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Zp -STATISTICALLY CONVERGENT SEQUENCES IN
TOPOLOGICAL GROUPS
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Abstract. Recently, Das, Savag and Ghosal [4], defined the lacunary statis-
tical analogue for the sequence x = (z) as follows: A real sequence x = (zy)
is said to be Z-lacunary statistically convergent to L or Sg—convergent to L
if for any ¢ >0 and 6 > 0

1
{TGN:h—|{k€1r:|xk7L|26}\25}€I.

In this case write ST —lima = L or xj, — L(ST).
In this paper, we introduce and study Z-lacunary statistical convergence
for sequence in topological groups and we shall also present some inclusion

theorems.

1. INTRODUCTION

We begin this section by giving some preliminaries.

The notion of statistical convergence, which is an extension of the idea of usual
convergence, was introduced by Fast [7] and Schoenberg [26] and its topological
consequences were studied first by Fridy [8] and Salat [20]. Di Maio and Kocinac
[16] introduced the concept of statistical convergence in topological spaces and
statistical Cauchy condition in uniform spaces and established the topological na-
ture of this convergence. The notion has also been defined and studied in different
steps, for example, in the locally convex space [15]; in intuitionistic fuzzy normed
spaces[18]. In [1] Albayrak and Pehlivan studied this notion in locally solid Riesz
spaces. Recently, in [17] Mohiuddine and et.al introduced the concept of lacunary
statistical convergence, lacunary statistically bounded and lacunary statistically
Cauchy in the framework of locally solid Riesz spaces. Quite recently, Das and
Savas [5] introduced the ideas of Z,-convergence, Z,-boundedness and Z,-Cauchy

condition of nets in a locally solid Riesz space.
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The notion of statistical convergence depends on the density of subsets of N. A
subset F of N is said to have density § (E) if

1 n
0 (F) = nh_)ngC -~ Z xE (k) exists.
k=1

Note that if K C N is a finite set, then §(K) = 0, and for any set K C N, §(K%) =
1—4(K).

Definition 1.1. A sequence 2 = (z},) is said to be statistically convergent to ¢ if
for every € > 0
d{keN:|zxp—¥ >e})=0.

In this case, we write st — limy z, = L and we denote the set of all statistical
convergent sequences by st.

By a lacunary sequence, we mean an increasing sequence 6 = (k,) of positive
integers such that ko = 0 and h, : k. — k,_1 — oo as r — oo. Throughout this
paper, the intervals determined by 6 will be denoted by I, = (k,._1, k), and the
ratio (k) (kr—1)~" will be abbreviated by g,

In another direction, in [9], a new type of convergence called lacunary statistical
convergence was introduced a follows: A sequence (zj) of real numbers is said to

be lacunary statistically convergent to L (or, Sg-convergent to L ) if for any € > 0,
1
lim —{kel :|zx—L| >€}=0
T—00 r

where |A| denotes the cardinality of A C N. In [9] the relation between lacunary
statistical convergence and statistical convergence was established among other
things. In [18], Mursaleen and Mohiuddine extended the idea of lacunary statistical
convergence with respect to the intuitionistic fuzzy normed space.

In [6], P. Kostyrko et al. introduced the concept of Z-convergence of sequences
in a metric space and studied some properties of such convergence. Note that
T-convergence is an interesting generalization of statistical convergence. More
investigations in this direction and more applications of ideals can be found in
[4, 6, 11, 14, 21, 22, 23, 24, 25].

The purpose of this paper is to study Z-lacunary statistical convergence of

sequences in topological groups and to give some important inclusion theorems.

2. DEFINITIONS AND NOTATIONS
The following definitions and notions will be needed.

Definition 2.1. A family Z C 2V is said to be an ideal of N if the following
conditions hold:
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(a) A,B €T implies AUB € Z,
(b) AeZ, BC Aimplies BeZ.

