ISSN 0351-336X

Matematiqki Bilten

36(LXII)
2012(33-46)
Skopje, Makedonija

ON FRACTIONAL q -KINETIC EQUATION
MRIDULA GARG AND LATA CHANCHLANI
Abstract. In this paper, we obtain the solution of fractional q-kinetic
equation, which involves the Riemann-Liouville fractional q-integral
operator. We apply the method of q-Laplace transform and its inverse to obtain the solution in closed form. The solutions of ordinary
q-kinetic equation and two more fractional q-kinetic equations are obtained as special cases of our main result. We have also drawn some
graphs of the solutions of fractional q-kinetic equations using the software MATHEMATICA.

1. Introduction
Kinetic equations describe the continuity of motion of substance and are
the basic equations of mathematical physics and natural science. They can
be used for quantitative and qualitative description of physical, chemical,
biological, social and other processes. They are called “master equations”
because mathematical simulation of the evolutionary processes based on
the kinetic equation is fruitful and effective. The Liouville equation, the
Boltzmann equation, the system of Vlasov’s equation, the Fokker-Planck
radiation transfer equations, the chain of Bogoljubov’s equations, the Vegner equations for the matrix of density and diffraction are important kinetic
equations
The study of q-analysis is an old subject, which dates back to the end
of the19th century [17]. A detailed account of the work can be seen in the
books by Slater [21], Exton [5], Gasper and Rahman [7] and a licentiate
thesis by Ernst [4]. The q-analysis has found many applications in such
areas as the theory of partitions, combinatorics, exactly solvable models
in statistical mechanics, computer algebra etc [3]. Recent developments in
the theory of quantum group as given in [6] and [11] have boosted further
interests in this old subject. The subject of q-analysis concerns mainly the
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properties of the so-called q-special functions, which are the extensions of
the classical special functions based on a parameter, or the base q. In recent
years, mathematicians have reconsidered q-difference equations for their
links with other branches of mathematics such as quantum algebras and
q-combinatory. The q-difference equations involve a new kind of difference
operator, the q-derivative, which can be viewed as a sort of deformation
of the ordinary derivative. Solutions of the q-difference equations in one
variable have been well studied in terms of the q-hypergeometric series (also
called the basic hypergeometric series).
The differential equations with fractional order have recently proved to be
valuable tools to the modeling of many physical phenomena ([14], [13], [15],
[10]). This is because of the fact that the realistic modeling of a physical
phenomenon does not depend only on the instant time, but also on the
instant time which can also be successfully achieved by using fractional
calculus. Their treatment from the point of view of the q-calculus by using
fractional q-calculus operators of Riemann-Liouville type can additionally
open new perspective.
The standard kinetic equation is given by
dN
= −cN (t) ,
dt

(1)

with the initial condition that N (t = 0) = N0 is the number density at
time t=0, c > 0 is a constant. A detailed discussion of the above equation
is given in [12]. The solution of the above standard kinetic equation can be
put in the following form:
N (t) = N0 e−ct .

(2)

The fractional generalization of the standard kinetic equation (1) is given
by Haubold and Mathai [9], in the following form:
N (t) − N0 = −cDt−ν N (t) ,

(3)

where 0 Dt−ν is the well-known Riemann-Liouville fractional integral operator [14] defined by
Z t
1
−ν
(t − u)ν−1 f (u) du, R (ν) > 0,
(4)
Dt f (t) =
Γ (ν) 0
with 0 Dt0 f (t) = f (t).
Saxena, Mathai and Haubold have further studied more generalized
forms of fractional kinetic equation in a series of papers ([9], [18], [19],
[20]).
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2. Preliminaries
The following definitions and notations have been taken from the book
by Gasper and Rahman [7].
For real or complex a and 0 < |q| < 1, the q-shifted factorial is defined
as:
(a; q)∞
(a; q)n =
,
(5)
(aq n ; q)∞
where
(a; q)∞ =

∞
Y

j=0

Its extension to real α is
(a; q)α =


1 − aq j .

