EXPANSION OF LAGUERRE POLYNOMIALS
INTO SERIES OF BESSEL POLYNOMIALS
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Abstract: Some relations between Laguerre polynomials and
Bessel polynomials are given.

1. In the study of orthogonal polynomials one uses very often the hy-
pergeometryc function , F|(a, b; c; x) defined by [1]

> n
ZFl(a’b;C;X)‘: Z M__
n=0 (c),n!
with

(o), =a(a+1)c+2). (xc+n-1), n=2l
(), =1, ax#0

the Pochammer symbol. Similarly , F, (o, @p,....@; By B7,-... B3 %) is a gen-
eralised hypergeometric function.
The Laguerre polynomials lea)(x) are defined [1] for a n nonnegative

integer by

I+,

Lff”(x): Fi(=n; 1+ a; x)
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This equation yields

e [l P
()F]('_;1+a;—xt)=et2¢
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Therefore
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a0 (1+0),n! Zorzo (n—k)(1+a),
from which it follows that
L& D e, K (x)
=

S =k +a),

The simple Bessel polynomials

yp(x)= zFo(—n,]+n;—;—§)
and the generalised one
ypla,b, x)y=Iy(—n,a—-1+n;—; —%)
may be considered as special cases of the polynomials
@,(c,x)= (;)'” 2 Fo(=n,c+n;— x). (1)
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Really, we have

X
L-=)=y,
@, ( 2) Vo (X)
and
n!

ﬁ(pn(a_]’_%)z yn(a’b’ x)

respectively.
The equation (1) yields the property

_n,z( D*(c +2K)@; (c, x)
k=0 (n_k)‘(c)n+k+l

(2)

The aim of this paper is to give some relations between the Laguerre
polynomials and the Bessel polynomials, using a classical method [1].

2. Consider the series

3 —D*U+a), x
L (x)e"
ngo n (X) Z_"Osz‘b "'(n*é)'(l+a)
_ i D+ a),,.,x ‘”“'
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Using (2) we may write
i L(a)(x)tn — i ZS; )H'l\ (1+O{)H+S(L+2k)(pl\ (C,,‘-)t“+X
= pelSy GOl (v a),
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5 DA+ 0),4 500 (€ + 2@, (¢, x)t -

SO gpope (T +) g
in which we have used the identity [1]
Z ZA(k n) —Z ZA(k n—=k),
n=0 k= n=04k=0
to collect the powers of ¢ in the last summation above.
By the same identity used in reverse, from (3) we obtain
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Therefore
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n U+a),e.(c, x)
L% (x) = Fo(—n+kil+c+2k,1+a+k;1) n .
PSSk (n—k)1() g (1+ )y

For the simple Bessel polynomials we find

< l+a), y,(x)
Lo =Y | Fy(-n+k;2+2k, 1 s 1) — non
g ) L atnrk2a2k o b D o v o

or

n _ Kk
L(”a’(x): Y (Fo(—n+k;2k+2,1+0+k;~2) (72) d+ %), y,(x)
$=0 (n—kY1CH+a),

and for the generalised Bessel polynomials we find

n 1 b
LX) = ¥ Fy(ntkia+2k, 1 4@+ k; 1) O F B0 Y (5, 1)
b K-k a+k—1),(1+a),

or

n Kk
ED )= 3 | Fy(en ks at 2k, 1+ 00t k; — by 2 U+ 0 (@ 5.2)
k=0 (””k)!(a'l)Qk(I‘Fa)k

3. Following the same procedure, let us expand the Bessel polynomial,
in a series of Laguerre polynomials. Consider the series

o n (_} PR
3 g, e = 3 3D e

n=0 n=0s=0 sin—s)!
= i (=D () s x1"°
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Now if we rearrange terms in the above, we obtain
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Finally

n L(,a)
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TFor the simple Bessel polynomials we find
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LS (=
(n+ k)L« 2)

n
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and for the generalised Bessel polynomials we have

nl(a+n—1ly, L‘,(""(-%)

”
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k=0

4. Special cases. For the simple Laguerre polynomials L(k“)(x) =L, (x)
arising frequently, considered as special cases, we give

() pak L (X)
(n—=Kk)!
5 L 1 (DX (n+h) L (x)
2° y,(x)= Fo(—n+k,n+k+1,k+1;———
Yn(X) k§03 0 2 2K (n—k)!

1
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) i ' A Yy (X)
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n
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=0 k (a_l)zk
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Pesume

PA3BUBAILE HA TIOTUHOMM HA LAGUERRE
BO PEJOBHU O ITOJAMHOMMU HA BESSEL

Bo TpynoT ce maBaaT HEKOM penanuy NoMery MoJMHOMM Ha laguerre W nojvmHo-
M Ha Bessel.
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