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Crkomje, Maxkenonuja

SOME RESULTS CONCERNING THE ANALYTIC
REPRESENTATION OF CONVOLUTION

VASKO RECKOVSKI, EGZONA ISENI, AND VESNA MANOVA ERAKOVIKJ

Abstract. In this paper we will prove some results concerning the
analytic representation of the convolution of some functions and distri-
butions.

1. INTRODUCTION

We use the standard notation from the Schwartz distribution theory.

The boundary value representation has been studied for a long time and
from different points of view.

One of the first result is that if f € L', then the function

f(z) = 2m < f(t ),t — >, for Imz # 0 is the Cauchy representation of
fie.

11151 < flx+1iy) — f(x —iy), p(x) >=< f,¢ >, for every ¢ € D.

Zl/) r, 1 < p < oo denotes the space of all infinitely differentiable functions
o for which 90(5) € LP for each n-tuple 3 of nonnegative integers.

B = Dy is the space of all infinitely differentiable functions which are
bounded on R™.

B is the subspace of B that consists of all functions € B which vanish
at infinity together with each of their derivatives.

The topology of Dyp is given in terms of the norms
1

/p
||w||m,p=@f |90(5)(:U)|pdw> Bl<m m=0,1,23 ..

A sequence of functions () of Drp» converges to a function ¢ in the
topology of Drpr, 1 <p < oo as A — Agif each o) € Dpp, ¢ € DLp, and

Y/p
B) _ (5 - (5 (5 p =
)\11:&1 loa® — o )\hI&l) <Rf |l — ()| dm> 0, for
every [.

A sequence of functions (¢, ) converges to the function ¢ in B asA— g
if each ¢y € B, ¢ € B, and
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B) _ w(ﬁ)H —0.

LOO

lim
A— Ao

2N

D'1», 1 < p < oo is the space of all continuous linear functional on Dy,
where % + % = 1. D’';1 is the space of all continuous linear functional on
B.

The following theorem gives the structures of D'r» .

Structure Theorem. A distribution A belongs to D'», 1 < p < oo if
and only if A is a finite sum of distributional derivatives of functions in LP,
i.e. there is an integer m > 0 depending only on A such that

A= > fg(ﬁ), where fg € LP for each £, |5] < m.

18]<m
If f,g € L' then f |f(z —y)g(y)|dy < oo for almost all z.

The function h(:p) (g f)( ff x —1y)g(y)dy belongs to L'(R),

IRlly < WIfll llgll; and g« f = fxg. h is called the convolution of f and g.

If f € LY(R), g € LP(R) for 1 < p < oo then for almost all z € R, the
functions of y, fle—y)g(y ) and f(y)g(z —y) are in L'(R). For all such z,
and (g* f)(z ff:E— g(y)dy we have fxg =g f a.e., f*g € LP and

1f = gll, < ||f||1 ||9||p'
The proof that h = f * g belongs to L for 1 < p < oo is given in [5].
The following theorem is also known.
Theorem. Let f and g bein L' and let h = g* f = f *g. Then h has
Cauchy representation

A A
hiz) = 5 [ 28 g ff 9(z — tydt = [g(O)f (= — O)dt,z = z +
R

o

1y, Imz # 0.

2. MAIN RESULTS

We will prove some results concerning the analytic representation of the
convolution h = f g for f € L', g € LP.
Theorem 1. Let f € L'(R) and g € LP(R), 1 < p < oo and let h =

A
f*g. Then h has the Cauchy representation h (z) = 7 h(t) ~dt,z = x +
1y, Imz # 0.
Proof. For p € D,

A A
lim [ [h (z +iy) — h(z —iylp(z)de =
y—0t
R

Jim i[/(h(t) =) o) da =

y—0t 271
R R
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. wydu  fu)g(t —u)du
tim [ o / / WA o () da.

y_>0+ t—z t—2Z

The above integrals exist by the Holder inequality, hence applying Fu-
bini’s theorem, we may change the order of integration and get that

A A
lim [ [h(z +iy) — h(z —iylp(z)dr =
y—0t
R

S e s
o -

Now by the Lemma 5.4 [1], we get that £ f w(m de= ¢ (t + 1y) and

A
that [ f(u)du [ g(t —u)® (¢t +iy)dt converges to [ f(u)du [ g(t — u)e (t)dt
R R R R
asy — 0T,
Finally, with one more use of Fubini’s theorem, we get

A A
11%1 [h(z +iy) = h(z — iylp(e)de =
y—)

/f t—udu/ ()dt:/(f*g)(t)gp(t)dt:<f*g,<p>.D

R R

Theorem 2. Suppose that the sequence {f,,} converges to f in L' sense

and g € L'. Let h,, = f, *g. Then the sequence {h,,} convergesto h = fxg
A

in L. If h, (z) is analytic representation of every h,, for n = 1,2, 3, ... then

A A
the sequence {hn (z) ¢ converges uniformly to h (z) on compact subsets of

A
C/R and h (z) is analytic representation of h.
Proof. Let us consider the difference

/hn(:n)dzn—/h(:n)dzn /(fn*g / fxg)(z

R R R R
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y)dy — f(y)g(z — y)dy|dx

/ Un(y) — F()]g(x — y)dyda
R

I
%\

I
B —

By Fubini’s theorem, in the last integral, we may change the order of
integration and get that

kah Do [ (s daz1<f|fn )= Fldy [ la(e =)l

Since f,, — f in L' and by Lebesgue’s dominated convergence theorem

A
we get that h, — h in L'. The facts that the sequence {hn (z)} converges

uniformly to }Al(z) on compact subsets of C/R and that }Al(z) is analytic
representation of h follow from the Theorem 2.1 in [4] and Theorem 1 in
this paper. O