(a; q)∞
, (α ∈ R) .
(aq α ; q)∞

Also, the q-analogue of the power function (a − b)α is


(a − b)αq = aα b/a; q , (a 6= 0) ,
α

(6)

(7)

The q-gamma function is defined by
Γq (α) =
where G (q α ) =

G (q α )
(1 − q)1−α = (1 − q)qα−1 (1 − q)1−α ; R(α) > 0,
G (q)
1
(q α ;q)∞

and G (q) =

(8)

1
(q;q)∞ .

The q-factorial is defined by
[n]q ! =

n
Y

[k]q and [0]q ! = 1,

(9)

k=1

where q-number [k]q =

1−q k
1−q

, q 6= 1.

The q-beta function is defined by
R1
Γ (a)Γq (b)
Bq (a, b) = Γq q (a+b)
= 0 z a−1 (1 − qz)qb−1 dq z,
Re (a) > 0, b 6= 0, −1, −2, ...
where q-integral is defined as follows:
Z a
∞
X
f (z) dq z = a (1 − q)
q n f (aq n ) .
0

n=0

(10)

(11)
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The q-extensions of the exponential function are given by

Eqz = 0 φ0 (−; −; q, −z) =

∞
X
q

!

zn

= (−z; q)∞ ,

(12)

1
zn
=
, |z| < 1.
(q; q)n
(z; q)∞
n=0

(13)

n=0

ezq = 1 φ0 (0; −; q, z) =

n
2

(q; q)n

∞
X

γ

We define q-analogues of generalized Mittag-Leffler type functions Eα,β (z)
and Eα,β (z) defined by Prabhaker [16] and Wiman [22] respectively as follows
∞
X
(q γ ; q)n z n
γ
Eα,β (z; q) =
,
(14)
Γ (αn + β) [n]q !
n=0 q
and

Eα,β (z; q) =

∞
X
n=0

for α > 0; β, γ, z ∈ C.

zn
,
Γq (αn + β)

(15)

q -Laplace transform
Hahn ([8], see also [1]) defined the q-analogue of the well-known classical
Laplace transform by means of the following q-integral
Z s−1
1
Eq−qstf (t) dq t,
(16)
q Ls {f (t)} =
(1 − q) 0
where Eqz is the q-exponential defined in (12).

Some results for q -Laplace transform are given as follows:
q -Laplace convolution theorem
q Ls (f

∗q g) (s) = q Ls {f (t)} q Ls {g (t)} ,

(17)

where f ∗q g is the q-convolution of two analytic functions f (t) and g (t)
defined as
Z t
1
f (t) ∗q g (t) =
f (u) g [t − qu] dq u.
(18)
(1 − q) 0
P
n
where for the function g (t) = ∞
n=0 an t ,
g [t − qu] =

∞
X
n=0

an (t − qu)(t − q 2 u)...(t − q n u).

(19)
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q -Laplace transform of power function
ν
q Ls {t } =

(q; q)ν
(1 − q)ν Γq (ν + 1)
=
; R(ν) > 0,
sν+1
sν+1

(20)

q -Laplace transform of Riemann-Liouville fractional q -integral
operator


 α
(1 − q) α
(21)
q Ls {f (t)} ; R (α) > 0.
q Ls Iq f (t) =
s

where the Riemann-Liouville fractional q-integral operator [2], is defined as
Z t
1
α
Iq f (t) =
(t − zq)qα−1 f (z) dq z; R (α) > 0.
(22)
Γq (α) 0
Proof. By using (22), we get
 α
q Ls Iq f (t) = q Ls



1
Γq (α)

Z

t

(t −
0

qu)qα−1

In view of q-convolution (17), we have
 α
 α−1
1
q Ls t
q Ls Iq f (t) =
Γq (α)


f (u) dq u .

q Ls {f

(t)} .

