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1. Definitions and Notations. Let L = L (w) be a dxffcrentxable mo-

notonic increasing (1), function of w tendmg to mfmlty with w. For a
given infinite series > a,*, we write

A (W) = 3 (LW — L)Y ay (r>>0).

n<w

The series 3 a, € [R, L, r|(r>0), if

el

where 4 is a posit\ive number (4], [5], aslo see ’[3]).

’ .

Now, for r>0and m<w<m-+ 1,

d ] A w r L' (w) . . .
W{(L (w))’} Loys 2L —Ler=Le)a,

Hence, the series 3 a, C|R, L, r| (r > 0), if

h L (w
(L W)+

Z (L (w) — L(n))r—lL(n) a, | dw < oo.

* Summations afe over 1, 2,..., o when there is no indication to the contrary.




We define the summability | R, L 0| equlvalent to the absolute
convergence.

Let £ (t) be a periodic function with period 2, integrable in the
sense of Lebesgue over (— =, 7). Without any loss of generality the con-
~stant term of the Fourler senes of f(t) can be taken tobe zero, that 1s

/f(t)dt—O

Now let the Fourier series of f (t) be
2 (a, cos nt + b, sin nt) = 3 4, (t)

So that the conjugate series of the Fourier series of f (t) be
Z(b cos nt—a sin nt) = 3 B, (t) ‘

The Fourier series I 4, (¢) and its conjugate series 2 By (), at the
point 7 = x, will be denoted, respectively, by > A, (x) and > B, (x).

Throughout we use the followmg notatlons
@) o) =—21-—(f(x +1)+ f(x—'z».
(1.2) 41 0=— (f(x + t)——f(x—f))

' (1.3) e(w) =exp (w“) O<ax< 1)

(14 eMWw)=— (e (w)).

. «(L.5) ed(w) = (e(w))d (for finite d)

n<w

(1.6) Ew,t)= ). (e (W) — e(m))—Le(n)nb—! sin nt. |
" (r>0, b>0) |

(1.7) Kw,t)y= D (e (w)f— em)—1em)ndb-1 cos ht.
n<w ’ s

(r>0,-b>0)
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5. Introduction. In 1951, Mohanty [3 Theorems 2 and 3] proved
the followmg _ ,
Theorem A If b(t)EBV(O, ), then the series 2 ——AL@—
: log (n + 1)
ElR,_e(w),1|. i -

Theorem B. Let ¢ >0 and =1 +—%. Them t=—< ® () BV (0, =) .
. . ) o w . |
191p11es that 3 4,(x) €| R, exp __(108 W |’ 1].

By taking a hypothesis like that of Theorem B and the absolute
Riesz summability process of the kind used in Theorem A, the present
author [1} proved the following:

Theorem C. Let B -

@21 a>0<b 1>a+b and b=c(l—a).

Then
22 D@ EBV(0, 1)
implies that 3 A,(x) nb C| R, e(w), 1].
In this context we prove the following theorem which réplaccs
unity, the order of absolute Riesz summability of Theorem C, by r > ¢ > 01
THEOREM 1. Let (2.1 hold. Then (2.2) implies that EA,, (x) nb
CIR, e(w), r| (r > ©). :

~ We also prove the followihg analogue of Theorem 1 for the conju-
gate series:
THEOREM 2. Let (2.1) hold. Then —¢ n[J(t)G BV (0, ®) 1mpl|es that
S B (x)nb €| R, e(w) rf (r>o. :
3. We shall use the following order-estimates tor 1 >>r >0, b> 0
and large w and uniformly in 0<rm ' '

3.1 Dl (e(w)— e(n))’“1 e(n) nb—1 = O{e’ (w) wb—A3.

n<w
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3.2) {ig:’ g} =0 {t—‘r e’ (w) Wb—a+r(a-—1)} w>r1.

Proof of (3.1). Since e(n) ~e(n—1), we have

2 () —e@ye@mm =

n<w
=0 {f (e (W) — e (X)) e (x) xb—1 dx}
1 ' '

= 0() +0{1}, say.