Theorem 3. Suppose that f € L' and the sequence {g,}, g, € L
for 1 < p < oo is such that g, — ¢ in LP. Then the sequence {h,} ,
hn = f * g, converges to h in LP for 1 < p < oo and h = fxg. If
hAn (z) is analytic representation of h, for n = 1,2, 3, ... respectively, then

A A
the sequence {hn (z)} converges uniformly to h (z) on compact subsets of

A
C/R and h (z) is analytic representation of h.
Proof. Let h, = f x g, and h = f x g. Then

/hn(éﬂ)d:r—/ // Y)gn(z — y)dy — f(y)g(z — y)ldydz

R

< / / F@)gn(x —y) — F@)g(x — v)dy|de

R IR

Applying Fubini’s theorem in the last integral, we have that
[ haledds = [ (@)de] <] 15l dy ot~ ) - sl — )] d
R R

Now we may apply the Lebesgue dominated convergence theorem and

A
we get that h, — h in LP sense. The facts that the sequence {hn (z)}
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A A
converges uniformly to h (z) on compact subsets of C/R and that h (z) is
analytic representation of h follow from the Theorem 2.1 in [4] and Theorem
1 in this paper. D

We denote by L { g| g isa measurable function on R and £ o€ Lf”},

where Q is a functlon without real roots.
Theorem 4. Suppose that f € L'(R), Q is a function without real
roots and ¢ is measurable function on R that belongs to the space L‘Z).

The convolution of the functions f € L' and % € LP, h = f x (%) is
such that h € LP , ][, < |l H%H and h has Cauchy representation
P
A
hz)=5=<h X >.
Proof. The fact that h € L? , ||A[|, <[ f[, H%H can be easily proven as
P

in the introduction part.
Let ¢ € D be arbitrary function. Then we have

lim | [h(x+ic) — h (2 — ie]p(e)dz —

Since the integrals exist, by Fubini’s theorem, we may change the order
of integration and get

lim [;\l (x +ie) — ;\l(JE —ig]p(x)dr =

e—0t

. y dt I
2 90($)d$7f/|t—z|2/f( )Q(u—t)d

u—t
li d dt =
ei%l* |t—z| /f QU—t
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lim = / / flu d dt.
e—0+ T [t — Z| Q(u—1)

By the Lebesgue dominated convergence theorem and the Lemma 5.4 in
[1], we have that
A A
h%l [[h(z+ie) — h(z —iclp(x)de = [ f(u duf
e— R R
One more application of Fubini’s theorem gives that

U—

g(
Qu—

t)
t dt..

lim [;\l (x +ie) — lAl(:L" —ig]p(x)dr =

e—0t

g(u—1) _
/f(u)mdU/SD(t)dt =
R R

/(f*%)(t)so(t)dt =< fx %,cp >=<h,o>.0

R

Note. In a similar way, it can be proven another version of this theorem.
Namely, if g € L? and if f is measurable function such that f/Q € L' then
the convolution (f/Q)*g € LP and, as before, it is proved that has Cauchy
representation.
Theorem 5. Suppose that f € D';p» and g € D'fq, where 1 < p <
00, 1 < ¢ < co. Then the convolution of the distributions f and g, h = fx*g,
has Cauchy representation.
Proof. For f € D'pp and g € D'pq, we know that h = fxg € D'pr,
T4i-1=1
By the structure theorem, we have that
n m

f=> fi(i) and g = ) gj(j), where fi(i) € L? and gj(j) e L9,
i=1 j=1

Let ¢ € D be arbitrary function.

Then

lim (;\l (x +1iy) — ;\l(JE —iy))p(x)dx =
y—0

. L [hde 1 [ (e
£g+/(§5/t_w-—Za/t_jjwwﬂ$=

R

. (i) dt _
yli%l+ / /ZZ]} u)dtduR/ |t_z|2<p(:n)dm_

=1 j=1



SOME RESULTS CONCERNING THE ANALYTIC REPRESENTATION ...

. n m . ) y dt
ylg(r)h/ZZ/fi()(u)gj(J)(t—u)dtdu— so(z)dz.
R

i=1 j=1j wR |t — 4|

43

Since the integrals exist, by Fubini’s theorem, we may change the order
of integration and get

lim (;\l (x +1y) — iAl(:L" —iy))p(x)dx =

y—0t
R
- ~ ) Gy oy [ela)de
ﬁ%n/izﬂ WMU/E:%(t mﬁw/u—zﬁ
R =1 R J=1 R

Using the Lebesgue dominated convergence theorem and the Lemma 5.4,
we obtain that

lim (;\l (x +1iy) — ;\1(117 —iy))p(x)dr =

y—0t J

[ 35w [ 3w 0 -
R =1 R J=1

n m fi(i)(u)du (»j)(t—u) (t)dt.

One more application of Fubini’s theorem gives that

lim (;\l (x +1y) — iAl(:L" —iy))e(x)dx =

y—0+

R
ZZ/fi(i)(u)gj('j)(t—U)du/go(t)dt:
i=1 j=1j 2
ZZ/(]@'(“ *gj(»j))(t)go(t)dt =
i=1 j=1p

/mwﬂmﬁ:<m¢>.m
R
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