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Abstract: The objective is to show the analogy beiween a
theorem of M. Petrovitch and a result of Moutard concerning the dit-
ferential equation of the second order.

1. M. Petrovitch [1] has proven the following theorem: for the in-
tegrable equation

Y+ =1
it may be attached a series of functions g, (x), i = 1,2, ... so that every equa-
tion
Y AV =100 +u ) (1)

without any additional quadrature is integrable too.

The proof is based on formation of a series of the recurrent formulas of
the form
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Xn— n—1+4 X 2 X , n=172,... 2)
n-1 n—1
and taking
u,xy =X —X, | 3

with X, = f ().

The purpose of this note is to show the analogy between the theorem of
M. Petrovitch above mentioned and a result of Moutard {2] concerning a dif-
ferential equation of the second order.

2. The Moutard equation

y”+(2h+%lgw>y’——ly=() (4)
where w = w(x), A = A(x) and k = const., by the successive transformations
Y, TA_ vy, =12,
with yo =y and A, = 4, produces the equations
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where
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L, i=12..

By the substitutions
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y. = e—h"‘(wl}tj. . .ll._l) s expful.(x)dx

in {5) we get the Riccati form of these equations
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i—

2 2
1({d 1 d
+Z(—d—x-lgwﬂﬂl..../1j_l) "E—dx—zlgw“f'“’lf-l (6)
or
(wdA, ...A_ )’
, 2 _ 1 i—1
u!+u;=24_,+hh+ @Ah A +
.
T , X% wAA LA )
3lw’ A 1 -1 _ 1 1 izl
+Zl:w +T+Il+'“+1j—l} 2 wldd..A,_

Let us give following M. Petrovitch, to the series of equations (1) with
(2) and (3) the form
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It is clear that for h = 0 and w = const., we have an analogy between
(6) and (7).

Moutard notified that for 4, = 0 we obtain from (5) y, by the quadra-
ture. Consequently, we get g, by the differentiation.

3. We note that the classes of equations of M. Petrovitch and Moutard
(special case) arise from the equation

y'=fxy
which enables unification of their results.

Indeed, by the elementary transformation [4] y =fku, =1,
u = ufx), k € R, we have
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12 rs ’
W'+ Lg iy k(k—2)L2—+kL—f u=0 (8)
which is a special case of Moutard equation.
Fork = 12itis
u'' = X1 u

and after differentiation, by the transformation u’ = VX, , i, gets the form
w'"' = X2 u

where X, X, are given by (2), and u = u(x).
The successive repeating of the procedure by ;' = \/3(!_ U,

i=72,.3,... yiclds

u, =X:’+1”i’ 1=2,3,...
whose Riccati form is given by (7).

If k=1, from (8) we get the Moutard form (4) with 4 = 0, w = f and

2

X d- .
A=f——5lgf.
f 22 g/
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Pesznume

3A EJTHA KJIACA JIMHEAPHU JTUOEPEHITNJAITHU PABEHKH Ot BTOP PE/L

Ce noxa)XyBa aHasioTHjaTa Mely ef(Ha TeopeMa Ha M. Perovitch v enent pesyarar Ha
Moutard, koja ce oavecysa 3a AndepeHiiHjaiHU PaBeHKH 0l BTOP pel
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