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Abstract. The format of the Chernorizec Hrabar Math Tournament
includes 5 divisions for students of two consecutive grades, e.g. 5th
and 6th grade students. A natural question is how appropriate is the
common competition paper for any of two age strata. To clarify this
issue we introduce the notion of age-factor index as the difference of
the test-item difficulties calculated separately for any age stratum, e.g.
∆k = T5k − T6k where T5k and T6k stand for the test-item difficulty of
the k-th test item for the 5th and 6th grade students’ variation row
respectively. The average value of ∆k for the contest paper could be
considered as a relative measure of reliability and uniformity of the
contest paper for a particular target group. The study presents details
about 2015 Chernorizec Hrabar contest paper for 5th and 6th graders
and the application of the new concept in didactical analysis.

1. Introduction
The first issue of Chernorizec Hrabar math tournament (ChH) was held
in 1992 and there was just one competition paper for all participants who
were advanced 9th–11th grade students [2]. Since then the competition
format changed several times and today’s version includes 5 divisions for
students of two consecutive grades, starting with 3rd&4th and finishing
with 11th&12th graders. The question about how appropriate is such
format is natural. The possible answer strongly depends on the educational
goal which differs for any of the age groups. However, some a posteriori
calculated statistic parameters could help in didactical analysis of the competition paper.
2. Parameters and general statistics
The competition paper under consideration is the one for 5th&6th graders,
2015 [4]. There were 20 multiple choice questions with one correct answer
and 4 distractors each. The correct response is worth 7 points, the blank is
2000 Mathematics Subject Classification. 97C30.
Key words and phrases. age-factor index, multiple-choice competitions, Chernorizec
Hrabar Math Tournament, high order thinking.
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3 and a wrong response is 0. Such scoring provides guessing mathematical
expectation of 28 points which guaranties rather poor result (take into
account that a blank responses sheet is worth 60 points). Hence the
students are not encouraged to guess the answer and we can accept that
the correct answer was actually obtained by solving the problem. At least
this is our assumption for the upper part of the variation row.
The total number of participants in this age group in 2015 was 1845.
The range of scoring was 14-140 points. The shape of the variation row
(VR) is normal-distribution-like for the entire population (Figure 1).

Figure 1. VR for the 5-6 graders, 2015 ChH issue.
The population considered in our study is restricted to the participants
in one particular competition center which is typical for middle-size town
in Bulgaria. The 5th grade students were 56 and the 6th graders were 54.
The shift of the variation row of 6th graders toward the one of the 5th
graders reflects a difference in the students’ performance possibly caused
by age (Figure 2). The 5th graders’ graph is initially above the graph of the
6th graders. Somewhere between 70 and 80 points both graphs go together
and then their position changes. Further we will study this quite natural
phenomenon from didactic perspective with the help of a new statistical
variable.
3. The age-factor index
The statistical method we apply is the standard one for a multiple-choice
competitions paper, but we changed slightly the formula for calculating the
test-item characteristics. Further we denote by Tnk the difficulty of the k-th
test item (k = 1, 2, . . . , 20) for the n-th grade stratum (n = 5, 6), and the
discriminatory power by Dnk respectively. The values for Tnk are calculated
as (100 minus the percentage of the number of correct responses), i.e. as the
percentage of the incorrect and the blank responses altogether. The values
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Figure 2. VRs for the 5 and 6 graders (blue line and red
line, respectively).
for Dnk are half of the difference between the difficulties for the fourth and
the first quartile.
We define the age-factor index (AFI) of the k-th test item as the difference
k
∆ = T5k − T6k . Let us note that the variable ∆k is not only age-dependent.
However, we will use it in our didactic analysis as an additional instrument
that indicates mainly age-dependent features of a particular test item. The
distribution of ∆k for the competition paper under consideration is given
in Figure 3.