(23)

Hence by using (20), we get the required result (21).
3. Fractional q -kinetic equation
Theorem. For c > 0, ν > 0, 0 < |q| < 1 consider the following fractional
q-kinetic equation
Nq (t) − N0 fq (t) = −cIqν Nq (t) ,

(24)

where fq (t) is any q-integrable function over any finite interval [0, b] and
Iqν is the Riemann-Liouville fractional q-integral operator defined by (22),
is given by
Z t
Nq (t) = N0
fq [t − qu] u−1 Eν,0 (−cuν ; q) dq u.
(25)
0

Proof. We take q-Laplace transform of equation (24) and use the result
(21), to get
N0 fq∗ (s)
i,
Nq∗ (s) = h
(26)
c(1−q)ν
1 + sν
where fq∗ (s) and Nq∗ (s) are q-Laplace transforms of f (t) and N (t) respectively.
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Now we obtain q L−1
s of right side of (26). For this we write


(∞
)


X (−1)r cr (1 − q)νr
1
−1
i = L−1
h
q Ls
 1 + c(1−q)ν  q s
sνr
r=0
sν
=

∞
X
r=0

 −νr
(−1)r cr (1 − q)νr q L−1
s
.
s

On using the result (20) and the definition (15) of q-analogue of generalized Mittag-Leffler function, we arrive at




1
−1
h
i = (1 − q) t−1 Eν,0 (−ctν ; q) .
(27)
q Ls
ν
 1 + c(1−q) 
sν

If we now take the inverse q-Laplace transform of (26), apply the qLaplace convolution theorem given by (17), we easily arrive at the desired
result (25).
4. Special cases

We now obtain solutions of some other fractional q-kinetic equations and
ordinary q-kinetic equation by specializing parameters involved in our main
theorem.
1. If we set fq (t) = tµ−1 and apply the definition (10), we get the following result, which is a q-analogue of the result established by Saxena et
al. [19].
Corollary 1. If c > 0, ν > 0, µ > 0, 0 < |q| < 1 the solution of the
q-fractional kinetic equation
Nq (t) − N0 tµ−1 = −cIqν Nq (t) ,

(28)

is given by
Nq (t) = N0 Γq (µ) tµ−1 Eν,µ (−ctν ; q) .
(29)
The results of computations of the solution (29), with different values of
µ, ν and q are shown in Figures 1 to 9. All the plots are drawn by using
the MATHEMATICA for fixed N0 = 1 and c = .086625, which is a rate
constant of a particular homogeneous gaseous reaction. The graphs are
drawn between t and Nq (t). In Figures 1 to 3, we fix up the values of µ, ν
and draw graphs for different values of q. In Figures 4 to 6, we fix up the
values of ν, q and draw graphs for different values of µ. In Figures 7 to 9,
we fix up the values of q, µ and draw graphs for different values of ν.
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γ
2. If we take fq (t) = tµ−1 Eν,µ
[−ctν ; q], we get q-analogue of a result
given by Saxena et al. [20].

Corollary 2. If c > 0, ν > 0, 0 < |q| < 1 then the solution of the
fractional q-kinetic equation
γ
Nq (t) − N0 tµ−1 Eν,µ
[−ctν ; q] = −cIqν N (t) ,

(30)

is given by
Nq (t) = N0 tµ−1 .

∞
X
(q γ ; q)r (−ctν )r
Eν,µ+νr (−ctν ; q) .
[r]q !

(31)

r=0

γ
Proof. By substituting fq (t) = tµ−1 Eν,µ
(−ctν ; q) in the solution (25) of
main theorem, we arrive at
Z t
γ
Nq (t) = N0
(t − qu)qµ−1 Eν,µ
(−c (t − qu)ν ; q) u−1 Eν,0 (−cuν ; q) dq u.
0

(32)
Using definitions of q-analogues of generalized Mittag-Leffler functions
defined by (14) and (15), we get
Z t
∞
∞
X
(q γ ; q)r (−c (t − qu)ν )r −1 X (−cuν )n
Nq (t) = N0
(t − qu)qµ−1
u
dq u.
Γq (νr + µ) [r]q !
Γq (νn)
0
r=0

n=0

On interchanging the order of integration and summations and using
q-beta integral (10) we get
µ−1

