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ON THE ORIENTABILITY OF THE
GRASSMANN MANIFOLDS

Kostadin Trencevski

Abstract

In [3] it is proved that the Grassmann manifold G, 4(R) is
orientabled if and only if p+q is even number. In this paper it is
given alternative proof of this statement.

First we give some preliminaries. Let p and ¢ are positive integers
and n = p+ q. The elements of the Grassmann manifold G, ,(R) are
p—-dimensional subspaces of the Euclidean space R™ and the elements of
the oriented Grassmann manifold G} ,(R) are oriented p—dimensional sub-
spaces of the Euclidean space R™. Let

x(r)=($1,$3~,"',xf) r=1,--,p

be p linearly independent vectors which generate a.given subspace V, of
R™, and let

Y(s):(y;,yz,-..,y:‘) 3:1,...,q

be linearly independent vectors orthogonal to x(y), - -+, X(y), i.e. they gen-

erate the normal space Ny of V,,. For ay,--+,a, € {1,---,n} we denote
zi‘l 1;10‘2 P (II;’F
wgl xglz e x;‘p

My,.a, = , and Agyova, = det My, .., -
zg 7 .. xgp
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The linearly independence of the vectors x(1),- -+, X(p), means that there
exist p different numbers a1, -, a, such that Ay, ..q, # 0. Then using
linear combination of the vectors x(yy,- -, X(,) we can obtain new vectors
x'(1y, -+, X/(p), such that M' = I,x,, i.e. M'is the unit matrix. Then
the rest pg elements xg-i forl1 <j<pandiec{l,---,n}—{o, ,ap}
can be considered as coordinates of G 4(R) in respect to the coordinate
neighborhood Uy, ..., Moreover we can assume that 1 <oy <y <---<
a, < n. Hence Gp4(R) is a differentiable manifold covered by (Z) charts.
In order G} (R) to become a differentiable manifold, for each sequence
1 <o £+ <L ap £ nwe should consider two neighborhoods U;'[l...ap
and U, ...q, corresponding to Aay..or, > 0 and Ag, ..., < 0 Tespectively.
Indeed these two neighborhoods are nonintersecting on the manifold of all
p X n—matrices of rank p but they coincide to Uqg,...a, OD the Grassmann
manifold G, 4(R). The following lemma gives the relation between the
coordinates zg-i and .1:;
Lemma 1. If Ay, ...q, # 0, then

i Diagea, i Baviageay, g _ Agyap_yi )
w] - A ) J"Z - A i Ty T - A 9’ ' ( )
ar-ap areay .
1=1,---,m.
Proof. It is obvious that z/® = 1, and z}* = 0 for s # r, ie.

z!% = 62. Let i # ay,---,0pand zht, e, mg be the solution of the following
system

L1 Ty 5] A1
-1 . — . : . —
Mg .a, = , ie. My, ..., =
) 2 " 1
Zp Ty Zp Ty

Hence, using the Cramer formulas we obtain (1). O

Note that the vectors le), e ,xzp)
linearly independent vectors X(yy, - - -, X(p) but depend only on the subspace
V, generated by X(1),- -+, X(p). The coordinates (;v;’) are analogous to the
homogeneous coordinates for projective spaces. Now we will see the relation
between these coordinates and the coordinates y;.

Let B, --, 03, be the complementary sequence in increasing order of
{ai, ++,a,} up to {1,2,---,n}. For arbitrary 71, --,74 we define

do not depend on the choice of the
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yih yiyz N yiyq
Y1 Y2 Yq
y2 yz PRPEN y2
Noypony = T E and Dy, .y, =det Ny, .
y;h y;IYQ . ygq

Lemma 2. Under the previous notations, if Dp,..5, # 0, then

z;ﬂ‘ =(~-1)°- Darﬁl'"ﬁa—lﬁsﬂ'"ﬁq/Dﬁr-'ﬁq r=1,--,ps=1,---,q (2)

and z!* = §2.
Proof. We should verify that the vectors le), e ,xz P) satisfy
x(r) ¥(is) =0for 1 <r <p,1<s<gand z/* =67 which is obvious.
Let 1 <r<p,1<s<gq. Then

n q
X(r) V() = D2 ye = 2y -ysm 4y afyl =
a=1 t=1

q
=y + Y (1) 95 Doy gy s Bga 8o/ Doty =
t=1

1 1 .
=b--——[y§" “Dpyepy + Y (1) YD gy sprgny| =
B1--B, pyet
ysr oy yRe Yo
. 8
IO SR ' S S u'l_o g
Dyg, ...,
y‘(;r ygl y52 “ e yfq

Now we are going to find the Jacobian between the two coordinate
neighborhoods Ual---a,, and Us,...v,- Thus we introduce the notations

