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ON SOLVING A NONLINEAR ORDINARY DIFFERENTIAL
EQUATION OF THE THIRD ORDER

Zdravko F. Starc

Abstract

In this note a class of integrable nonlinear ordinary differential
equation of the third order is given.

The object of this note is investigation of integrability of the differential
equation of the form

y" + a(z)y" + b(z)y' + A()y"” + a(z)

B(y)y'” + C(y)y'y" + c(z)D(y) = 0. (1)

The same equation is treated in paper [1]. Namely, J. D. Ketki¢ proved
the following result:
If u = u(z) is a solution of the equation

u" + a(2)u” + b(z)u' + c(z)u=0. (2)
the equation (1), where

A(y)= B(y)* + B'(y), C(y)=3B(y), D'(y)+D(y)By)=1, (3)

has a solution y = G(u(z)). The function G is any solution of the equation
G' — w(G) = 0 where
wl
B(y) = — (y)
w(y)

We will use procedure developed by He Ruhong and Fan Xing (3]
to study a class of the equation (1). Notice that the nonlinear ordinary
differential equations of the second order are considered in [3].

We start from the equation (2) where a(z), b(z), c(z) are to be deter-
mined later. By the transformation u = g(y) this equation becomes
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9"(y) 3 9" (y) e 39"(y) 1 u 9(y) _
7y’ 7w’ Tdw VY +c(gg)g'(y)_o' )

According to V. Lj. Koci¢ [2] the general solution of the equation (4)
is given by y = ¢71(C1u1 + Cauy + Czuz) where uy, uz, us are linearly
independent solutions of the equation (2).

If we introduce the substitution ¢ = f(z), u(z) = 2(t), where z and ¢
are new unknown function and new variable, respectively, the equation (2)
becomes

F(@)P2"(0) + (3f'(2) 1" (2) + a(z) f'()*) 2" (1) +
+ (f"(2) + a(z) f"(2) + b(2)f'(2)) 2 (1) + e(2)2(t) =

u"+a(2)y"+(x )y + L2y va(z)

From
3f'(z)f"(z) + a(z)f'(z)* = 0,
we have (@) + a(2)f"(=) + b(z)f'(z) =0
_ _3f”(:1;) o F'(z) 2 (=) 5
= wm=s(E) g o
Furthermore, from
F(@)32"(t) + e(x)z(t) = 0, "
we have F(t)z"'(t) - F'"(t)z(t) =0
_ (@) (=)
o(z) = ) (7)

It is known that the general solution of the equation (6) is given by
2(t) = C1F(t) + Cy [ ha(t)dt + Cs [ ho(t)dt

where hy(t), hy(t) are linearly independent solutions of the equation
F(HR'(t) + 3F'()R'(t) + 3F"(t)h(t) = 0. (8)
Substituting (5) and (7) into (4) we obtain the equation

w_ 3f"(2) u @\ (@) 9" i5_
A T +3[(f’(w)> o |V e Y o
_3"@) g"W) e, 39°(W) F"(f(2)) f'(2)* g(y) _
f'(z) ¢'(y) g'(y) F(f(z))  9'(4)
or the equation (1) where .
ba) == a(e) + 3 d/(2),

F///(f e—% [ a(z)dz dz)e‘ [ a(z)dz
F([ o3 oo gg)

c(z) =—
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(F is arbitrary function) and (3).
In accordance with the above and [2] we can formulate the following
result.

Theorem. Suppose that f, g, F € C3(I), f, g # const., F # 0 and
the function g has the inverse function g=!. Then the general solution of
the equation (9) is given by

y=9" (C1F(f(2)) + C2 [ k1 (f(2)) df (@) + Cs5 [ ha(f(2)) df(2)) (10)
where hy(t), hy(2) are linearly independent solutions of the equation (8).
Example. The equation

3(z? - 1) 2.3 12z _, -
(17 22)2 y' + 2y~ P A A U

yll/+ 6z i +
14 22

1+ 22)2
has the general solution (1+z?)%arctge

cos(v2 In arctg z)
(14 22)(arctgz)?

sin(v/2 ln arcteg z
T (in-{(- :lrz)zlarctgga;)‘)1 de) (2> 0).

Here g(y) = Iny, F(t) = ¢ and f(z) = arctgz. To the equation (8)
coresponds the equation

2R () + 9th'(t) + 18 h(t) = 0

and its the general solution is given by

y = exp (Ci(arctgz)® + C, [

h(t) = C1t™* cos(v2 Int) + Cyt~* sin(v/2 In t) (t>0).
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3A PEIIIABAILE HA EJTHA OBMUYHA
JNPEPEHIIVIJAJIHA PABEHEKA
O TPETU PE

3apasko ®. Crapn

Pezume

Bo 0oBOj TPyl € mOKaKaH CJIeIHUOT pe3yJTarT:

Teopema. Hexa e f, g, F € C3(I), f, g # const., F' # 0 u Hexa
byHKIMjaTa g UMa MHEBep3Ha QyHKIMja ¢~'. Toraul ommroTo pelrerue
ra paseHKaTa (9) e mameno co (10) xaze mTo hy(t), ha(t) ce mmmeapno
He3aBUCHM pelleHMja Ha paBeHKaTa (8).
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