A CLASS OF POLYNOMIALS CONNECTED WITH
LAGUERRE POLYNOMIALS
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We construct a class of polynomials belonging to the vector space V of
polynomials of degree less or equal to » whose basis are the Laguerre

polynomials L(,,a)(x)‘ They have a given common zero a € Ror C . The other
zeros are in the interval (0,00), which contains the zeros of L™ (x).

1. Let nga)(x), n=012... be the set of Laguerre polynomals defined by the

relations
nLl® (x) = 2n-1+a- )£ (x) - (n—a + DL, (x),

L§Y(x) = L, (x) =0.
Consider the polynomial A (x) of degree n(n = 2),given by

n—-l—-x+a 1—-n 0 0

l-n—a+x 2n-3+0—x 2—-n 0

a 2-n+a 2n—-5+a-x 0

A(,(,x)(x)= a 0 3—n+o 0
a 0 l—a+x

If we add to the elements of the first column the elements of the other columns
until the n-th, we note that the elements of the first column of transformed
determinant have the factor x-a in common, which leads to the relation

A ) = 22 1 () + L ) 415 () a
Expanding the determinant, we find
A (x) = Lﬁ(x) (" 1)+

2
22 )+ L4 L8(0))
By comparing (1) and (2) we obtain
O e LR PRIGER IO )
€))

a—x

= 222 () + £ (e 4159 ()
We see that the zeros of the polynom1a1 A(“) (x), distinct from a, are the same

as the zeros of the polynomial ( (x)+ L( 5 (xX)+.. +I1()°L)(x)) From (3) we
have

() - 222 1) = -2 (£ (e +£670)) @
The zeros of Lg,a)(x)—stg)l are real and belong to the interval (0,%0).

Consequently, the zeros of the polynomial A(,,“) (x), distinct from a, are in the
same interval.
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2. The relations (1) and (4) lead to the expression
A(na)(x) - x;a (Ls,u)(x) _ a_nf.’lLSi)l(x))

Taking into consideration that L, (o) _ Z L(a)(x)

We obtain A(a)( )_a__x (a)( )
More generally we find
A = s /‘,;”,(AH[V‘L ‘»’«»i)/,‘,j‘,)ﬁ(,\~)+_._+
) 14 -

‘H (
n -1

a a- o a - (i)
Hot | (x)
n n-1 n—k+1 4 ’

Where ‘
A Gy = A e+ A (g Al

nk\ "

(X)

We have also
Al ,\-):7'\‘_”[L&;‘)(.’)f—l(uv)( o) =21 x)+
X n—1

A
nkt 7 "

o () o
- 1l X
(i1~k -1 " ) ”"—IH)]

and |
¢ ( ¢ , o+
Arder=ta o La ey e eyt 0 )

non 1 o -2 ; "

3. Using the relation given above, we obtain some definite integrals. We find
m+o+l o’

R (u) (—l)"[”77 r(m+ov+l)[————Jvm‘znfl
t° fe TN (3 ) = \n m-n+l m

Om<n+l
and ‘
x 2
20 Jeof l‘H(A(,, )(x)) dx
)
( (m+n), 5 , . : . \
= f( —2a(2n+k)+on(n+k)+k(k+1)).k eN
n'ln .

and more generally

fermameni e = Sy, 2L S cnok.

0 _ fomr m—-n—r+1 m
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