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Abstract. The sequence {U /Un} of the ratios of consecu-

n+1+bUn+CUn-1 = 0 with
U,=0, U,=1 converges to the root ) 6 of f (x)=ax?®*+bx+c=0, supposing
[x,1 > Ia,|. Newton’s method for the equation f(x)=0 with initial
approxima%ion 1 produces the subsequence {U n /U n}. The Hal-

2 +1 2
ley'’s iteration method for this equation produces the subseguence

nt+1
tive numbers Un’ n=0,1,2,... defined by aU

{u /U n}. Applying the Newton’s modified method and the Schrd-

3, +1, 3 . q Qe
deY¥’s iteration method we obtain similar subsequences.

1.1. Let {Wn} be a sequence defined by the second-order li-
near difference equation

aw + an + CW =0 (1)

n+1 n-=1
with the initial values W, and W,. To get a simpler relationship

for this sequence, we write the last equation (1) in the form [1]

2 =
aWn+1 AaWn+(b ka)(Wn—AWn_1) + {(c+bi+ai )Wn_1 = 0.

If A,,A, are the roots of ax®*+br+c=0, then i,+A,=-b/a, i, ,=c/a

and we have

Wiy = AW = A (W =AW, _ )

W= W= L (WA W ),
and hence

Wopa — AgW = AD (W, =2, W)

W, = AW = AT(W, -2 W,) .
Substracting we find

Q=AW = (W, =3 WAL = (W, =2 W,)AT.

Therefore, if A ,#X, we have
(W, =X W) AG— (W, =AW ) AT

= Ag.
Wn a7, ’ A #X,

1.2. In the special case when W,=0, W =1 we obtain the
sequence {Un) defined by

AZ3-2%
U, = e n=0,1,2,... (2)

and if W,=2, W,=1 we have
v, = A% + 2], n=0,1,2,... (3)

From (2) and (3) it is easy to verify the identities

au L Upne, -~ cUmUn =al 4,r mn 20 (4)
alp 4, - €8, _, =av,, n20 (5)

332



2.1. It is known that the sequence {Un+1 /Un} of ratios of
consecutive numbers Un’ n=0,1,2,... converges linearly to i,.,

. That is, the number of digits of Un+1 /Un
which agree with A  is approximatly a linear function of n. In
fact there are constants «,8 > 0 and € <1 such that

ae® < U /8 =2, | <eg™,

supposing |A,| > |1,

n+1
J. Gill and G. Miller [2] consider sequences of numbers

converging rapidly to i . By Newton’s method

N(xn) =X, - f(xn) /f'(xn)

for approximating solution of the equation f(x)=ax2+bx+c = 0,
they obtain

N(U_ . /U)) =U /Uan

n+1 2n+1

The sequence {xn} generated by Newton’s method with x,=1 is de-

fined by x_=U /U
n-.n,_ 2

since there are constants a«,8 > 0 and € < 1 such that

aezn <|x —A1|<aszn.
n

n* The convergence of {xn} is quadratic

2.2. In the present paper by using procedure of numerical
analysis for approximating solutions of the equation £ (x)=0 we

obtain sequences converging more rapidly to i, .
Indeed, by Halley’s iteration method [3], [5]

H(x ) = x —f(x )E7(x )/ (£ %(x)-0,5E(x)£"(x,))

for solving the equation f(x)=0 with ratics U . /U as the ini-
/U

{x;} generated by this method is given by x*=U

tial approximation, we find H(U /Un)=U

D+ The sequence

3n+1 an-”

/U n=0,1,2,...
3n+1 3n’ T
which is cubically convergent to A, that is, the number of di-
gits of Ultq /Un which agree with X, is approximately a cubic
function of n. In this case there are constants o,8 > 0 and ¢ < 1

such that ae?®? < |x;—x,| < ge3",
Next we use the Newton’s modified formula, obtained from
Newton’s method by replacing f(x) by £f(x) /f’'(x),
N = - ’ r2 - "
N(xn) = X f(xn)f (xn) /(£ (Xn) f(xn)f (xn)),
from where we have the identity

/v

(L /Un) = V2n+1 2n

n+1
The sequence {Qn} generated by this method is defined by
X =V /V ., n=0,1,2,... .
2N

it 274,

We can similarly apply the Schrdder’s iteration method [4]
= - ra o n
S(xn) X f(xn(f (Xn) f(xn)f (xn))/

r - 4 n 2 rrr
/(f 3(xn) 1,5f(xn)f (xn)f (xn)+0,5f (Xn)f (Xn))
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for solving the equation f£(x)=0, with ratios Un+1 /Un as initial

approximation. We find S(U_,, /0) =V ., /V3n and S(V__, /Vn)=

=U /U

e from which we obtain the analogous sequence {;;}

an

with X* = Vv o /v n which is cubically convergent to A, .
37741 3

3.1. Newton’'s method for the equation f(x)=0 gives

2
ax_—C
n

N(xy) = Zax_+B’

or if we take the ratios Un+1 /Un as an approximation to i , we
have
2 2
- P aUn+1—cUn
- =
+1 n Un(2a0n+1+bUn)

