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SOME RESULTS CONCERNING THE ANALYTIC

REPRESENTATION OF CONVOLUTION

VASKO RECKOVSKI, EGZONA ISENI, AND VESNA MANOVA ERAKOVIKJ

Abstract. In this paper we will prove some results concerning the
analytic representation of the convolution of some functions and distri-
butions.

1. INTRODUCTION

We use the standard notation from the Schwartz distribution theory.
The boundary value representation has been studied for a long time and

from different points of view.
One of the first result is that if f ∈ L1, then the function
f̂(z) = 1

2πi < f(t), 1
t−z > , for Im z 6= 0 is the Cauchy representation of

f i.e.
lim

y→0+
< f̂(x + iy) − f̂(x − iy), ϕ(x) >=< f, ϕ >, for every ϕ ∈ D.

DLp , 1 ≤ p < ∞ denotes the space of all infinitely differentiable functions
ϕ for which ϕ(β) ∈ Lp for each n-tuple β of nonnegative integers.

B = DL∞ is the space of all infinitely differentiable functions which are
bounded on Rn.

�

B is the subspace of B that consists of all functions ϕ ∈ B which vanish
at infinity together with each of their derivatives.

The topology of DLp is given in terms of the norms

‖ϕ‖m, p =

(

∫

Rn

∣

∣ϕ(β)(x)
∣

∣

p
dx

)1/p

,|β| ≤ m, m = 0, 1, 2, 3, ....

A sequence of functions (ϕλ) of DLp converges to a function ϕ in the
topology of DLp, 1 ≤ p < ∞ as λ → λ0 if each ϕλ ∈ DLp , ϕ ∈ DLp , and

lim
λ→λ0

∥

∥ϕλ
(β) − ϕ(β)

∥

∥

Lp
= lim

λ→λ0

(

∫

Rn

∣

∣ϕλ
(β)(x) − ϕ(β)(x)

∣

∣

p
dx

)1/p

= 0, for

every β.

A sequence of functions (ϕλ) converges to the function ϕ in
�

B as λ → λ0

if each ϕλ ∈ Ḃ, ϕ ∈ Ḃ, and
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lim
λ→λ0

∥

∥

∥
ϕλ

(β) − ϕ(β)
∥

∥

∥

L∞

= 0.

D′
Lp , 1 ≤ p < ∞ is the space of all continuous linear functional on DLq ,

where 1
p + 1

q = 1. D′
L1 is the space of all continuous linear functional on

�

B .
The following theorem gives the structures of D′

Lp .
Structure Theorem. A distribution Λ belongs to D′

Lp , 1 ≤ p < ∞ if
and only if Λ is a finite sum of distributional derivatives of functions in Lp,
i.e. there is an integer m ≥ 0 depending only on Λ such that

Λ =
∑

|β|≤m

fβ
(β), where fβ ∈ Lp for each β, |β| ≤ m.

If f, g ∈ L1 then
∫

R

|f(x − y)g(y)|dy < ∞ for almost all x.

The function h(x) = (g ∗ f) (x) =
∫

R

f(x − y)g(y)dy belongs to L1(R),

‖h‖1 ≤ ‖f‖1 ‖g‖1 and g ∗ f = f ∗ g. h is called the convolution of f and g.
If f ∈ L1(R), g ∈ Lp(R) for 1 ≤ p < ∞ then for almost all x ∈ R1, the

functions of y, f(x− y)g(y) and f(y)g(x− y) are in L1(R). For all such x,
and (g ∗ f)(x) =

∫

R

f(x − y)g(y)dy we have f ∗ g = g ∗ f a.e., f ∗ g ∈ Lp and

‖f ∗ g‖p ≤ ‖f‖1 ‖g‖p.

The proof that h = f ∗ g belongs to Lp for 1 ≤ p < ∞ is given in [5].
The following theorem is also known.
Theorem. Let f and g be in L1 and let h = g ∗ f = f ∗ g. Then h has

Cauchy representation
∧
h (z) = 1

2πi

∫ h(t)
t−z dt=

∫

R

f(t)
∧
g (z − t)dt =

∫

R

g(t)
∧
f (z − t)dt, z = x +

iy, Im z 6= 0.

