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1. The method of Christoffel-Darboux for the Jacobi polynomials defined by standard
relation in terms of an ordinary hypergeometric function [1]
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P,.“"”(X)=%2Fl(—n, n+oa+B+1; a+1; (1—x)/2),

with Rea>—1, Re B> —1, —1<x<1, leads us to the identity
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Let f(x) is an arbitrary polynomial given by

h P =

f)=Y aP>"(x).
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Then we have

1
(1) ‘[ (1 =% (1 +x)PK,*P(x, y)f(x)dx= f(y).
-1

2. If we put y=1, since
K, P, 1)=K,*P(x)
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from (1) we obtain

(2) J" (1'x)“(l+X)BP..‘“"’”f(x)dx:Z“*”“MLfml

I'n+a+p+2) /M

=2**B* 1B 4 1, n+ B+ 1)f(1).
Similarly, because P,*#(—1)=(—1)"(1 + B),/n!, we get

1
(3) j 1 = x)*(1 +x)*P, A+ V() f(x)dx =(—1)"2° ¥ B(f+1, n+a+1)f(—1).
-1

Using the relation P, #~(x)— P, 1.8(x)=P,_,‘*#(x), (2) and (3) yield

1
(4) f A—x) "' A +xP7'P,=B(x)f(x)dx=2*" " [B(a, n+ B+ 1)f(1)

+(—=1'BB, n+a+1)f(—1)].
1) Numbers in brackets refer to the references at the end of the paper.
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3. Particular cases. If we take f(x)= P, 9, y, 6> — 1, we obtain from (2)
1
J (1 —x)*A +x)PP, e 1Ax)P 0N x)dx =22 X1V E¥)Ba+ 1, n+ -+ 1), xk<n,
-1
and from (4) it follows

1
[ 1—x) A +xP 1P, @I(x)P 0 I(x)dx=2*TE"1[(*;®)B(o, n+ S+ 1)

+(—1)"+K(6:K)B(ﬂ, n+a+1)]’

which by y=6=0 becomes
1
J- (1—x" 1A +x)Ff 1P, *P(x)P (x)dx =22 P~ 1[B(a, n+ B+ 1)+ (—1)"""B(B, n+o+1)],
-1

where P,(x) is Legendre polynomial.
4. The “‘Kernel polynomial” K{(x, y) for Laguerre polynomials L {(x) is given by [3]
o KILOX)L(y)  (n4+1)! L20)LY, (y) — L ()L, y)

I'a+ 1)K, “x, y)= ’
(a+1)K,“(x, y) 1‘;0 (+a), (a+1), 4

where LP(x)={a+1),/n") Fi(—n, a+1; x), and x#y.
Taking one polynomial of the form ¢(x)=3"_,a,L,/*(x), we obtain

(6) f e XK, D (x, y)p(x)dx=(y) .

o
In particular, for y=0, since L(0)=(a+1),/n! and I'(a+ 1)K, “(x, 0)=L¥*(x), from (6)
we have

(6)y jw e *x?L,“* \(x)p(x)dx = I'(a+ 1)¢(0) .

[¢]
Special case:
(7) 1°. I e *x“L,“* Y(x)L, P (x)dx =(b+ 1) I(a+ 1)/k!,

L]

(8) 2 f e-*x"L,‘”“(x)Pu(x)dx=(—1)*(%) Fa+ 1)k,
k

o

(9) 3°. j e *x°L, @ (x)H 5 (x)dx =(— 1)*2*2k — 1) [(a+ 1),

o
where H,(x) is Hermite polynomial.

5. By the relation L2 D(x+y)=3§_oL{(x)L 2 (), the formula (6) yields

j e x* " L, @)L Px + y)dx = M@Ly ()
o

k
—r@y @ ez
r=o T!
and
 ka— (@ b—a)—,
xya—17 (@) ®+1) - R =
(10) J;) e *x% 1L, @(x)L, (x)dx = I"(a)rg0 k!

Comparing (7) and (10) we find the identity
k
> (U —a) - (a), = (b)), -
r=0
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