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Abstract: Some reciprocal series of Tchebycheff polynomials are given.

1. We consider the Tchebycheff polynomials T, (x) and U,(x) of the first and
second kinds respectively defined by

Toe1(x) = 2xTu(x) = Toy(x), n 21, Tox) =1, Ty(x) = x

and
Ujir(x) =2xUn(x) — Upy(x), n 21, Up(x) =0, Uyx) = 1
They can be expressed in the form
(1) 2T.(x) = o'(x) + B'(x)
and
(2) AX)Un(x) = &%) - B'(x)
where

ax)=x+Vx* -1, Bx)=x-Vx* -1, 8% =aXx) - fx)= m

The definition may be extended by 7".(x) = T,(x) and U_,(x) = — U,(x).

The purpose of this note is to give some relations concerning the reciprocal
series of these polynomials.

2. Using (1) and (2) we obtain

2a"(x) = 2T, (x) — 6(x) Uy(x)
and
4" (%) = AT p(x) Tu(x) + A(x) Un(X) Upnfx)

+28(x) (Tn(x) Un(x) + Tru(x) Un(x))
from which it follows that

3) Uros(x) To(x) — T stx) Us(x) = Un(x)
and
C)] AT %) To(x) — A(x) Upiifx) Usx) = 4T (x)
If we write (3) in the form
7 (x) _ 1, . (x) _ U, (x)
Uix) U, UxU, (x)
and replacc s here by s, s + 1. s + 2r, ... s + (n — I)r successively and add the results,
wc obtain n ;
&) S\ = R
ol Usiteo1ppUsirr
- [ L6 Tow (9 ) I U ()
U,(x) Us.tx)) Us(x) U,xU,.x)U,, . (x)
Similarly, using (3) again we have
r.s - 1
() o= — -
v Lop oy T )
= [ljxv nr (x) _ l"v.!' (X)J 1 — ('vn" (x)
oo r(X) 1500 ) Usx) Tix) U,x) T, ,,(%)
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Because

B ix), ZE2) <1, x>1
, a(x)
. U, (x)
lim =
n—=>-U_ (x)
a’(x), a_(xz’< 1, x<-1
B
and
,HS /X)
i U,00 | s s
N
1)
we find ‘
—'BA ) x> 1
. © ! U.x)U (x)
7 SR,b — = A s
( ) (X) ; (’Isw (n lir (x) Uﬁ nr (x) a’ (X) ]
U,x)U, (x)
and ‘
, ) ———ﬂA ) >/
> ! ST x)
@) o(x)= g , = c T
; [S-v-{rl 1)r (x)ys'n(x) x (X) : <=2
Sx)T . x)U,(x)
In particular, if r = s we have
o ; l—[j/,(—x) x>
1,1 < - (x)
€)] S"(x)= — =3 )
; l’/kr(x)(”(nﬂl)r(x) a (x) ' x <—1
(Y
and
2B, (%) /
o 1 UVZ(x) ’
10 o' (x) = —_— = ;
( ) ( ) Z an (x)Tn* r (X) Za ' (x)
n-l . .ox <=/
U- 2r (X)
3. Following the method used above from the relation
2 (T?_s(x)_TZr(x)) = A()\) Ur*s(x) Ur-s(x)
we obtain
. ! 20,
(1D A(X) = — T —
o7 Do =Ty Usy(Us (U, 50(x)
and
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B x)

» ] 6_(— x>/
(12) A(X) Z = r(x)’ ’ 2s (X)
= T2r+2(2nf])s (X) - T2s (X) -& .
U'r (X) Uv,?s (X) ’
Similarly, from the relation
2(1,. 0 + T, (%)) = Ty () + Ty ()
we obtain
n v
(13) Z - 4 - U pg ‘
k=1 [12r*2(k~l)s (X) - TZs (X) Urs (x) Tr (x)7r+2m‘
from which
_BE
(14) ) —— L
= Doop 100+ T a’(x) 5

U, (x) Tyx)
We notice that from

Ul -Ulp)=U, U, (x)
it follows that

= i
(15) = 7 ()
; Ufﬁ-(k-— Dr (X) - U;?

Similarly, from
T2 -T2 ) =T, T, 5(x)
we obtain

= !
(16) A(x) =8 (x)
Z; TZ%H(Zk*l)s 69~ T7 (x)
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Pesume
PEIIUIPOYHU PEJIOBH 3 A IIOJIMHOMUTE
HA YEBMIIIEB

Ce naBaat HEXOM eNIEMEHTAPHH PEOBH 3a IIOJUHOMHUTE Ha YeOuies.
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