2. Main results

We will prove some results concerning the analytic representation of the
convolution h = f ∗ g for f ∈ L1, g ∈ Lp.

Theorem 1. Let f ∈ L1(R) and g ∈ Lp(R), 1 ≤ p < ∞ and let h =

f ∗ g. Then h has the Cauchy representation
∧
h (z) = 1

2πi

∫ h(t)
t−z dt,z = x +

iy, Im z 6= 0.
Proof. For ϕ ∈ D,

lim
y→0+

∫

R

[
∧
h (x + iy)−

∧
h (x − iy]ϕ(x)dx =

lim
y→0+

∫

R

1

2πi
[

∫

R

(
h(t)

t − z
−

h(t)

t − z̄
)dt]ϕ(x)dx =
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lim
y→0+

∫

R

1

2πi
(

∫

R

∫

R

[
f(u)g(t− u)du

t − z
−

f(u)g(t− u)du

t − z̄
]dt)ϕ(x)dx.

The above integrals exist by the Hölder inequality, hence applying Fu-
bini’s theorem, we may change the order of integration and get that

lim
y→0+

∫

R

[
∧
h (x + iy)−

∧
h (x− iy]ϕ(x)dx =

lim
y→0+

1

2πi

∫

R

(
ϕ(x)

t − z
−

ϕ(x)

t − z̄
)dx

∫

R

f(u)du

∫

R

g(t − u)dt =

lim
y→0+

y

π

∫

R

ϕ(x)

|t − z|2
dx

∫

R

f(u)du

∫

R

g(t− u)dt.

Now by the Lemma 5.4 [1], we get that y
π

∫

R

ϕ(x)

|t−z|2
dx=

∧
ϕ (t + iy) and

that
∫

R

f(u)du
∫

R

g(t − u)
∧
ϕ (t + iy)dt converges to

∫

R

f(u)du
∫

R

g(t− u)ϕ (t)dt

as y → 0+.
Finally, with one more use of Fubini’s theorem, we get

lim
y→0+

∫

R

[
∧
h (x + iy) −

∧
h (x − iy]ϕ(x)dx =

∫

R

f(u)g(t− u)du

∫

R

ϕ (t)dt =

∫

R

(f ∗ g)(t)ϕ(t)dt =< f ∗ g, ϕ >. �

Theorem 2. Suppose that the sequence {fn} converges to f in L1 sense
and g ∈ L1. Let hn = fn∗g. Then the sequence {hn} converges to h = f ∗g

in L1. If
∧
hn (z) is analytic representation of every hn for n = 1, 2, 3, ... then

the sequence

{

∧
hn (z)

}

converges uniformly to
∧
h (z) on compact subsets of

C/R and
∧
h (z) is analytic representation of h.

Proof. Let us consider the difference

∣

∣

∣

∣

∣

∣

∫

R

h n(x)dx−

∫

R

h (x)dx

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∫

R

(fn ∗ g)(x)dx −

∫

R

(f ∗ g)(x)dx

∣

∣

∣

∣

∣

∣
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=

∣

∣

∣

∣

∣

∣

∫

R

∫

R

[fn(y)g(x− y)dy − f(y)g(x− y)dy]dx

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∫

R

∫

R

[fn(y)− f(y)]g(x− y)dydx

∣

∣

∣

∣

∣

∣

By Fubini’s theorem, in the last integral, we may change the order of
integration and get that

∣

∣

∣

∣

∫

R

h n(x)dx−
∫

R

h (x)dx

∣

∣

∣

∣

≤
∫

R

|fn(y)− f(y)| dy
∫

R

|g(x− y)| dx.

