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ABOUT THE TYPES OF HOMOGENOUS LINEAR 

DIFFERENTIAL EQUATIONS OF SECOND ORDER AND 

THEIR SOLUTIONS 
 

Lazo Dimov   
 

 

Abstract In the paper, types of linear differential equations of second order are 

defined in the sense of the known classification of the types of linear partial 

differential equations of second order. Then the shapes of their solutions are 

examined and some classes differential equations are solved.   

 

 

1. PART 1 

 

For the linear partial differential equations of second order 
2 2 2

2 2
2 0z z z z z

x y x yx y
A B C D E Fz G    

    
       , 

where , , , , ,A B C D E F and G  are real functions from the two variables x  and 

y , depending on the value of the determinant 

A B

B C
  , 

we have the following classification: 

 1. If 0  , it is a PDE of hyperbolic type. 

 2. If 0  , it is a PDE of parabolic type. 

 3. If 0  , it is a PDE of elliptic type. 

 

 Here, we will make a similar classification for the homogenous linear 

differential equations of second order. It is well known that the equation 

0y Ay             (1) 
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where A const  (equation 2.9 on page 365 in [2]), has a solution which can be 

written with the formula 

1 2( ) sin cos , for 0y x c Ax c Ax A    

     1 2( ) , for 0y x c x c A             (2) 

1 2( ) sh ch , for 0y x c Ax c Ax A     . 

 By analogy with the classification of the linear PDE of second order that we 

made, we can make the following classification for the equation (1) and its 

solution (2): 

 1. If 0A , it is an equation of hyperbolic type. 

 2. If 0A , it is an equation of parabolic type. 

 3. If 0A , it is an equation of elliptic type. 

 If ( )A a x  is a given function, then we can make the following 

classification of the equation (1), which now has the form 

 ( ) 0y a x y             (3) 

and its solution as well, i.e.: 

 1. An equation of hyperbolic type, if ( ) 0a x  . 

 2. An equation of parabolic type, if ( ) 0a x  . 

 3. An equation of elliptic type, if ( ) 0a x  . 

 For the solution of the equation (3) for every type, we examine the following 

formulas: 

1 ( ) 2 ( )( ) sin cos , for ( ) 0a x a xy x c x c x a x    

     1 2( ) , for ( ) 0y x c x c a x             (4) 

1 ( ) 2 ( )( ) sh ch , for ( ) 0a x a xy x c x c x a x   . 

Here, the functions ( ) ( ) ( ) ( )sin , cos , sh , cha x a x a x a xx x x x  are defined and 

determined in [3]. 

 It is well known that if in the differential equation 

( ) ( ) 0y f x y g x y              (5) 

we introduce a new function given with  

   
1
2

( )
( ) ( )

f x dx
y x e z x

            (6) 

it will transform in the differential equation  

( ) 0z a x z              (7) 

known as canonical equation, where 

 21 1
2 4

( ) ( ) ( ) ( )a x g x f x f x   .         (8) 
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Now, according to the previous classification we made, we get the following 

classification for the equation (5): 

 1. The equation (5) is of hyperbolic type, if ( ) 0a x  . 

 2. The equation (5) is of parabolic type, if ( ) 0a x  . 

 3. The equation (5) is of elliptic type, if ( ) 0a x  . 

Here, the solution of the equation (5), we get with the formulas: 

 
1
2

( )
1 ( ) 2 ( )( ) [ sin cos ], for ( ) 0

f x dx
a x a xy x e c x c x a x

     

 
1
2

( )
1 2( ) [ ], for ( ) 0

f x dx
y x e c x c a x

              (9) 

 
1
2

( )
1 ( ) 2 ( )( ) [ sh ch ], for ( ) 0

f x dx
a x a xy x e c x c x a x

    . 

 

Example. The differential equation 

2 22( ) ( 2 2 1) 0y x k y x kx k k y          

where 

2 2( ) 2( ), ( ) 2 2 1,f x x k g x x kx k k        

and k const  has a canonical equation 

2( ) 0,z k k z     

so, according to the formulas (2) has a solution 

      2 2
1 2( ) sin cos , if ,0 1,z x c k kx c k kx k         

   1 2( ) , if 0 and 1z x c x c k k               

    
2 2

1 2( ) , if 0,1 .k k x k k xz x c e c e k      

Now, the given equation according to the formulas (9) has a solution: 

    
2

2 2 2
1 2( ) [ sin cos ], if ,0 1,

x kx
y x e c k kx c k kx k

 
         

 

2

2
1 2( ) [ ], if 0

x

y x e c x c k


     

 

2

2
1 2( ) [ ], if 1

x x
y x e c x c k

 
              

  
2

2 2
2

1 2( ) [ ], if 0,1 .
x kx k k x k k xy x e c e c e k
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2. PART 2 

 

 If we introduce a new independent variable in the equation (5) with the 

relation ( )x x t , in order to get the equation (5) shaped as (1), we get that the 

functions that appear in the equation, satisfy the condition 

( ) 2 ( ) ( ) 0g x f x g x           (10) 

and we get the new variable from the relation 

2
( )

( ) .A
g x

x t            (11) 

 From (11) we have the following: 

 1. for ( ) 0g x   we have 0A , so the equation becomes an equation from 

elliptic type, where the connection between the new and the old variable is 

( ) .At g x dx    

 2. for   0g x   we have 0A , so the equation becomes an equation from 

hyperbolic type, where the connection between the new and the old variable is 

( ) .At g x dx        

 3. if ( ) 0g x  , we can say that the equation is from parabolic type. Actually, 

the equation is 

( ) 0y f x y    

and its solution is given with the formula 

( )
1 2( ) .