By the identity (4) we obtain

U
n+1
N(U Ju_) = _2nt1
n+1 n Uzn

The sequence {xn} generated by Newton’s method with x =1 is defi-

ned by X, = [, /U

2" +1 2n

3.2. For the equation f(x)=0, the Halley’s iteration method

gives
2,3 -
a“x; 3acxn be

Hixy,) 3a2x2+3abx_+(b2-ac) -
Then I A
o e a Un+1-3acUn+1Un—chn
T Z{] =2 5 Z— =y "
n+1 n U,(3a%0Z +3a&bU U +(b3-ac)uz)
But by (4) we have
2113 o - 3 _ 2 _AT12) 772 -
a Un+1 3aCUn+1Un chn aUn+1(aUn+1 cUn) CUn(2aUn+1+bUn)
= 52 - -
= a0, 4U,n4,7360U 0
— 2
S & U3n+1
and
272 2_ 2y —
Un(3a Un+1+3abUn+1Un+(b ac)Un)
— 2 - 2 =
= au_(aU2,  ,-cU2)+U_(aU_, ,+bU ) (2aUu_, ,+bU,)
- a2 - =
= a“u U, ,,-acl__.,U0,,
= a?u
an
so that
H(Un+1 /Un) = U3n+1 /Uan'

3.3. The Newton’s modified method for f(x)=0 gives

2
+4acx_+bc
abxn o

= - ’
2a2x:+2abxn+(b2—2ac)

N(xn)

from where it is

2 2
g R abUn+1+4acUn+1Un+chn
n+1 n 2a2Ug+1+2aEUn+1Un+(b2—2ac)Ug
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Using the identities (4) and (5) we obtain

2 2 _
abUn+1+4acU Un+bCUn

n+1

aUn+1(bUn+1+ZCUn)+CUn(ZaUn+1+bUn) =

malal, 4 2Un4a7Uny,

cUp4, Uy ) +e(@l U, -cU UL ) =

P R = =a2 5
a(aU2n+2 cuzn) & V2n+1

and

24%U2%, +2abu
n

2_ 2 _
Y 1Un+(b ac)Un =

+

[

2772 2_ 2 _
a Un+1+(aU +bUn) 2acUn =

n+ 4

a(aUu?

n+1-cUr21)—c(aU;—cU2 ) =

n-1

]

a(au cU ) = a2V2 5

2n+1 - a2n-4 n

Thus we cbtain ﬁ(um1
$imilarly, N(V ., /V_)=U

/Un)=V2n+1 /V,,» from where xn=V2n+1 /Vzn.

a2n+1 /Uzn'
3.4. The next cubically convergent sequence is obtained by
the Schrdder’s iteration formula for f(x)=0 which gives
aszg+6azcx;+3abcxn+c(b2-2ac)
= 2a3xi+3abxﬁ+3a(b2—2ac)xn+b(b2—3ac)

S(xn)

from where

21113 2 472 2 2_ 3
/o) a bUn+1+6a CUn+1Un+3abCUn+1Un+c(b 2ac)Un

== 3 e P z=
n+1 n 2a3Un+1+3a2bU§+1Un+3a(b 2ac)Un+1Un+b(b 3ac)Ug

s(U

By (4) and (5) we have

2,3 2 112 2 2_ 3 _
a bUn+1+6a cUn+1Un+3ach Un+c(b 2ac)Un

n+1

= a(auZ, -cU2) (bU_, +2cU )+cU (aU_,,+bU ) (bU +4aU . )-abcU , U }
= ab(aU_ U . . -cU U, )+2c®U U _, (2aU , +bW ) =
= a® (U, 4200, ) = @V,
and
2202, +3a*bU2, U +3a(b-2ac)U,, ,U2+b(b*-3ac)U] =
= a(aUZ, -cU?)(2aU_,  +bU )+U_(aU ., +bU ) (2abU . +b?U -2acU )~
—2aczUn+1U; =
= a®(2avu_ , +bU_ ) = a%v__
so that
S(U3n+1 /Usn) = V3n+1 /Van'

Taking x* = 1 from here we find the subsequence {iﬁ} with

X* =V /v .
n SNy, aN
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HEKOW 3ABP3YBABA HA KOHBEPI'EHIWJATA
HA ONPEIEJIEHM KJIACH OJJ HHU3H

Pes3zumMme

Husarta {U /Un} OO KOJNHUYHHUIUTE Ha NOcClenoBaTeslHuTe GpoesH

n+1
Un’ n=0,1,2,... onpegeneHu CO aUn+1+bUn+cUn_1 =0Hu Uo =0,
U, = 1 xoHBeprupaaT KOH KODEHOT X, Ha f(x)=ax?+bx+c = 0, npwu

npeTnocTaBKa IA1{ > {Ar,|. Ce mokaxysa mexa co meromoT Ha Newton
3a paBeHKaTa f(x)=0 ¥ noueTHO mpubauxyBame 1 ce pobupa nonHU3aTa
{U - /U n}' nonexa co MeTOOOT Ha HTepanHja Ha Holley ce pmo6usa
2 +1 2
nomuusara {U /U _}.
FLLFON al
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