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ON (3,2,p)-S-K-METRIZABLE SPACES

Sonja Calamani®, Don&o Dimovski®
Marzanna Seweryn-Kuzmanovska®

Abstract. For a given (3,2,0)- metric d on a set M, we show that any
(3,2, p) -S-K-metrizable space has an open refinement which is both locally
finite and o-discrete

1. INTRODUCTION

If we review historically the geometric properties, their axiomatic classification
and the generalization of metric spaces we can see that, they have been subject of
interest of great number of mathematicians and from their work a lot of have
been developed. We will mention some of them: K. Menger ([14]), V. Nemytzki,
P. S. Aleksandrov ([16], [1]), Z. Mamuzic ([13]), S. Gahler ([11]), A. V.
Arhangelskii, M. Choban, S. Nedev ([2], [3], [17]), R. Kopperman ([12]), J. Usan
([18]), B. C. Dhage, Z. Mustafa, B. Sims ([6], [15]). The notion of (n,m, p)-
metric is introduced in [7]. Connections between some of the topologies induced
by a (3,1, p) -metric d and topologies induced by a pseudo-o-metric, o-metric and
symmetric are given in [8]. For a given (3, j, p) -metric d onaset M, je{l,2},
seven topologies 7(G,d),z(H,d),z(D,d),z(N,d),z(W,d),z(S,d) and z(K,d) on
M, induced by d, are defined in [4], and several properties of these topologies
are shown.

In this paper we consider only the topologies z(S,d) and z(K,d) induced by a
(3,2, p) -metric d and for z=17(S,d)=7(K,d) we prove that any open cover of
a (3,2, p) -S-K-metrizable space (M,7) has: a) an open refinement which is both
locally finite and o -discrete, b) o -discrete base, and c) a (3,2, p) -S-K-metri-
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zable space (M,7) is perfectly normal.

2. SOME PROPERTIES OF (3,2, p) -S-K-METRIZABLE SPACES

In this part we state the notions (defined in [4]) used later.

Let M be a nonempty set, and let d : M 3 LR =[0,00). We state four condi-
tions for such a map.
(MO0) d(x,x,x)=0, forany xeM;
(P) d(xy,2)=d(x,z,y)=d(y,x,z), forany x,y,ze M;
(M1 d(x,y,z)<d(x,y,a)+d(x,a,z)+d(a,y,z), forany x,y,z,aeM,; and
(M2) d(x,vy,2)<d(x,a,b)+d(a,y,b)+d(a,b,z), forany x,y,z,a,be M.

Foramap d asabovelet p={(x,y,2)|(Xx,y,2)eM 3,d(x, y,z) =0}. The set
p isa (3,])-equivalence on M, as defined and discussed in [7], [4]. The set
A={(x,x,X) |[xeM} is a (3,]j)-equivalence on M, j=12, and the set
V={(x,x,y) |x,yeM} is a (3,1)-equivalence, but it is not a (3,2)-equivalence
on M. The condition (MO) implies that A < p.

Definition 1. Let d:M? — R =[0,0) and p be as above. If d satisfies(MO),
(P) and (M2),wesaythat d isa (3,2, p)-metric on M.

Let d bea (3,2,p)-metricon M, xeM and &£>0. As in [4], we consider

the following & —ball, as subsets of M :
L(x,&) ={yly e M,d(x,y,y) <&} -“little” ¢ -ball with center in x and radius &.

Among the others, a (3,2, p) -metric d on M induces the following topolo-
gies as in [4]:
1) z(K,d)-the topology generated by all the ¢ -balls L(x,&), i.e. the topolo-
gy whose base is the set of the finite intersections of ¢ -balls L(x,¢) ;
2) 7(S,d)-the topology defined by: U ez(S,d) iff ¥XU, Je&>0 such that
L(x,e)cU.

Proposition 1. The ball L(x,&) ez(S,d), forany x onM and ¢ >0.
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Proof. It is enough to show that for any yeL(x,&) there is 6 >0, such that
L(y,0)cL(x,e). Let yel(x,e) and o&=(e¢—d(xy,y))/4. Then, for any
zelL(y,o) we have:

d(x,z,z) <d(x,y,y)+2d(z,y,Y)
<d(x,y,y)+4d(y,z,2)
<d(x,y,y)+46 =¢.

This implies that z e L(x,¢), i.e. ze L(y,5) < L(X,¢&).

From the proposition 1, it follows that z(S,d)=7(K,d), for any (3,2,p) -
metric d on M.

Definition 2. We say that a topological space (M,7) is (3,2, p) -S-K-metrizable
viaa (3,2, p) -metric d on M, if z=7S,d)=7«K,d).

In the following theorem, one of the most important properties of
(3,2, p) -S-K-metrizable space is established.

Let (M,7) bea (3,2, p) -S-K-metrizable topological space.

