6) 

we can consider ( )A z  as it is in the rank of "a generalized constant" in 

operatory vocabulary. So we can do the procedures that are maid in [8], also 

here to the equation (6). We are looking for a particular solution from the 

following form  

   
rzW e              (7) 

where ( ( ))r r A z  and the solutions of the complex characteristic equation  

   2 ( ) 0r A z             (8) 

are depending from  ,x y , i.e.  

   1/2 1/2 1/2( ( , ) ( , ))r x y i x y             (9) 

Repeating the procedure as in [8], i.e. using some formulas from complex 

analysis and trigonometry, i.e. if we put ( ) ii e      , where 

2 2     and arctg



  , for (9) we have 

arctg 2 arctg 22 2
1/2 2 2

[cos sin ], 0,1
k k

r i k

 

 
 

 
 

     

i.e. 

arctg arctg2 24
1 2 2

[cos sin ]r i

 

      

and  

arctg 2 arctg 22 24
2 2 2

[cos sin ]r i

 

 
 

 
 

   . 
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If we use some of the trigonometric formulas that are useful here, with short 

transformations we get  

2 2 2 2( , ) ( , ) ( , ) ( , ) ( , ) ( , )
1 2 2
( , )

x y x y x y x y x y x y
r x y i

        
    (10) 

and 

2 2 2 2( , ) ( , ) ( , ) ( , ) ( , ) ( , )
2 2 2
( , )

x y x y x y x y x y x y
r x y i

        
    (11) 

and according to this, the general solution of (6) will be: 

   1 2( ) ( )
1 2( , ) ( ) ( )

r z z r z z
W z z C z e C z e  .      (12) 

We have proven the following 

 

Theorem. The areolar equation (6) with analytic coefficient  A z  has general 

solution (12), where the complex functions  1r z  and  2r z  are given with 

(10) and (11).  

 

Lets see some examples. 

 

Example 1. Lets consider the equation 
2

2

ˆ 2 0d W

dz
z W  . The substitute 

rzW e  

gives us the equation 
2 2 0r z   where from we get that 1/2 ( )r z x iy      

so,  

     
2 2

1 ( )( )
1

r z x iy x iy x yW e e e      

     
2 2

2
2 2

( )( ) ( ) 1
2

x y

r z x iy x iy x y

e

W e e e


         

and now the general solution is 
2 2| | | |

1 2 1 2( , ) ( ) ( ) ( ) ( )z z z z z zW z z C z e C z e C z e C z e       . 

We can see that the zeroes can be only the common zeroes of the "constants" 

1( )C z  and 2( )C z . 

  

Example 2. For the equation 
2

2

ˆ 2 0d W

dz
z W   the characteristic equation is 

2 2 0r z   where from we get 1/2 1r z iz        

2 2| | | |
1 2 1 2( , ) ( ) ( ) ( ) ( )iz z iz z i z i zW z z C z e C z e C z e C z e        
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or  

2 2 2 2
1 2 1 2cos( )[ ( ) ( )] sin( )[ ( ) ( )]W x y C z C z i x y C z C z       

It is obvious that the zeroes of  W  can be only the common zeroes of 1( )C z  

and 2( )C z . 

 

Example 3.  Lets consider a coefficient ( )A z  without zeroes, for example 

2( ) zA z e . Then, we have the equation 
2

2

ˆ 2 0zd W

dz
e W   and with the substitute 

rzW e  we get 
2 2zr e   where from 1/2

zr ie    

1 2,
z zie z ie zW e W e  . 

So, we have now: 

[ cos sin ]
1 {cos[ ( cos sin )] sin[ ( cos sin )]}

xe y y x y x xW e e x y y y i e x y y y     

[ cos sin ]
2 {cos[ ( cos sin )] sin[ ( cos sin )]}

xe y y x y x xW e e x y y y i e x y y y      

Zeroes for 1W  we will get for cos 0   and sin 0   for  

( cos sin )xe x y y y   , 

and the zeroes for 2W  are the same. From cos 0  , we get 
2

(2 1)k    , and 

from sin 0  , we get n  . Since this functions are never equal, we have 

that ( , )W z z  has no zeroes, except for 0W  , i.e. for 1 2( ) ( ) 0.C z C z    

 

4. CONCLUSION  

 

In [8] we concluded that in the linear areolar equation from II order (5), the 

oscillatority exists in the solution both in the real and in the imaginary part and 

( , ) 0W z z   has zeroes, where the signs of   and   in the coefficient 

K i   does not has any influence on that oscillatority.  

From the previous examples, we can conclude that for the considered areolar 

equation from II order (6), zeroes of its solutions can be only the common 

zeroes of the generalized constants 1( )C z  and 2( )C z  which is different from 

the Theorem 2 in [8].   

We can conclude that in 
2

2

ˆ
0d W

dz
KW   if K  is not a constant, but it is a 

"generalized constant" ( )A z , then the formulated theorem 2 in [8] no longer 

stands.  
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