Definition 2.2. A non-empty family F' C 2V is said to be an ideal of N if the
following conditions hold:

(a) ¢ ¢ F,

(b) A,B € F implies ANB € F,

(¢c) Ae F, AC B implies B € F.

If 7 is a proper ideal of N (i.e., N ¢ T), then the family of sets
FZ)={McN: 3Ae€Z:M=N\A}
is a filter of N. It is called the filter associated with the ideal.

Definition 2.3. A proper ideal 7 is said to be admissible if {n} € T for each
n € N.

Throughout the paper, Z will stand for a proper admissible ideal of N and by

sequence we always mean sequences of real numbers.

Definition 2.4 (See [6]). Let Z C 2% be a proper admissible ideal in N.
(i) The sequence {z} of elements of R is said to be Z-convergent to L € R if
for each € > 0 the set A(e) ={n eN: |z, —L| >e} €.
(ii) The sequence {zj} of elements of R is said to be I*-convergent to L € R
if there exists M € F(Z) such that {xy}ren converges to L.

In [4], Das, Savag and Ghosal defined Z-statistical convergence and Z-lacunary

statistical convergence as follows:

Definition 2.5. A sequence x = {x} is said to be Z-statistically convergent to L
or S(T)-convergent to L if for each € > 0 and § > 0

(neN:2{k<n:|zs—L|>e}| >} eT.
n

In this case we write xp — L(S(I)). The class of all Z-statically convergent
sequences will be denoted by simply S(Z).

Definition 2.6. Let 6 be a lacunary sequence. A sequence x = {x}} is said to
be Z-lacunary statistically convergent to L or Sg—convergent to L if for any € > 0
and 6 >0
{reN:hi|{kefrz|xk_L|ze}\za}ez.
T

In this case we write z;, — L(S7). The class of all Z-lacunary statistically conver-

gent sequences will be denoted by S7.
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By X, we will denote an abelian topological Hausdorff group, written additively,
which satisfies the first axiom of countability. For a subset A of X, s(A) will denote
the set of all sequences () such that zy is in A for k = 1,2, .... In [2], a sequence
(zx) in X is called to be statistically convergent to an element L of X if for each
neighbourhood U of 0,

1
lim —{k<n:zy,—L¢U}| =0,

n—oo N
where the vertical bars indicate the number of elements in the enclosed set. The
set of all statistically convergent sequences in X is denoted by st(X).

Also, Cakalli [3] defined lacunary statistical convergence in topological groups
as follows:

A sequence (xj) is said to be Sp-convergent to L (or lacunary statistically
convergent to L) if for each neighborhood U of 0,

limy_soo(hy) H k€1, i xp — L ¢ U} = 0.
In this case, we write
Sg— lim =L or x, — L(Sy)
k—o0

and define

Sp(X) = {(l’k) : for some L, Sy — klim T = L}-
—00

Now we are ready to give the main definitions of Z-statistical convergence and

Z-lacunary statistical convergence in topological groups as follows:

Definition 2.7. A sequence z = (zy) is said to be SZ-statistically convergent to
L or ST-convergent to L if for each neighborhood U of 0 and § > 0

1
{nEN:E|{k§n:$k—L¢U}|26}61.

In this case we write x;, — L(ST). The class of all SZ-statically convergent se-
quences will be denoted by simply SZ(X).

Remark 2.8. For 1 = Zy,,, I- statistical convergence becomes statistical conver-
gence in topological groups which is studied by Cakalli [2].

Definition 2.9. A sequences x = (z}) is said to be Z-lacunary statistically con-
vergent to L or SF-convergent to L if for each neighborhood U of 0 and 6 > 0

1
{reN:—|{ke Lz~ LU} =8} eT.
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In this case, we write

SE— lim xp =L or ax — L(S})

k—o0

and define

ST(X) = {(;vk) . for some L, S7 — klim T = L}
—00

and in particular,
ST(X)o = {(mk) : SF — lim xp, = O}.
k—o0

Remark 2.10. For T = Iy, I-lacunary statistical convergence becomes lacunary

statistical convergence in topological groups which is studied by Cakalli [3].

