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DISTRIBUTIONNAL BOUNDARY VALUES
OF AN INNER FUNCTION

Nikola Pandeski

Abstract

In this paper we find dlstrlbutlonal boundary values of an
inner functions in the upper half plane.

We denote by II* the upper half plane i.e. IIT = z: [,z > 0}. If f
is holomorphic in IT* and bounded, thus is |f(z)| < C, for every z € ITT,
then boundary value function

f(z)= lim f(z+1y)
y—0+

exist almost everywhere'an R and f* € L>°(R). We call the homeorphic
function I (z), z € II* an inner function if [I(2)| < 1, and it’s boundary
function I*(z) satisfy |I*(z)] =1 a.e. on R.

Let S( P? be the class of rapidly decreasing infinitly differentiable func-
tions f € H (C\ R) and g € S(R), then the limit

Ty(0) = limy [ [£(o+ ) - f(o~ )]o(z) do
J .

exists and is a tempered dlstrlbutlon
The limit

f3 (@) =-3}Ln3, / f(z +1iy)g(x)dr
' ‘R

31




32 Nikola Pandeski

exists a.e. and is called distributional boundary value in the sence of S(R).
Following [3] we use the following form of the inner function in the

upper half plane
vl [ 1+tz
I(z) = (— dp(t
(@)= (7 [ 2 autr)
R

where u(t) is a positive singular mesure whith respect to the Lebesgue
measure on R and

/(1 + 2)du(t) < oo
R .
In our case, let u(t) be the point mass, that is u(R) = tg, tg > 0. Put

1 1+t0z
t, = = t t >O
Pt 2) =5 -t to

Theorem. Let
I(z) = expy(ty,z) to>0.
Then if g € S(R),

Ti(9) = lim [ (I(z+iy) - Iz~ ig))g(z) d=
R

= —2(1 + t(z))t()?'rg(t()) .

Proof. Note that

1+t2)¢ 1+ tox)(z —t toy?
oo, 2) = — yA+t)to _ (1+10z)(x ~ to) +toy "
(.’L’ - t0)2 + y2 (.’E — to)2 + y2

Using the series development of the exponential function, we have

2y(1 + tdto

I(x+iy)—I(x—iy)=_m

+ J(.’L‘, Y, tO)

where
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Elementary estimations shows that

2y(1+ tg)t0n|<.0"'i(to, 2)|
(x —to)? + y? '
Let g € S(R). Since g is a bounded and the convergence of the series
is uniform on the compact subsets of the plane, we have
M

lim lim / J(z,y,to)dz =0

y—00 M—o00
-M

9" (to, 2) — " (t0, 7| <

Using the Tayler series develompent od the function p € S(R) around
t = tg, we have

9(z) = g(to) + g'(to)(z — to) + Hét") (—to)+--

= g(to) + h(z,to)(z — to)

where h is bounded. We have
M
yl_l}gL Jim (I(z +iy) — I(z — iy))g(z)dx =
-M

- lim m [ Ut 8)
y-—-0+t M—o0 ( —t0)2+ 2

g(z) dz+

M
+ lim lim J(z,y,to)g(x)dx

y——>0+ M—oo
-M

=—2m(1+t3)to g(to) -
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JUCTPUBYIIMOHV 'PAHUYHU BPETHOCTHA
HA EITHA BHATPEIIIHA #YHKINJA

Huxona Ilagnecku

Peszuwme

Bo oBaa paboTa moxaykaBMe OEKa 34 CEeKYHIAPHATA BHATPEIIHA

dysRIHIja
14tz

I(z)=exp( ra— t0>, to>0

nexa axo g € S(R), Toram

Ti(g) = —27(1+ t3)to g(to) -
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