Figure 3. Distribution of ∆k .
We are also interested in the average value ∆ of AFIs for the entire
competition paper. It could be interpreted as the magnitude of the shift of
the graph of the 6th graders’ VR with respect to the 5th graders’ one.
Our recent statistics clearly shows that in some small groups the age
factor does not play significant role in student performance, especially for
senior secondary school. For instance, the 11th graders of a particular
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competition center showed in average better results than 12th graders in
the 2015 issue of ChH. However, in the middle school ∆ occurs to be close
to 10 for the last two consecutive issues of ChH and we think this could be
not just a random coincidence.
4. Didactic analysis
In our previous study [5] we detected that the AFI of some problems
which concern extracurricular topics is less than the AFI of test items
closely related to the school curriculum. Our conjecture was that the
math knowledge and skills formed in extracurricular activities are more
sustainable than the ones built in the frame of school curriculum. The next
three examples will show another side of age dependent math abilities.
TI 3. Let us define two new operations for the numbers a and b:
a♮b = ab − a − b and a♯b = ab + a + b.
For example, 5♮2 = 5 · 2 − 5 − 2 = 3, 5♯2 = 5 · 2 + 5 + 2 = 17. Which is the
number x in the diagram?
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(A) 20 (B) 12 (C) 22 (D) 18 (E) none of these
Solution. 3♮6 = 9, 2♯3 = 11, x = 9 + 11.
Correct answer (A).
Comment. The test-item statistics is: T53 = 32.1; D53 = 21.4; T63 =
11.1; D63 = 7.1 and ∆3 = 21.0. The introduction of a new concept in a
contest paper is always risky. This test-item combines the very well known
technique of calculating expression value in a diagram with the also familiar
funny-looking operations. Our previous research claims that the easiest
problems about arithmetic expressions are of diagram type [1]. However,
the large value of ∆3 indicates that such combination of ideas is inside the
6th graders zone of proximal development (ZPD) but for the one third of
the five graders it is beyond their ZPD [6].
TI 12. Alex, Bobby and Charlie thought of the same two-digit number.
Alex multiplied the number by 3, then added 3 to the result, then divided
the new result to 3, subtracted 3 from the quotient and obtained the
number A. Bobby added 3 to the initial number, multiplied the result
to 3, subtracted 3 from the product, divided the result by 3 and obtained
the number B. Charlie first subtracted 3 from the initial number, then
multiplied the result by 3, added 3 to the product, divided the sum to 3
and obtained the number C. How are ordered the numbers A, B and C?