It is obvious that every Z-lacunary statistically convergent sequence has only
one limit, that is, if a sequence is Z-lacunary statistically convergent to L; and
LQ, then Ll = L2.

3. INCLUSION THEOREMS

In this section, we prove the following theorems.

Theorem 3.1. For any double lacunary sequence 6 = {k,}, ST(X) C SE(X) if
and only if liminf g, > 1 .

Proof. Sufficiency. Suppose that liminf g, > 1, liminf ¢, = «, say. Write § =
(a —1)/2. Then there exists a positive integer ro such that ¢, > 1+ 3 for r > ry.

Hence for r > rg,
he(ke) ™ = (1= (k1) (k) ) = (1= (g)" )2 A= (1+8)"") =(B01+6)7).

Take any (z3) € ST(X) and ST — lim) o0 21 = L, say. We prove that ST —
limy_, oo xx = L. Let us take any neighborhood U of 0. Then for r > ry, we have

(k) {k <ke:ap—LEUY > (k) '{kel :ak)—L¢UY
= he(k)) Yh) Pk €T ap — L ¢ UY
> BL+8)" (h)

kel oy~ LU},
Then for any § > 0, we get
{(reN:(h) kel z—L¢U} > 6}
C{reN:(k) 'k <k, :ax—LgUY>B(1+p) "I el
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This proves the sufficiency.
Necessity. Suppose that liminf, ¢, = 1. Then we can choose a subsequence

{(k+(j) of the lacunary sequence 6, = {k,} such that

kr(y (kry—) H < 14570 kegyalkegon) T >

where r(j) > r(j — 1) + 2. Take an element = of X different from 0. Define a
sequence () by 2, = x if k € {I,(;)} for some j = 1,2,...,n,..., and z; = 0
otherwise. Then (z3) € ST(X) (in fact (z) € ST(X)). To see this take any
neighborhood U of 0. Then we may choose a neighborhood W of 0 such that
W C U and = ¢ W. On the other hand, for each m we can find a positive number
Jm such that k. y <m < ki, y41- Then

(m) " [k <mca ¢ UY < kil [k <mca ¢ W)

m(Jm)

< ko Wk < ko san @ WH + kG (Brgoan = Fro)
< (G + D)7 144500 = 1) < (G + )7+ 501

for each m. Therefore (z)) € ST(X). Now let us see that (z(k)) ¢ SZ(X). Since
X is a Hausdorff space, there exists a symmetric neighborhood V' of 0 such that
x ¢ V. Hence

lim (b))~ [{krgy—1 < b < by can & VY|

j—oo
. -1
= Jlim (b)) (k) = Fr-1)
. -1
= lim (hegy) ey = 1,
and
Jim Rt k1 <k <k :zp—2¢V}=1#0.
r#r(j) j=1,2,...

Hence neither z nor 0 can be Z-lacunary statistical limit of (zj). No other
point of X can be Z-lacunary statistical limit of the sequence as well. Thus (z) ¢
ST(X). This completes the proof. O

For the next result we assume that the lacunary sequence 6 satisfies the condi-
tion that for any set C € F(T), U{n: k.—1 <n < k,,r € C} € F(%).

Theorem 3.2. If limsup, ¢, < oo, then for any lacunary sequence 6 = {k,},
ST(X) € ST(X).
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Proof. If lim supg, < oo, then without any loss of generality, we can assume that

there exists a?) < B < oo such that ¢, < B for all » > 1. Suppose that x; —
L(SF).Take any neighborhood U of 0. For €,d,d; > 0 define the sets

1
CZ{TEN:h—HkEL:J;k—LgéU}\<5}

and

1
T:{neN:E|{k§n:xk—L¢U}|<61}.

It is obvious from our assumption that C' € F(Z), the filter associated with the
ideal Z. Further observe that