For w;, determired by the relation: w? — w9 — 1, we write

I= f (e(w) — e (X)L e (x) xb—L dx
S g | _

= (f + f) (({3 (W) —e(x)r—2e(x) xb1 dx)
t wi ) ,

=1+ 1, say.
Now
I = \[ (e(w) — e(x))}“1 e(x)xb—ds .
= O {(e(w) — e (wy)y'—* f e (x) xb~1 dx}
’ 1
= 0 {er - W) f e (x) xb— dx}
: i ,
= 0 {e" (w) Wb“—’},
since

~

f e (x) xb—% dx = [e x) xb—"] — (b —a) / e () xb—9—1 gx

1 i 1
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< e(w) wb‘d — ?——_a—g f e® (x) xb—¥ dx
J

< e(w) wb—? + f e (x) xb—%% dx
- v

and hence we easily follow. that

w

f e® (x), x4 dx = O {wb=%e(W)}. .

1

" And

I,= f (ew) —e xX)y—te(x)xb—1dx

=0 { f (e (W) — e ()Y e® (x) xb—4 dx} '

= 0 {w—*° f (e(w)y—e (xj)’ “1e(® (x) dx}

= O {er (w) wb—}.
On combining the results we follow the proof of (3.1).

Proof of (3.2). Since the préof of E(w, ) is exactly the same as
that of K(w, t), we simply sketch the proof of K(w, 7).

© Let wy and m stand respectively for the integral part of (w—-%)
and w. Then

KO =2 2 = Xt 2, s
. . n= Wy .
Now, since {e (n) nb—1} 1 with n > p, where p be the integral part

' 1
of (1 — b)7 , we write

a
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2= Zp (e (ﬂ) —e ’(n))”‘Al e(nynb—1cog nt.
n==1 : -
-+ g ‘1‘(e w) — e(my—te (n) né';-l ‘cos nt -
n==p+4 . ‘ , -
= 0{e"* (W)} + P, say.

By Abel’s lemma |
oo ffetm—efemd et 215 ]

ol fo— oo ) o
ool )]

=0 {t—’ wb—a+r(@—1) or (w)}, -
uniformly in 0 < ¢# < n. Thus
201 = O {7 yb—a+r(@1) or )}

And

Zz = 0] {f e(w) —e(x)r—1e (x) xb-1 a’x}
U .

. ‘ =0 {f (e(w) — e (x))—1 e®) (x) xb—* dx}
. .

Womae
t

= 0 {wb‘“ f (e(w)—e (x))’ —1e® (x) dx}
: 1

W
t

ol et}




) v
= 0wt e® (W)}
=0 {t—r wh—a+r(3=1) ¢r (w)},
| unifquriﬂy in 0 <.
| On combining )., and ), we follow the proof.
4. We use the foolowing in this pé.per' o

LEMMA 1 Za,,€|R Lrl(r=0 imphes that Za,.em Er|
@ >r) ‘
. This is due to Obrechkoff [4 51

LEMMA 2. Let 0< 8 < oo, and 0<c<1. Then, uniformly in
0<rh,

sid nt + 0( _1_0)

4.1) fuc cos nu du = ¢
[

- and

¢ CO8 nt

(42) fu sm nu du = — +0( ._1__(;)

For the proof of (4.1), see Chandra [1], Lemma 2. And for the
proof of (4.2), reference can be made of (2,2) of Chandra [2]. '

5. Proof of the theorems, In view of Lemma 1, we take 0 < r<1
for the proof of both the theorems. '

5.1. Proof of Theorem 1. We have
5 o
Ay (x) = -;fd)(t) cos nt dt
. . 0 ’
2 . ¢ ¢
= @ (£) 1° cos nt dt

= —72:— ﬁ@(n)ftb cos nt dt
o
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™ t .
— %fd(t‘f D (t))fuc o8 nu du,
o o 0
integrating by parts.