= N0 t

∞
∞
X
(q γ ; q)r (−ctν )r X
(−ctν )n
.
[r]q !
Γ (νn + µ + νr)
r=0
n=0 q

Finally, in view of the definition (15), we arrive at the desired result (31).
The results of computations of the solution (31), with different values of
µ, ν, γ and q are shown in Figures 10 to 13. All the plots are drawn by
using the MATHEMATICA for fixed N0 = 1 and c = .086625, which is a
rate constant of a particular homogeneous gaseous reaction. The graphs
are drawn between t and Nq (t). In Figure 10, we fix up the values of q,
ν, µ and draw graphs for different values of γ. In Figure 11, we fix up the
values of γ, ν, q and draw graphs for different values of µ. In Figure 12,
we fix up the values of µ, γ, q and draw graphs for different values of ν.
In Figure 13, we fix up the values of µ, γ, ν and draw graphs for different
values of q.
3. If we take ν = 1 in our theorem, the fractional equation converts into
ordinary q-kinetic equation as we get the following result:
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Corollary 3. For c > 0, ν > 0, 0 < |q| < 1 the solution of the fractional kinetic equation
Nq (t) − N0 fq (t) = −cIq Nq (t) ,

(33)

where fq (t) is any q-integrable function over any finite interval [0, b] and
Iq is the q-integral operator, is given by
Z t
Nq (t) = −cN0
fq [t − qu] e(−(1−q)u)
dq u.
(34)
q
0

4. If we take q → 1 in our theorem, we arrive at the problem considered
by Saxena et al. [18] and also obtain the solutions of the problems considered by Haubold & Mathai [9] and Saxena et al. ([19], [20]) as special
cases.

Fig.1 µ = .5, ν = .6 and q = {0.25, 0.5, 0.75, 1}

Fig.2 µ = .75, ν = .5 and q = {0.25, 0.5, 0.75, 1}
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Fig.3 µ = 1, ν = .35 and q = {0.25, 0.5, 0.75, 1}

Fig.4 ν = .5, q = .5 and µ = {0.25, 0.5, 0.75, 1}

Fig.5 ν = .6, q = 1 and µ = {0.25, 0.5, 0.75, 1}
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Fig.6 ν = .25, q = .75 and µ = {0.25, 0.5, 0.75, 1}

Fig.7 µ = 1, q = 1 and ν = {0.25, 0.5, 0.75, 1}

Fig.8 µ = 0.5, q = 0.5 and ν = {0.1, 0.25, 0.35, 0.5}
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Fig.9 µ = 0.25, q = 0.75 and ν = {0.25, 0.35, 0.5, 0.6}

Fig.10 µ = .75, ν = .6, q = .5 and γ = {0.25, 0.5, 0.75, 1}

Fig.11 γ = .75, ν = .5, q = .25 and µ = {0.25, 0.5, 0.75, 1}
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Fig.12 µ = 1, γ = 1, q = .5 and ν = {0.25, 0.35, 0.5, 0.6}

Fig.13 µ = .5, γ = .25, ν = .35 and q = {0.25, 0.5, 0.75, 0.99}
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ZA FRAKCIONALNITE q-KINETIQKI RAVENKI
Mirdula Garg, Lata Qanqlani

Rezime

Vo ovoj trud dobieni se rexenija na frakcionalnite q-kinetiqki
ravenki koi vkluquvaat Riman-Luivilovi q-integralen operator. Go
primenuvame metodot na q- Laplasova trnsformacija i nejzinata inverzna za da se dobie rexenie vo zatvorena forma. Rexenijata na
obiqnite q- kinetiqki ravenki i na uxte dve frakcionalni q-kinetiqki
ravenki se dobieni kako specijalen sluqaj na glavniot rezultat. Isto
taka nacrtavme nekoi grafici na rexenijata na frakcionalnite q- kinetiqki ravenki koristejḱi go softverot MATHEMATICA
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