f x dx
y x c e dx c

   

Now, for the general solution of this kind of equation according to the formula 

(2), we get the following formula: 

  
( ) ( )

1 2( ) , for ( ) 0
g x dx g x dx

y x c e c e g x
       

  
( )

1 2( ) , for ( ) 0
f x dx

y x c e dx c g x
           (12) 

     1 2( ) sin ( ) cos ( ) , for ( ) 0.y x c g x dx c g x dx g x     

 

Example. In the differential equation 

1
2

0,k
x x

y y y     

where the functions 1
2

( )
x

f x   and ( ) k
x

g x   satisfy the condition (10). So, 

according to the formulas (12), its solution is   
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2 2
1 2( ) , for 0kx kxy x c e c e kx      

  1 2( ) , for 0y x c x c k               (12’) 

  1 2( ) sin(2 ) cos(2 ), for 0.y x c kx c kx kx    

  

3. PART 3  

 

 Here we will explore the differential equation of second order with positive 

constant coefficients 

2( ) 2 ( ) ( ) 0,y t ay t b y t            (13) 

(in [5] it is explored with dimensional constants). The characteristic equation of 

the equation (13) is 

2 22 0.r ar b    

Its solutions are     2 2
1 2 .r a a b     

It is useful to write them in the following shape 

2 2
1 2 ( ( ) 1) ( ) , , 1.a a a

b b b
r b k l b k l k           

 Now, depending on the value of l , we make the following classification of 

the equation (13): 

 1. for 0l   i.e. 1k  , the equation is an equation from elliptic type,  

 2. for 0l   i.e. 1k  , the equation is an equation from parabolic type, 

 3. for 0l   i.e. 1k  , the equation is an equation from hyperbolic type. 

Its solution is given with the formulas: 

1 2( ) ( cos sin ), for 0, i.e. 1btky x e c lbt c lbt l k       

1 2( ) ( ), for 0, i.e. 1bty x e c c t l k              (14) 

1 2( ) , for 0, i.e. 1, where , .btm btny x c e c e l k m k l n k l           

 Now, if in the differential equation (5) we introduce new independent 

variable with the relation ( )x x t , in order to get the equation (5) shaped as the 

differential equation (13), we get that the following conditions have to be 

satisfied 

( )

( )
( ) ( ) 2

x t

x t
f x x t a




             (15) 

2 2( ) ( ) .g x x t b            (16) 

Eliminating t  from (15) and (16) we get 
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2 ( ) ( ) ( )

4 ( ) ( )
.

g x f x g x a
bg x g x

k


            (17) 

Now, if we find the derivative of (17) we get the functional connection: 

2 22 ( ) ( ) ( ) 4 ( ) ( ) 2 ( ) ( ) 3 ( ) 0f x g x g x g x f x g x g x g x          (18) 

which in fact is the condition that has to satisfy the functions ( )f x  and ( )g x  in 

order the equation (5) to be able to transform into (13). 

 From (16) we come to the connection between the old and the new 

independent variable: 

 ( ) .bt g x dx            (19) 

So, we have proven the following theorem: 

 

Theorem. The differential equation (5) can be transformed into a differential 

equation of type (13) if the functions ( )f x  and ( )g x  satisfy the condition (18) 

and the new independent variable is given with the relation (19). Here, we get 

the general solution according to the formulas (14) in which we substitute 

bt with (19) and the ratio a
b

k  is given with the formula (17). 

 For the general solution we have the formulas:    

 ( ) 2
1 2cos ( ) sin ( ) , for 0 1, 1 .

k g x dx
y e c l g x dx c l g x dx k l k

       

( )
1 2( ( ) ), for 1,

g x dx
y e c c g x dx k

              

( ) ( )
1 2 , for 1, where , .

m g x dx n g x dx
y c e c e k m k l n k l             

 

Example 1. In the differential equation 

1
2

( ) 0,
x

y c x y xy      

the functions 1
2

( )
x

f x c x   and ( )g x x  satisfy the condition (18), for k  

from (17) we get 
2
ck  . So, according to the formula for the substitute, we have 

3
22

3
( ) .g x dx xdx x    

 Depending on the value of c  we have the following forms for the solution of 

the differential equation  

  

3
3 32

3 2 22 21 1
1 23 3

( cos 4 sin 4 ), for 0 2.
c x

y e c c x c c x c
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3
3 2 2

32
1 2( ) , for 2,

x
y c c x e c


               

 

3 32 24 42 2
3 3

1 2 , for 2.
c c c cx x

y c e c e c
   

    

 

Example 2. The Euler differential equation 

2 0,x y cxy y     

written in shape (5) is  

2
1 0c

x x
y y y    . 

The functions ( ) c
x

f x   and 
2

1( )
x

g x   satisfy the condition (18) and for k  

from (17) we get 1
2

ck  . So, according to the formula for the substitute, we 

have 

1( ) ln .
x

g x dx dx x    

 Depending on the value of c  we have the following forms for the solution of 

the differential equation  

1
3 2 21 1

1 22 2
( cos 3 2 ln sin 3 2 ln ), for 1 3,

c

y e c c c x c c c x c


         

1
1 2( ln ) , for 3,

x
y c c x c    

2 21 2 3 1 2 3
2 2

1 2 , for 3.
c c c c c c

y c e c e c
       

    

 

Note. In [2] on page 383, ex. 2.75 is proven that the differential equation (5) 

with similar substitution can be transformed into the differential equation with 

constant coefficients 

0,y ay y     

which is a special case of the equation (13). 
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