The series Z' A, (x) nb &R, e(w), r|(r> c)l, if

1=f eeli)r((?) | Z (e (w) Oy A nbldw.

1

is convergent. Now

s

2|1 D) @)
17.:1+c ! ' e€1’+r((V:’v) l Z (e(wy—e (n))r-——l e(n) nb

1

IS

™

-fuccos nu du | dw

5

2 f 14— @ ()| f fi)r((’fv)) 2 (w)—e(n»r—r

t .

'.e.'(n) nb f ue cos nu du| dw

0

Smce, by (2. 2), —< |0 (r:)] and f [d(t"c (D(t))l are finite therefore

for the proof of Theorem 1 we only require to prove that

t

J,*[ ei(-ﬁ)r((ww)) | 2 (e(W)—-e(n))"le(”)”bf”c cos nudu| dw =0 (1),

1 0

uniformly in 0 < r <.

N ‘
By (4.1) of Lemma 2, we have -




c | €W :
J:tfmlE(w’t)ldw
1 .

)
+O{f§(+r(§v»3)52< 0= eyt e, )
1 .

== th1 + O{Jz}, Say_.

-
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Now, since Z nb—¢=1 C | R, e{w), 0| therefore the convergence of J,
follows by Lemma 1. Thus, for ttié¢ proof of Theorem 1, we only require

to prove
Ji=0(t ——?)’
uniformly in 0 <t < .

For T = t—(l—a)"l, we write

ERIE D el

=1, +I,, say.
‘ By (3.1), we have

T

’ ) (w)
‘ 11=o{f ¢ wb-adw}
J e(w) -
. -
=O{fwb—1dw}

1

= 0 (t—°),.
by (2.1), uniformly in 0 <t < m. ‘
And, by (3'2), for E(w, t), we have

I,=0 {H f L) atray dw}
U e (w)
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o =o‘{:--r f wb+r<¢—1)—1dw}‘ I
. T » . - v “ . .
=0{r Tb+r(a—1v)}k o

=009,
by (2.1), uniformly in 0 < ¢ < =.

On combinidg I, and I, we get, uniformly n0<t<m,

J1 = 0 (o)
This termmates the proof of Theorem l
5.2 Proof of Theorem 2. We have

B(x) = %ft'-‘v‘ 4 (¢) ¢€ sin nt dt
[/]

_2¢m . o
=_ —?—fucolnnudu
J .
. ® 't !
-2 f A= § (1) f o sin nu du,
o 0 .0 .

iotegrating by parts. »
The series . By (x) nb € |R, e(w) r| >0, if

- f ﬁﬁ% | N e nb B, Gy [dw
1

8 co'nvergent. Now

i<t N/(")l f :+)'((’;)) | Z (e(w)—-e(n))"le(")"” |

fuc sin nu du[dw
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il f ld(t—NP(t))l f ei),((‘:,)) Z (e (w)——e(n))r—le(n)

-nbfuc sin nu du | dw

Smce, t'—cq;(t)eBV(O ®), T Y (m)] andf]d(t“°¢(t))| are f1n1te

herefore the theorem w111 be proved if

eltr (w) 'y

I :f e()(w) | Z( (w)—-e(n))"—le(n)ncfuc sin nu du\dw
J ,

1.

=0 (1),

~uniformly in 0 < t<(m. -

Now, by (4.2) of Lemma 2, we have

1)“
I1=1 f ;(H((w)) |K(w, t)] dw
1

+ 0 {f e(;:-)r(EV)) I Z ( (W) — e (m)) 1 e (n) nb—c—1 l dw}

1
=11, + 0 {L}, say.
‘The proof of '
L=0017,

uniformly in ‘0 <<, -runs very to the proof of J; of Theorem 1 by
using (3.1) and (3.2) for X (w, t). And the boundedness of I, 1mmed1ately
follows by the use of Lemma'l smce

Zwe1g)C0].
This terminates the proof of Theorem 2.
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