1
AJ:hf|{]€€IJ1’k—L¢U}|<5
J

for all j € C. Let n € N be such that k,_1 < n < k, for some r € C. Now

1 1
E|{k§n:xk—L¢U}\§k 1|{l<;§kr:xk—L§éU}|
1 1
= 1|{k611::vk—L§éU}\+..._|_k 1|{keIr:xk—L¢U}|
ko1 ky—Fk 1
— kel i —LeU+ 2t {keh:ay—L¢ U+ +
kr—lhl kr—l hQ
kr —kp—1 1
+———= = {k el a(k) - L¢ U}
kr—l hr
k1 ko — k1 kr — kr—1
= A A S A k|
1 1+ [ 2+ + Ty r

ky
< supA4;. < Bé.
jec = kr_1

Choosing §; = % and in view of the fact that | J{n : k,—1 <n < k,reC}CT
where C € F(Z) it follows from our assumption on 6 that the set T also belongs

to F(Z) and this completes the proof of the theorem. O

Problem 1. When /-lacunary statistical convergence implies I-statistical conver-

gence?

Corollary 3.3. Let 0 = {(k,)} be a lacunary sequence, then ST(X) = SF(X) if
and only if

1 < liminf ¢, < limsupgq, < co.
r r
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Recall [10, 12] that an admissible ideal I is said to satisfy condition (AP) if
for any mutually disjoint sequence of sets {4;}ien in I, there exists a sequence
{Bi}ien in I such that A;AB; is finite for all ¢ € N and UBi el

It was observed in [10] ( also [12] ) that for a sequence %?i}neN I-convergence is
equivalent to I*-convergence if and only if the ideal I satisfies the condition (AP).
More facts about condition (AP) and its importance can be seen from [1]. We are
now ready to prove our next result.

Of course, the Sp—limit is unique as shown in section 2. It is possible, however,
for a sequence to have different Sg—limits for different #’s.The following theorem

shows that this situation cannot occur if z € ST(X).

Theorem 3.4. If (z(k)) belongs to both ST(X) and SF(X), then

ST — lim zj = S‘ng lim .
k— o0 k—o0

Proof. Take any (zy) € ST(X) N SF(X) and suppose ST —limz = L; and S —
limz =Ly and L1 # Lo. Let 0 < e < %\Ll — Ls|.

Since X is a Hausdorff space, there exists a symmetric neighborhood U of 0
such that Ly — Ly ¢ U. Then we may choose a symmetric neighborhood W of 0
such that W+ W C U.

Since Z satisfies the condition (AP), so there exists M € F(Z) (i.e. N\ M €%)
such that

1
lim —Nk<kyn:Li—x, g W} =0, where M = {ky, ko, k3, ...}

m—oo k,,
Let A={k <kp:L1—xp ¢ W}and B={k <k, : Ly —x ¢ W}. Then
km =|AU B| < |A| + |B|. This implies
1Al 1B A Bl

1< —+4-— . Since u <land lim -— = 0so we must have lim — =1.
km  km m m—00 Ky, m—o0 kK,

Let M* = {ki,, ki , kiy,...} =M NG € F(I). Then k'lpth term of the statistical
limit expression ky, *|[{k < kp : Lo — 23 ¢ W} :

l l
1 ’ 1
E|{kei:U11i;Lz—gckgéWH: o > tihi (1)

Z hi =1
=1

Where t; = h; '|{k € I; : Ly — xp ¢ W} L 0 because 2 — Ly(S7). Since 0 is a
lacunary sequence, (1) is a regular weighted mean transform of ¢;’s and therefore
it is also Z-convergent to zero as p — oo and so it has a subsequence which is

convergent to zero since Z satisfies condition (AP). But since this is a subsequence
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of {n1{k < n: Ly—axr ¢ W} }tnem, we infer that {n ™ 1[{k < n: Ly -z ¢
W} }near is not convergent to 1 which is a contradiction. This completes the proof
of the theorem. O
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