AGE FACTOR IN A MATH CONTEST PAPER

61

(A) A≥B≥C (B) C≥A≥B (C) A≥C≥B (D) B≥A≥C (E) C≥B≥A
Solution. Let X be the initial number. Performing the operations, we
obtain
A = (X · 3 + 3)/3 − 3 = X + 1 − 3 = X − 2,
B = ((X + 3) · 3 − 3)/3 = (3X + 9 − 3)/3 = X + 2,
C = ((X − 3) · 3 + 3)/3 = (3X − 9 + 3)/3 = X − 2.
The problem may be solved by using a specific value of X (X ≥ 3 for 5th
graders), e.g. if X = 12, then A = 10, B = 14, C = 10.
Correct answer (D).
Comment. This test-item statistics is: T512 = 51.8; D512 = 28.6; T612 =
18.5; D612 = 33 and ∆12 = 21 (this is the largest AFI in the competition
paper). Problems of this type appear in ChH competitions papers as easy
ones, but usually they are written in schematic format [3], e.g. the difficulty
of the quite similar test-item 10 from the 2015 competition paper was 16.7
in the 5th grade stratum. The verbal format of the operation description
appears to be insurmountable for half of the 5th graders but it causes no
troubles in 6th grade.
TI 15. How many natural numbers are there, whose sum of digits equals
7 and product of digits equals 8?
(A) 4 (B) 6 (C) 8 (D) 10 (E) 12
Solution. The digits of the desired numbers are factors of 8. A digit 8
makes the sum of the digits greater than 7. Thus only 1, 2, and 4 could be
possible digits. There are two cases.
(1) 4 is among the digits; there cannot be another 4, hence it must be
exactly one 2 to get the product 8; to complete the sum exactly one 1 is
needed; there are 6 numbers formed by the digits 4, 2 and 1.
(2) 4 is not among the digits; there must be 3 digits 2 to get the product 8;
to complete the sum exactly one 1 is needed; there are 4 numbers formed
by three 2 and one 1.
Correct answer (D).
Comment. The test-item statistics is: T515 = 91.1; D515 = 10.7; T615 =
63.0; D615 = 28.6 and ∆15 = 28. The problem is of complex type. The
first step refers to divisibility and the second step is combinatorial. It is no
surprise for us that the difficulty is high for both strata. The high value of
AFI confirms the conjecture that combining math ideas is beyond ZPD of a
considerable fraction of advanced students in 5th and 6th grade. However,
the statistics gives reason to claim that for one third of the 6th graders such
complex knowledge and skill could be achieved, i.e. complex problems are
in their zone of actual development (ZAD) [6].
TI 6. The long-eared owl makes calls at equal intervals; the duration
of a call is ignored. An owl needs 20 seconds to make 5 calls. How many
seconds are needed for an owl to make 25 calls?
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(A) 108 (B) 100 (C) 125 (D) 96 (E) 120
Solution. There are 4 intervals between the five calls, i.e. each interval is
20/4 = 5 seconds long. There will be 24 intervals between 25 calls, therefore
24 · 5 = 120 seconds will be needed to make 25 calls.
Correct answer (E).
Comment. The statistics is: T56 = 85.7; D56 = 3.6; T66 = 85.2; D66 = 7.1
and ∆6 = 1. To our surprise, the statistical difficulty is too high for this
easy one-step problem. Moreover, every issue of ChH includes such kind
of problems, even in the competition papers for 3-4 grades. The small ∆6
value says that it is an equally slippery problem for both age strata. On the
6 means that the problem appears tricky for both
other hand, the small D5,6
advanced and less able students. The most frequent students response was
(B) which corresponds to the ”solution”: 5 times more calls need 5 times
more time. Maybe the accommodation of this test item in the beginning
of the competition paper caused such misunderestimation ;-).
TI 10. Which is the arithmetic operation replaced by the symbol ∇ in
the equation
(555 + 5 − 55)∇(5 − 5 : 5) − 5 = 2015 ?
(A) addition (B) subtraction (C) division (D) multiplication
(E) none of the operations is appropriate
Solution. 505∇4 − 5 = 2015; 505∇4 = 2020 ⇐⇒ 505·4 = 2020. Correct
answer (D).
Comment. The statistics is: T510 = 7.1; D510 = 3.6; T610 = 5.6; D610 = 10.7
and ∆10 = 2. Here the AFI’s value tells us that this problem was equally
easy for both age strata.
TI 4. In the summer of 2016 we will celebrate the 100th anniversary
of Dimitar Spisarevski. On December 20, 1943, lieutenant Spisarevski
died while destroying an enemy bomber attacking Sofia. How old was the
lieutenant when he accomplished this feat?
(A) 43 (B) 16 (C) 27 (D) 20 (E) 36
Solution. Dimitar Spisarevski was born on July 19, 1916, and therefore
he was 43 − 16 = 27 years old.
Correct answer (C).
Comment. The statistics is: T54 = 5.4; D54 = 7.1; T64 = 7.4; D64 = 10.7
4
and ∆4 = −2. The values of D5,6
advocate that the problem provides
better opportunities for the more prepared students. The negative AFI is
quite unusual phenomenon but it happened. Our explanation is that this
is another underestimated test item by some of the 6th graders.
Historical note. The birth date of Dimitar Spisarevski is not clarified. About 4000
civilians died during the American bombings of Sofia in 1943-1944.
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5. Conclusions
The VR of the entire population evidences that our competition paper
provides enough space for the most prepared and gifted students to manifest
their knowledge and skills. We accept that the average AFI value is normal
to be close to 10 for the 5-6 graders. The distribution of ∆k shows that
half of the test items are equally suitable for 5th and 6th grade. The other
half of the test items gives a little advantage to the elder stratum but also
encourages the younger students to study mathematics deeper.
The examples from the previous section confirm our note that AFI
alone cannot provide enough information about the quality of a test item.
However, the relatively large AFI values focus our attention on some significant age dependent sides of student’s cognitive development. The AFI
values in the first three examples hint that the ability to combine sophisticated math ideas is a sort of thinking of very high order. The values of
k , k = 3, 12, 15, support the thesis that such ability appears to be in
D5,6
progress between 5th and 6th grade.
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