A NOTE ON ORTHOGONAL POLYNOMIALS
[puno3zn MAHY, Opaean. 3a mar.-tex. Haykn, V1/2, 1985, 99-103

This is an extension of the results of M. Parodi [1]and the author [2]
concerning the Legendre and Jacobi polynomials. We construct a class of
polynomials belonging to the vector space V of polynomia1§ of degree less
than or equal to n, whose basis are the orthogonal polynomials p, (x).. They
have a given common zero ® ¢ R or C. The other zeros are in the interval
(a, b) which contains the zeros of p,(x). In fact, we show that theise polyno-
mials are conected with kernel polynomials. )

1. Let p,(x), n = 1,2,... be a set of orthogonal polynomials. It
is known that for any three consecutive polynomials one has a relation [3]

Pn (x) = (an x+bn) pn—[ (x) - C’" Pn-—-z (x)a n />/ 1,

where a,, b, and ¢, are constants with ¢, > 0 and p_, (x) = 0.
Consider the polynomial R, (x, A, w) of degree n (n>>2) defined by

ta” (x——m) "i'" Kncn ’——Kn C, 0 - 0 0 I
a"—l()\——(’))—I/Ku a, 1 x+bn—1 — Ky g Cpr- 0 0 l
1 - _ . i
Rae)= (Bt O UK G 000
as *r—w) 0 0 - - ayx+b, —chzlg
i 0 —w) 0 0 --—1/K, a1x+b11

with .
ar+b, —Kc, = 1/K,i1, n=23 ..., n—1,
a,A+-b, = 1/K,
Expanding thc determinant we find the expresion of the polynonual
in the form
R, (x, h, o) == p, (x) —p,—y K, 11 -+ o) (8,7, (X) T
+oa,  Kepp2 ()t a3 KK, 16,6 1P 3(X)+ ...+ 1€))]
+ayK,...Ksc,...capg ()]
If we add to the elements of the first columns the elements of the others
columns until the n-th, we remark that the elements of the first column of

the transformed determinant have the factor x—w in common, which leads
to the relation.

Rn (x’ l’ C“) = (x——o)) [anpn——l (x) + an——]. Kn cn pn'—2 (x) +
+ a,—a Kn Kn—l CnCp1 Pn—s (x) +o. + a Kn' .- K2 Che -« ~czpo (x)] (2)
Taking w == A, from (1) and (2) it follows that

P () — Doy (V/Kpiy = (x—N) [, Ppr (X) + s K, €, P (%) +
+ ...+ akK,.. Kye,...cop, (%)

The zeros of the polynomial p, (x) — p,—; (x)/K,+, lie in the open
interval (g, b). Then the zeros of the polynomial R, (x, A, ©) distinct from o,
lie in the same interval (a, b).

One transformation of the preceding relation yields for the polynomial
R, (x, A, @) the following form
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R, (%) = 3‘;—‘;@" () — P (¥ Kpy)

2. Put

Pr—2 (M)
——-:K, r=1,2,...n,n+l.
P ) Y

The kernel polynomial O, (x, ) given by

n—1
Qn (x9 )‘) =a, Z P ()‘)pk (.X),

k=0
since @, = ¢, ap—» k= 1,2,... n, has the form
Qn (x5 )\) =y Pp—1 +Kn Q1 Cp Pp—1 (x) +... +
+ @K, .. K. .0 p,,»(x). €))
Comparing (2) and (3) we obtain ’

R, >N w) = (x —w) Q, (x, W)
3. Special cases.

a) Jacobi polynomials. In this case we have

a, = (@ +B42n—1) (@ +B-+2n) ) 2n (e 4B +n)
b, = (2—B2) (o +B +2n-+ 1)) 21 (2 4B -+ n) (& + B+ 2n—2)
¢y = (@B +2n) (@ +n—1) @+n—D/n (@ +B +n) (x4 B 4 2n—2)

Taking A = 1, Since

+n
P8 () —2 Pr—y (%)
U atBt2n (@)
X1 T2 @rpD,

4 4B 4 Doy
2 (@+B+2m—2k+1) (_“‘B'“.l“k- PR () =
k=1 B)r—k+1

_xt+B8-+2n Pt p)y)

2n n—1
it follows
X — o

R, 8 (x,1) =

{r = +B x,
PR () T P () -

_xF+B+2n (x — @) POHLB) (x)
2n
b) Legendre polynomials. For-a = = 0 we find from (4)
X —w

x—1

= (x—w) PO (x)

ROO (x, 1) — (Pn () — pp—1 (X)) =

where
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n—1
nPO (x) = 3 n-—2k+ 1) Py (x)

n=o

c) Laguerre polyndmials. We have
a, = —\/n, b, = Qn—V+a)/n, c,=En—1+2)/n, (a,b) = (0,c0)

n

Then
(6]

RO (x) = n “_‘,',Em s

Lo ) — 0 Lo (x) =
n
= (@—x) L&D (x).

4. Applications. Some definite integrals involving orthogonal poly-
nomials may be calculated from the relations given above. We have

1

1° f (1—x)* (1 +x)8 R (x) dx==

-1
_ guys XERA27 BB +n, at+l)(—o)
n
where B (p, g) is Beta function.

i

2° f(l——x)“ (1--x)BR B (IR, dx =

— T
o D0+p 2+ B+2n BB -+not+l) (1—w)? (Y —+ nz)
m

1
-3 f (1—x)% (1208 R, 8 (x) Lyt (x) dx =
—1

~ze2B@+mat ) ETPTP) g OED p iy,
ni!

w2 o -n

n
4° f e—* xR, (O(x)R (% B (x) dx = < ) Ty 1
n n

e 2 :
5° je‘-‘ X% R, @ (x) R, (x) dx = - (B B m) Ty +1).
mn
®

m
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EJHA 3ABEJIENIKA 3A OPTOI'OHAJIHHUTE IMOJIUMHOMIK

(Pe3ume)

Ilprn pancHa Kiaca OPTOTOHAJIHH ITOJMHOMH AafcHa € mocTtamka 3a dopmynmpa-
e HOBA KJaCa OPTOTOHAJIHM MOJMHOMH KOM HMMAaT €AHA 3acQHHYKA Hyjaa.
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