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1. INTRODUCTION

Let ufn) and v(n) be two sequences of numbers defined by
n+1 n+i

m uln) = ’1—_’_2_, n=012-
and f1=1r2
(2) vin) = ri{+ry, n=20,12-,

where r; and r, are the roots of the equation ax?+bx+e = 0.
It is known that the generating functions of these sequences are

uylx) = ( 1+ §x+ ca—x2>—1 and  vyfx) =(2+ gx)(H §x+ %xz)_l,
We put
(3) uglx) = f) ukini"
and ’ "
(4) vilx) = i vRimix" .
n=0

J. Riordan [1] found a recurrence for vy (x) in the case b = ¢ = —a. L. Carlitz [2] generalized the result of
Riordan giving the recurrence relations forug (x) and v, (x). A. Horadam [3] obtained a recurrence which uni-
fies the preceding ones. He and A. G. Shannon [4] considered third-order recurrence sequences, too.

The object of this paper is to give the new recurrence relations forug (x) and vy (x) such as the explicit form
of the same generating functions. The generating functions of ufn) and v(n) for the multiple argument will be
given, too. We use the result of E. Lucas {5].

2. RELATIONS OF u(n) AND vfn)
From (1) and (2) we have
42 = Aulnulm)+vin + him + 1) + (- 1) A lulnlim + 1)+ ulmMin + 1)), i=1,2,
with A = (b2 - 4ac)/a®.
Then it follows that
2ufm +n+ 1) = ulnllm + 1) +ulmlvin + 1)
vim+n+2) = vin+ 1im+ 1)+ Auln)ulm).
Since
uf-n—1) = =g "uln— 1), vi-n) = —g™"v(n),
we find the relations

(5} ulfn+2)m = 1) = ulln + 1)m — 1v(m) - g™ulnm - 1),
(6) vinm) = viin — 1)mvim)— q™v((n — 2)m).
From the identity
[k/2]
r;en +r12en _ Z (-1)7 /}'{7 ci-—r”? +,51)k<2r(r1 rz)m ,
r=0
it we putufn) and vin) we get
[k/2] P -
(n vikn) = ;0 (- 7)',(—_—;— CLg™" ), k> 1

Similarly, from L
M = i+ )+ (=17 JAun), i=1,2
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and taking into consideration

s__zo(p:s)( 2p+m)=2m~1 gg_,;_m_(m+p—1) ’

2p + 2s p
we obtain
(k2] k/2 k k-2
(®) Y AR g g R ) = Nel)
r=0
_where

_fu(k(n+1)— 1), k odd,
Ak(”)_{v((k((n:u)), ) k :ven.

3. GENERATING FUNCTIONS OF ufn) AND v/n) FOR MULTIPLE ARGUMENT

The relations (5) and (6) give us the passibility to find the generating functions of ufn) and v/n) when the ar-

gument is a multiple. Indeed, we obtain from (5)

{9) (1—vimk +qu2)u(m,x} = ulm-1),
where
{10) ulmux) = 3 ulln+1m— 1",
n=0

From (6) we have
(1) (1—vimlx +q™x° Wm,x) = vim) - g™ v(0)x,
where
(12) vim,x) = Z viin+ 1)mx™ .

n=0

We find also
(13) (1= vimix +q™x%)v(mx) = vi0)— vimkx,
with

v (m,x) = vl0)+ vim,x)x.
4. RECURRENCE RELATIONS OF v (x) AND vp(x)
Let us now return to (8) and consider the sum
[k/2]
r=0 n=0 n=0
which by (3}, (10) and (12) yields the foltowing relation

Z: A[k/Z]—r /-(___/(_’_ cé_rqr Z uk—Zr(”)(qrx)n _ Z )\k(ﬂ)Xn

[k12] P
ARy ) = Mix) = 5 AR K o gty 50970,
r=1
where

- k,x), k odd
Nkx) = {r((k;){ k even.

Similarly from (7) for v (x) follows
= [k/2] 1 k r T
Vk’X) =v(kx)+ Z; (-1)"™ /(—:T ck-rvk-Zr(q x)
=

5. EXPLICIT FORM OF vy (x/ AND vy (x)

Next we construct the powers for vfn) and vin). From (1) and (2) we obtain

[k/2]
“4) A[k/z]uk(”} = Z (_”rciqr(n-f'l)xk_Zr{n)l
r=0
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and
[k/2]
(15) vEin) = 5 CLa™V llk - 2t)n),
r=0
where
v ={yh, L2
Hence we multiply each member of the equations (14) and (15) by x” and sum fromn = 0 to n = «. By (3}
and (4) the following generating functions for powers of ufn) and v(n/ are obtained:
[k/2]

AlM2lyype) = 3 (~177CLg MK - 21,97x),
r=0
and
[k/2]
Velx) = 35 Cpvlk—2r, q"x).
r=0

1f we replace ufm,x), vim,x) and ¥ {m,x) from (3), (11) and {13), we get
(2] 1yl q” iy, fx)

A[k/Z]Uk(x) = Sk
=0 1-vik=2r)g"x +q"x
where
u(k —2r—1) k odd,
Mer =9 v(k — 2r)—q'v(0)x, keven,k# 2r
Vik—2r})—qT(0)x, k = 2r,
and
i) =55 Gl
k = ’
=0 I-—v(k—?r}q'x+qu2
where

w0)—q'v(k—20x, k # 21,

w =
ke = S0)—q 5 (k- 20jx, k = 2r.
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