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Recently M. Parodi [1]" has obtained some results concerning the Legendre
polynomials. This paper develops an analogous idea in the direction on orthogonal
polynomials. Several special cases of classical orthogonal polynominals will be
considered too.

Let V be a vector space of polynomials of degree less or equal to n. It is known
that the orthogonal polynomials p,(x) form a base B on V. We shall construct a
class of polynomials which belong to V, expressed in B and have a given zero 1 € R
or C, while the other zeros are real located in the interval [a, b] which are the zeros
of the orthogonal polynomials p,(x).

Every orthogoal set of polynomials p,(x) possesses the three-term recurrence
relation [2]

Pn(x) == (Anx + Bn)Pn—l('x) - C'np’n—z(x) s n= 29 3a 4s 000 O
A,, B, and C, are constants, 4, > 0 and C, > 0 which is valid also for n =1 if we
write p_,(x) = 0.
Consider the polynomial of degree n(n > 2)

A.x+ C, — 14, -C, 0 0
Wy — 1 A, x4+ B,y —Cyy . 0
Wy —1 A, o x+ B, . .. 0
Q.(x) = @p-gy 0 —1 0 :
W, 0 0 R —C,
W, 0 0 ... Ax+ B,

where
(Uk:(l)k(l):l-f-ck—Bk——]Ak, k=2,3,...,n,

0w, = wy(A)=1— B, —24,.

If we add to the first column of the determinant the next to the last column we
remark that it has a common factor x — 2.

A simple developing of the determinant gives

( 1 ) Qn(x) == pn(x) + (wn - I)Pn—l(x) + wn-lc'npﬂ—z(x)

+ wn—zcncn—lpn—s(x) +ooot+ 0CoChy. . CzPo(x) .

The determinant can be transformed by adding to the first column each of the

other ones. In this way we obtain

(2) Qu(%) = (¥ — A)(AnPa-1(%) + An—1Copns()
+ An—zcncn—1[’n—3(x) +eoe4+ A4,CC, .. -Czpo(x)) .
From (1) and (2) it follows the identity
(3) Pa(X) + (0, — I)Pn—l(x) + wn—1CnPn~z(x) +-oo 4 0,C,.. -C2Po(x)
= (X - x)(Anpn—l(x) + A, nPn—a(X) -+ 2).

The zeros of Q,(x) different from 2 are the same of the polynomial

1) Numbers in brackets refer to the references at the end of the paper.
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Dus(%) = Appp—1(%) + Ay 1 Coprs(X) + -+ -+ 4,Cy. . .Copy(x) .
If we take
w,(A) =0, k=2,3...,n,
wl(z) =C,
the identity (3) yields _
(4) Pn(x) - Pﬂ—l(x) &= (x - 2)(A'npn—1(x) + An—l nPn—z(x)
+ An—zcncn—lpn—a(x) +-.- ‘) U
The zeros of the polynomial p,(x) — p,_.(x) lie in the interior of [a, 4] [2]. It
follows that the zeros of ¢, ,(x) are in [4, b] too, and consequently the zeros of
Q.(x) which are different from 2.
According to (2) and (4) Q,(x) may be written into the form

x— 2
(5) 0u(®) = T=5 (Pal®) — paca(¥)) -
Special case. Let
" 2n(8 + n) ' T mB+n)B+2m—2)°

(mn—1)B+2n— 1) +n—1) B> —1.

n(3 + n)p + 2n — 2) ’

Then the orthogonal polynomial p,(x) is the Jacobi polynomial of the form
Pﬁ,”'ﬁ’(x) and g = —b = —1, A= 1, P((,o’ﬂ) = 1.

The relation (4) becomes

0.8) 0y _ psgr oy _ (X — 1)(B 4 2n)
(6) Pp"(x) Pn-l(x)———_Zn(ﬁ+n) p

C,=

13

=1(ﬁ +2n — 2k + HP%(x),

and (5)

(7) Ql(x) = =5 (PYF(x) — P(x))

As a particular case for § =0 we have the Legendre polynomial P,(x) for which
we obtain from (6) and (7) the formulas of M. Parodi.

Application. Some definite integrals involving Jacobi and Legendre polynomials
may be of interest.

Using the above relations we obtain

o Sl ;‘_*fli(p;w(x)—Pi,"i‘i’(x))Pk(x)dx
-1 -

gk _ o _ (B+2mA—DnE _ k
=8t =5t~ O B 22 4 DSt

0 <k <m; for k > n the integral is zero.

> Sl x—! (Pu(x) — Py (X)P)P(x)dx
1 x—1

=5t s A1

k
3 (2k —2r + 1)STTT,
r=1

0 < k < n, where

gt = (DT 2UB (Bt m+ 1y
T (n—k)l(n + k+ 1)
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