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ABOUT A TWIN SOLUTION OF THE VEKUA EQUATION

Slagjana Brsakoska

Abstract. In the paper main object of research is the Vekua equation.
Two types of functions are found that are strongly connected to each
other because it will be proven that if one of them is a solution of the
Vekua equation, so will be the other one with a corresponding
condition. Three different cases are considered.

1. INTRODUCTION

G. V. Kolosov in 1909 [1], when he was solving a problem from the theory
of elasticity, introduced the expressions

lrou ov _du
5[& +|( ) and
lrou N, ou
5[& +'( )
known as operatory derivatives of a complex function W =W (2)=u(x,y)

+iv(x,y) from a complex variable z=x+iy and Z =x-1ly, respectively. The

operator rules for these derivatives are given in the monograph of I'. H.
IMonosxwut [2] (pages 18-31). In the mentioned monograph, are also defined the
so called operatory integrals

T f(z)dz and ? f(2)dz

by z=x+iy and Z =x—iy, respectively, from the complex function f = f(z)
in the area D < C, where their operatory rules are proven as well, page 32 - 41.
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2. FORMULATION OF THE PROBLEM

Main object of this research is the Vekua equation
dW _ 417
7 AW + BW + F (1)

where the functions A= A(z), B=B(z),F =F(2) are arbitrary functions from
complex variable without any limitation or condition that they have to fulfill.

Because in general case there is no method for finding its general solution,
we explore the idea to find some solution of the Vekua equation (1) in the
following form:

W =W (¢(2),v(2)) )
where @ =¢(Z) is antyanalytic function and y =y(z) is analytic function.

3. MAIN RESULT

Case 1. Let W = ‘”((Z; be a solution of the equation (1) (and is from the form

(2)), i.e. it is a ratio from one antyanalytic and one analytic function. That means
that this function satisfies the equation (1), so if we find the operator derivative
by Z from W and replace it in (1) we get:

W _ ((/J(Z)) 1 dco(f)

iz ~dz\w(@)’ " w(@) &

1 de@)  A0@) 9(2)

vo e A TG+

7 (2)- dco(f AD(2)y (2) + Bo(Z)7(Z) + Fy (2)7(Z)

If we make one more transformation, we can get a proof to one more interesting

statement. If we add on both sides the expression (p(f)-% and given into

consideration that

d(’?(?f(ﬂ(i)) d(//(Z) §D(Z)+‘//(Z)

\_/

then, we get
WC) - L. o(2)-+ Alp@W (D) + B- pD)7(2) + Fy ()7(2)
So, if
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V(@ (@) =1 and p(z2)- 94D _g 3)
we get another solution to the Vekua equation (1), i.e. the function
W, =@(Z)-w(Z) which is not from the form (2). It is an antyanalytic function.

If we want a solution that W =0, then ¢(Z)=0, which means that the second

condition in (3) is d“;g) =0.

So, now we can formulate the proven fact as a theorem.

Theorem 1. Let ¢ =¢(Z) be an antyanalytic function and w =w(z) be an

analytic function. If W = % is a solution to the Vekua equation (1), then

W, =@(Z)y/(Z) is also a solution to the Vekua equation (1), if the conditions (3)
are satisfied.

Case 2. Let W = % be a solution of the equation (1) (and is from the form

(2)), i.e. it is a ratio from one analytic and one antyanalytic function. That means
that this function satisfies the equation (1), so if we find the operator derivative
by Z from W and replace it in (1) we get:

dw _ d w(@ y(z) de()
TG vOsGhy —5e %

_w(@) de(@) _ A vy, pw(@
p’(z) * (co(Z)) " B(co(?)) +F

~23.5(2)- 942 = AF(@)p(2) + B (D)p(2) + Fo(@)-5(2)

If we make one more transformation, we can get a proof to another
interesting statement. Here we expect a new solution of the Vekua equation to
be the function W, =@(z) - (z). It is analytic function, so its areolar derivative

is 0. So, if we add on both sides the expression dd, ,

18- 5(2)- G2+ PO - A (D5(@) + Bu (95(2) + Fo(@) - 5(2)
So, if

then we get
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P(2)-p(2) =1 and XD (). 9D (4)

we get another solution to the Vekua equation (1), i.e. the function
W, =@(z)-w(z) which is not from the form (2). It is an analytic function.

Again, the second condition in (4), means that % =0.

So, now we can formulate the proven fact as a theorem.

Theorem 2. Let ¢=¢(Z) be an antyanalytic function and w =w(z) be an

analytic function. If W = % is a solution to the Vekua equation (1), then

W, =@(z)-w(z) is also a solution to the Vekua equation (1), if the conditions
(4) are satisfied.

Case 3. Let W =w/(2)(Z) is a solution of the equation (1) (and is from the

form (2)), i.e. it is a product from one antyanalytic and one analytic function.
That means that this function satisfies the equation (1), so if we find the
operator derivative by Z from W and replace it in (1) we get:

dd_VZv az (l//(Z)(/)(Z)) ()y(z) d(p(z)

v(2)- 398 _ Ny @)p(@) + By (D)D) + F

1 de@) _ , #(2) @(Z) 1
7o e Mo tBro T veie

If we make one more transformation, we can get a proof to one more interesting

w(z) dy(2)
dz

statement. If we add on both sides the expression — and given into

consideration that

o(2) 1 dqo(Z) dl//(z) 1 do@) _ (@) dw(z)
d»( (Z))_ ( ( l//(Z) ¢() )_ v(Z) dz _1/72(7)' dz

then, we get

B.2D g1 _ @ dv(@)

((ﬂ(z)) ((0(2)
v T v e @

v@) = Ng)

So, if

w(2)7(z)=1 and —% 92 o (5)
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~—

we get another solution to the Vekua equation (1), i.e. the function W, =%

which is not from the form (2). Again, (5) means that d‘zg) =0.

So, now we can formulate the proven fact as a theorem.

Theorem 3. Let ¢=¢(Z) be an antyanalytic function and w =w(z) be an

analytic function. If W = (2)@(Z) is a solution to the Vekua equation (1), then
W, = % is also a solution to the Vekua equation (1), if the conditions (5) are
satisfied.

Note. As we can see in all three cases, the second twin solution is not from the
form (2). The functions are different, but the conditions are similar.
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