ON CERTAIN RELATIONS FOR ORTHOGONAL
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The purpose of this note is to establish some properties of certain
classes of special functions by an elementary method readily applicable
to other classes of functions.

1. It is known that for two arbitrary functions u=u(x), »=2(x),
n-times differentiable, there exists the adjoint Leibnitz formula [1]

o n d

uDry = —1)* Dn—k (oD¥u), D= —,
S ?:Jo( ) ( k ) ) )» dx
which we consider as an operational relation.

If we take )
u=(x—D7P, o=(—1"" (x—1)F*",

where o and B are arbitrary parameters with e«>—1, 8> —1, we obtain
from (1)

(2) (x—l)—B Dn (x__ l)oc-l—n (x + 1)B+" _

Br=BB+D... B+%2—=1), Bp=1.
By the definition of the Jacobi polynomial Pn(a’ 2 (x) we have [2]

D (x— 1" (e 4 1P = 2mnl (e — 1) (x + 1DP PP (),

so that (2) gives

n k0
3 PP =3 C 1y g0 ),
=0 2% k! "
Using the well-known relation
oFy (—n, a, b, x):(——l)"%bl—;f sy F(—n, 1—b—n, 1l —a—n, x-1)

it follows from (3) after replacing « by «+ B the desired result

P Pl = 35 (— 1 (,f—?" PELPTR Oy
=0 :

The analogous formula
PE“s B)(x) _ Z ©r P(*{, o+ B—y+k) (x).

k—o R! ~nk
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given by Feldheim [3] may be obtained by the above method, if we take
u=x— D% o= (x— 1T 4 1T

2. The use of relation (1) can be profitably illustrated also by obtaining
the so-called inverse formula or expansion of x” in a series of orthogonal
or other functions [4].

In fact, if we put in (1)
u=xnttoe, p=e-%,
after changing the order of the derivatives in the right side of (1) we obtain
(@) (=1 an¥a g=2= 3 (_1)n+k(n) (n—{-oc) (n—FE)! DF ¢=* xais
k=0 k n—k
But
Dre= yatk ==z xa k! L (x),

where Ls,a)(x) are the Laguerre polynomials.

Finally, then from (3) we have

xn

~ = 1)k ("iz )Lgoo ).

n. k=0 n
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PE3UME
HEKOHN PEJIAIINN 3A KJIACMYHUTE OPTOI'OHAJIHHN ITOJIMHOMMHA
Bo TpymoT ce naBaaT HEKOM CBOjCTBA 33 KM3BECHHM KJlacH cneuujanHy yHKLMK

CO eJeH €JIeMEHTAapeH METOH IUTO 3rOAHO MOXKE [a ce NPHUMEHM M 33 ApYru KJacH
byHKIMH.
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