Proposition 2. Any open cover of a (3,2, p) -S-K-metrizable space has an open

refinement which is both locally finite and o -discrete.
Proof. Let d be a (3,2,p)-metric on M and 7=1(S,d)=7(K,d). Let

%= {Ug|seS } be an open cover of a (3,2, p) -S-K-metrizable space (M,7),
and let < be a well-ordering relation on the set S. Define inductively families
Y, ={VsnlseS,neN} of subsets of (M,z) by letting

Vg n =UL(x,1/10M),

where the union is taken over all points xeM satisfying the following
conditions:

s is the smallest element of S such that x eUg, (1)
xgVj for j<n and tes, (2
L(x,11/10") c Us. (3)

It follows from the definition of V; , that the sets Vg, are open, and (3)

implies that V5 , cUg. Let ye M. Lets be the smallest element of S such that
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yeUs. Then there is neN such that L(y,11/10") cUs. It is clear that, we
have yeV;j for j<n anda teS or yeVs,. Hence, the union = {7,
|n e N} is an open refinement of the cover % ={Ug |s e S}.

We will prove that forany n € Nif y; € Vg ,,, v, € g, 5, and s; # s,, then

d(¥1,¥2,Y2)>1/10" and d(yy,y,y,) >1/10", 4)

and this will show that the families / , are discrete, because any 1/10™-L-
ball meets at most one member of 2/ .

Let s) <s,. By the definition of Vg , and Vg, there are points x and X,

satisfying (1), (2) and (3) given above, such that y; € L(xl,lllon)gvsl,n and

Y2 €L(%,1/10") Vg, . From (3) it follows that L(x,11/10") U, and

Sl’
from (1) we see that x, U . Hence, d(%q, X9, Xp) >11/10". The inequalities

11/10" <d(Xq, X9, Xp) <d(Xq, Y1, Y1) +2d (X2, V1, Y1)
<d (X, Y1, Y1) +2d(X0, Y2, ¥2) +4d (Y1, Y2, ¥2)
<3/10" +4d(y1,¥2,¥2),
imply that d(yy,Y,,Y,)>2/10" >1/10".
Also the inequalities,
11/10" <d (%, X2, Xp) <d (%1, Y1, Y1) +2d (X2, Y1, Y1)
<d (X, Y1, Y1) +2d (X2, Y2, Y2) +4d (Y1, Y2, ¥2)
<3/10" +4d (yy,Y2,Y2)<3/10" +8d (y1, Y1, ¥2),

imply that d(yy,y;,y,)>1/10".

From the latter follows the proof of (4).
Furthermore, it is enough to show that for each teS and for each pair
K, jeN,

if L(y,1/10%)cV; ; then L(y,1/10" ) ~Vg, =@
for n>k+ j and seS. 5)
From the definition of Vs, we have Vs, cVs g, then V; j <V jq for

each teS and each jeN. From (2) it follows that each x of Vi, ,=u

L(x,1/10M), xeVy j for j<n. Hence, for n>k+ j>k and L(y,l/lOk)g
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V; ; it follows that for each x of the union UL(x,1/10™), d(y,x,x) >1/10K,

.
We will show that L(y,1/10k+j)mvs’n¢® for n<k+j. Let yeM, then
there are Kk, j,t such that L(y,l/lok)gvt,j and n<k+ j. For & , discrete
family and m<k+ j, there is &, such that L(y,dy,) "Vs =< for one s,m.
Let o =min{ol<m<k+ j} then L(y,0) Vg, =QD for all m<k+j, ie.

L(y,l/lOk“')mVS,n =& for n<k+ j. From the latter it follows that 2/, is

o-discrete and locally finite. Hence, & = { ? ,|neN} is o-discrete and
locally finite.

Proposition 3. Any (3,2, p) -S-K-metrizable space (M, 7) has a o -discrete base.
Proof. Let d be a (3,2, p) -metricon M and 7 =7(S,d) =7(K,d). For neN, let
% ,={L(x,1/n)|xM} be an open cover of M and let  , be o-discrete
refinement obtained in proposition 2. The definition of z(S,d) and z(K,d)
implies that % = { % ,|ne N} is a base for =1(S,d)=17(K,d). Since each ?/
is o-discrete refinement of % |, it follows that 2 = { 2 ,,|n e N} is o-discrete
refinement of 2 Hence, 2 is o-discrete base of (M, 7).

Corollary 1. Any (3,2, p) -S-K-metrizable space (M,z) has a o -locally finite
base.

We will prove that the existence of a o -locally finite base is also sufficient
for metrizability of a (3,2)-S-K-metrizable space (M,7).

Proposition 4. Any (3,2)-S-K-metrizable space (M, 7) is perfectly normal.

Proof. Let d be a (3,2)-metricon M and z=7(S,d)=7(K,d). Let = {7,
IneN}, where the families 2/ ,, are a locally finite, be a base for a space
(M, 7). Consider an arbitrary open set W < M. For any xeW there is a
natural number n(x) and an open set U, € 2/ (4 such that xeU, cU, cW.
Letting W, = {Uy|n(x) =n} we obtain a sequence Wy ,W,,---W,, neN of
open subsets of M such that W = _{W,|n € N} and by property: if {A}scs isa

locally finite family, then the family {K}SES also is locally finite, we have
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W, cW for neN. Normality of (M,7) is proven in [9]. Since W =U{W,|
n e N}, the space (M, 7) is perfectly normal.

Proposition 5. If p=A, then (M, ) is metrizable.
Proof. For p=A, and the fact that (M,7) is regular and has o -locally finite

base then from the metrization theorem of Nagata-Smirnov it follows that (M, 7)
is metrizable.
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