Since fn → f in L1 and by Lebesgue’s dominated convergence theorem

we get that hn → h in L1. The facts that the sequence

{

∧
hn (z)

}

converges

uniformly to
∧
h (z) on compact subsets of C/R and that

∧
h (z) is analytic

representation of h follow from the Theorem 2.1 in [4] and Theorem 1 in
this paper. �

Theorem 3. Suppose that f ∈ L1 and the sequence {gn}, gn ∈ Lp

for 1 ≤ p < ∞ is such that gn → g in Lp. Then the sequence {hn} ,
hn = f ∗ gn converges to h in Lp for 1 ≤ p < ∞ and h = f ∗ g. If
∧
hn (z) is analytic representation of hn for n = 1, 2, 3, ... respectively, then

the sequence

{

∧
hn (z)

}

converges uniformly to
∧
h (z) on compact subsets of

C/R and
∧
h (z) is analytic representation of h.

Proof. Let hn = f ∗ gn and h = f ∗ g. Then

∣

∣

∣

∣

∣

∣

∫

R

h n(x)dx−

∫

R

h (x)dx

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∫

R

∫

R

[f(y)gn(x− y)dy − f(y)g(x− y)]dydx

∣

∣

∣

∣

∣

∣

≤

∫

R

∣

∣

∣

∣

∣

∣

∫

R

[f(y)gn(x − y) − f(y)g(x− y)]dy

∣

∣

∣

∣

∣

∣

dx

Applying Fubini’s theorem in the last integral, we have that
∣

∣

∣

∣

∫

R

h n(x)dx−
∫

R

h (x)dx

∣

∣

∣

∣

≤
∫

R

|f(y)|dy
∫

R

|gn(x − y)− g(x− y)| dx.

Now we may apply the Lebesgue dominated convergence theorem and

we get that hn → h in Lp sense. The facts that the sequence

{

∧
hn (z)

}
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converges uniformly to
∧
h (z) on compact subsets of C/R and that

∧
h (z) is

analytic representation of h follow from the Theorem 2.1 in [4] and Theorem
1 in this paper. �

We denote by Lp
Q =

{

g | g is a measurable function on R and g
Q ∈ Lp

}

,

where Q is a function without real roots.
Theorem 4. Suppose that f ∈ L1(R) , Q is a function without real

roots and g is measurable function on R that belongs to the space Lp
Q.

The convolution of the functions f ∈ L1 and g
Q ∈ Lp, h = f ∗

(

g
Q

)

is

such that h ∈ Lp , ‖h‖p ≤ ‖f‖1

∥

∥

∥

g
Q

∥

∥

∥

p
and h has Cauchy representation

∧
h (z) = 1

2πi < h, 1
t−z > .

Proof. The fact that h ∈ Lp , ‖h‖p ≤ ‖f‖1

∥

∥

∥

g
Q

∥

∥

∥

p
can be easily proven as

in the introduction part.
Let ϕ ∈ D be arbitrary function. Then we have

lim
ε→0+

∫

R

[
∧
h (x + iε) −

∧
h (x − iε]ϕ(x)dx =

= lim
ε→0+

∫

R

[
1

2πi

∫

R

(
h(t)

t − z
−

h(t)

t − z̄
)dt]ϕ(x)dx =

= lim
ε→0+

∫

R

[
1

2πi

∫

R

dt

t − z

∫

R

f(u)
g(u− t)

Q(u− t)
du−

−
1

2πi

∫

R

dt

t − z̄

∫

R

f(u)
g(u− t)

Q(u − t)
du]ϕ(x)dx.

Since the integrals exist, by Fubini’s theorem, we may change the order
of integration and get

lim
ε→0+

∫

R

[
∧
h (x + iε)−

∧
h (x− iε]ϕ(x)dx =

lim
ε→0+

∫

R

ϕ(x)dx
y

π

∫

R

dt

|t − z|2

∫

R

f(u)
g(u − t)

Q(u− t)
du =

lim
ε→0+

y

π

∫

R

ϕ(x)dx

|t − z|2

∫

R

f(u)

∫

R

g(u− t)

Q(u − t)
dudt =
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lim
ε→0+

y

π

∫

R

ϕ(x)dx

|t − z|2

∫

R

f(u)
g(u− t)

Q(u− t)
dudt.

