SUMMATION OF RECIPROCAL SERIES
OF A CLASS OF POLYNOMIALS
puno3zn MAHY, Ongen. 3a mat.-tex. Hayku, XV/1, 1994, 33-36

Abstract: Several relations concemning the sums of reciprocal series of a
certain class of polynomials are given.

1. This note deals with the class of polynomials W, (p,g;k, x) defined by [1]

W, (x)=kxW,_,(x)+ W, ,(x), n22, k=1,2

W, = p,W, =q, with W, (x) = W, (p,q;k, x).

We are interested in the polynomials W,(0,1;1,x)=F,(x) and
Wn(2, x;1, x)= L,,(x) known as Fibonacci and Lucas polynomials respectively, and

W, (O, L2, x) =P, (x) and W, (2, 2x; 2, x) =0, (x) named Pell and Pell-Lucas polyno-
mials respectively.

These polynomials are introduced also by the relation [2]

F,(x)=(o" —ﬁ")/(a—[)‘), n20
L(x)=a"+p", n20

where
N g VSO ey V SR
and
P,(x)=(a"-b")/a=b), n20
0,(x)=a"+b", n20
where

a=x+Vxi+1, b=x—vx>+1 )

The purpose of this note is to give some relations concerning the sums of
reciprocal series of these polynomials. It is an extension of the result of H-J. Seiffert
obtained for sequences of numbers [3]

2. Let
x* +4 F,(x)0, (%) = A, (x) = 4, ,
x*+1 L, (x)P,(x)= B,(x)=B,, .
We have

2B 1 1
= + ©

B, - A, Bm —Am B, +Am
2A 1 1

A= S : 4
B:-A2 B,-A, B,+A,
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But
B, - A, = (o™ + B" )(a” —bm) (@™ = g™ )(a" +bm)
=2(pe ) ={1-(en" o
B, +A, =(a"‘ +ﬁ"’)(a’" ) (o: —,B'”)(a +b"’)
= 2(a"a™ - g"b") = 2(1- (B6)"") [(BB)" .

Then
L A _1&[ (ab)"  (B)"
EB;_A;—4,§[1_(ab)zm 1—(Bb)2mJ
< Bm l" ( )m (ﬂb)m
'"Z—IB@—AZ_“E{ - (et)™ 1-(ﬂb)2m}

From the identity [2]
k-1 ’ n
2"; z? __ 2 z= 22
a1-z -z
putting z=oaband z = fBbrespectively, it is

n+1 = 2 (5)

and
s (B __ (&)
S-(pn)”" 1-(pp)’
taking that |ob| <1 and |Bb|< 1.
Now from (3), (4) and (5), (6) we obtain

i F,, (/:)an (x) 2
n=14(x? +1)(L (x)P,. (x)) —(x2+4)(F2,.(x)Q2,.(x))
_ 1 [ (ab)®  (BB)’ J
axrva1-(ab)  1-(Bb)’
_b? Fy(x) _ £ (x)
4 1—172L2()c)+((1tﬂ£72)2 4[Q2(x)—L2(x)]

(6)

and
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! [ () . _(B) )

g 1—(et) - (@)

__ b Ly(x)-2(epp)’  _ L, (x)—2b°

8VaZ +11-Ly(x)b® +(ofh?)”  8vx2 +1(Qs (%)~ Ly(x))

Putting &, B, a and b from (1) and (2) we find

< F,. (x)Q,a (%) 1
2 = @
n=t 4(x? +1)( L, (x)F, (x)) - (x? +4)(F2”(X)Q2n (x)) 12x
and
= . L.(x)P,.(x) 1 1
)3 roo2 ——— (8
N PP Py PR Y e

3. As a consequence from (7) and (8) we have

hnd 1 _\/x2+1_£+Vx2+4

71 240 x% +1 Ly (x) Py (x) F x> + 4F,, (x)Q0 (x) 3x 4 12x

If we take x=1, we obtain from (7) and (8)

& FyaQon 1
> 2 =— ©))
e ry) ~o(m0n)
and
= e 1 1
=—- 5 (10
g'f;(L P.) -5(Fn0,) 6 82

where F,()=F, ,L,()=L,.P,()=F, and 0,(1)=0, .

From (9) and (10) it is

= 1 V2 1,45

2 =5 "7 T

m2N2L, P #V5F,0, 3 4712
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Pesume
CYMHUPAKBE HA PEHUIIPOYHH PEJOBH OJ1 ETHA KJIACA HA NOJINHOMHU

Bo TpynoT ce flapaaT HEKOJIKY pesaiuy KOH ce ORHECyBaaT 3a CYMHTE O PEHMIPOYHH
PENOBY Ha eflHa KJIaca NMONHHOMH.
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