By the Lebesgue dominated convergence theorem and the Lemma 5.4 in
[1], we have that

lim
ε→0+

∫

R

[
∧
h (x + iε) −

∧
h (x − iε]ϕ(x)dx =

∫

R

f(u)du
∫

R

g(u−t)
Q(u−t)ϕ(t)dt..

One more application of Fubini’s theorem gives that

lim
ε→0+

∫

R

[
∧
h (x + iε)−

∧
h (x − iε]ϕ(x)dx =

∫

R

f(u)
g(u− t)

Q(u− t)
du

∫

R

ϕ(t)dt =

∫

R

(f∗
g

Q
)(t)ϕ(t)dt =< f ∗

g

Q
, ϕ >=< h, ϕ > . �

Note. In a similar way, it can be proven another version of this theorem.
Namely, if g ∈ Lp and if f is measurable function such that f/Q ∈ L1 then
the convolution (f/Q)∗g ∈ Lp and, as before, it is proved that has Cauchy
representation.

Theorem 5. Suppose that f ∈ D′
Lp and g ∈ D′

Lq , where 1 ≤ p <
∞, 1 ≤ q < ∞. Then the convolution of the distributions f and g, h = f∗g,
has Cauchy representation.

Proof. For f ∈ D′
Lp and g ∈ D′

Lq , we know that h = f ∗ g ∈ D′
Lr ,

1
p + 1

q − 1 = 1
r .

By the structure theorem, we have that

f =
n
∑

i=1
fi

(i) and g =
m
∑

j=1
gj

(j), where fi
(i) ∈ Lp and gj

(j) ∈ Lq.

Let ϕ ∈ D be arbitrary function.
Then

lim
y→0+

∫

R

(
∧
h (x + iy)−

∧
h (x− iy))ϕ(x)dx =

lim
y→0+

∫

R

(
1

2πi

∫

R

h(t)dt

t − z
−

1

2πi

∫

R

h(t)dt

t − z̄
)ϕ(x)dx =

lim
y→0+

∫

R

y

π

∫

R

n
∑

i=1

m
∑

j=1

fi
(i)(u)g

(j)
j (t − u)dtdu

∫

R

dt

|t − z|2
ϕ(x)dx =
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lim
y→0+

∫

R

n
∑

i=1

m
∑

j=1

∫

R

fi
(i)(u)g

(j)
j (t − u)dtdu

y

π

∫

R

dt

|t − z|2
ϕ(x)dx.

Since the integrals exist, by Fubini’s theorem, we may change the order
of integration and get

lim
y→0+

∫

R

(
∧
h (x + iy)−

∧
h (x − iy))ϕ(x)dx =

lim
y→0+

∫

R

n
∑

i=1

fi
(i)(u)du

∫

R

m
∑

j=1

g
(j)
j (t − u)dt

y

π

∫

R

ϕ(x)dx

|t − z|2
.

Using the Lebesgue dominated convergence theorem and the Lemma 5.4,
we obtain that

lim
y→0+

∫

R

(
∧
h (x + iy) −

∧
h (x − iy))ϕ(x)dx =

∫

R

n
∑

i=1

fi
(i)(u)du

∫

R

m
∑

j=1

g
(j)
j (t − u)ϕ (t) dt =

n
∑

i=1

m
∑

j=1

∫

R

fi
(i)(u)du

∫

R

g
(j)
j (t − u)ϕ(t)dt.

One more application of Fubini’s theorem gives that

lim
y→0+

∫

R

(
∧
h (x + iy)−

∧
h (x − iy))ϕ(x)dx =

n
∑

i=1

m
∑

j=1

∫

R

fi
(i)(u)g

(j)
j (t − u)du

∫

R

ϕ(t)dt =

n
∑

i=1

m
∑

j=1

∫

R

(fi
(i) ∗ g

(j)
j )(t)ϕ(t)dt =

∫

R

h(t)ϕ(t)dt = < h, ϕ > . �
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