A

OO 180 O

Aoy

7 —
Ur(ar-ap) =

for 1 <y < a3 < - <a, <n,1< ¢ <0l <r < p, such that
for ¢ # oq,---,a, we obtain the coordinates of the point determined by
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X(1), " * "+ X(p), With respect to the coordinate neighborhood Uy, ...a,- Anal-
ogously we introduce the notations

J _ A’Yl""Ys—lj'Ys+1""Yp

U =
s(y17++7p)

Ay

for1<y1 <y < <1 <nl1<yjinlls<p Qur aim is to find
the Jacobi matrix o
P L

o’

s(v1-vp)
which is pn x pn matrix. By neglecting the elements for i = ay,---,
i = ap,v = 1,---,p and the elements for j = ¥1,++,7 = 7p we get the

required Jacobi matrix [J((:;;:’i)] with the required determinant.

First we consider the special case v; = «; for i # t and 7: = a¢ + L.
According to the definition of the coordinates ul , .. and u’ it
r(ar-ap) s(v1+vp)
follows that

u
o . ; (o)
T 75 t: Ur(ay-eay) = ur('yl-'“yp) ut(’Yl""Yp) T
Hon )

i
_ Yo
eay) T oo .
u
v vp)

— 4. i
r=1: Ut(al,

Hence assuming that ¢ # ay,- -+, a, for each r and j # 71, -, 7p for each
s, we obtain

3ui ’U,a'
r(ay--ap i or ) (v1-- )
L i LSl L
Wo(vr-p) H(y1Yp)
ui PRy
— 6518~ L(:h %) | (32)
H{y1-vp)
ut
oot Ll _ )
+ 610-‘ L uz(%._.%) . 5 .
(ut(vl--'wp)>
r=t %ﬁa_l_"‘_?) —§i6t . 1 _
- o J —Yi%s &
Ys(m-vp) H(v1 )

1 (3b)

oy gt i
- ‘Sj '53 : Uzt(,h...,yp) : —;,—__2 .
(ut('n---'vp))
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From any given p x n matrix [Al],(¢ = 1,---,n;r = 1,---,p) we con-
struct pn—vector with coordinates

1 2 n 1 2 1 2
(A, A%, AT AL AR - AR AL AR AT,

Thus from (3) we form the Jacobi pn x pn matrix and then we reduce it to
. . . . i ]

the requlreq pq X p‘q matrix. This pg X pg matrix [6ur(alm%)/3%(71.%)]

can be partitioned into

(p—-D+(-D(g-D+1+@-DIx[(p-D+(-1)¢-1)+1+(¢—-1)]

block matrices as follows

B 0 *x 0
* I * %
0 F 0
0 0 x D
where
a,+1
B = _[.M’ oo+ AN ) :[.a;
w*t- 2 t(v1--vp) ust
t(v1--vp) <U?(‘,yl,,,,y )) t(v1--vp)

and I denotes the unit matrix of the corresponding order. Hence for the
considered p-typles (ay,---,a,) and (71, -+,7p) We obtain

J1%) _qet B.E-det D =

(1) T
a1 ai+1
—(—l)p_l i (ut(,h...%) p-1 ) ) . 1 —
B ugl, . o ’ o !
CY¢+1 P
(vt
According to the definition we get
A Ag, ...
g1 Vi Yp oy -y
* =——F2 =1 =
ut(’Y]""Yp) AWI..«YP and ut('Yl"'IYP) A'Yl""Yp ’




48

and hence A
(rap) ¢ 1yp. < Y1+ Yp )n
J(’Yl""Yp) _( 1) Aal...ap .
We obtained this formula for the special case v, = a; for i # t and

v¢ = a; + 1. Applying the previous formula more times, for the general
case we obtain the following

Proposition 3. The Jacobian between two coordinate neighborhoods
Ua-va, and Uy, ...y, 18

e "'ap) —_— o wan ap 1 en » A < Yp n
J((wf...w,,) = (1P lototastmt +7>.(.___A% X ) . O (4)

QyQp

According to (4) we are able to answer whether the Grassmann mani-
fold (i, 4( R) is orientabled or not. Note that one manifold covered with co-
ordinate neighborhoods is orientabled if and only if some of the coordinate
neighborhoods change their orientations (for example the first coordinate
is multiplied by -1) such that all Jacobians are positive. Note also that the
manifold (?;',"q(R) is covered by the previously ‘2(2) coordinate neighbor-
hoods U;Ll...ap and U;l,,,ap. In the Grassmann manifold the coordinates
are Any, ..y, [Day-ma,, and thus they should be invariant if all determinants
Ag,..ap change their signs. It is sufficient to consider the case when two
vectors x(;) and X(j) change their places. Thus Gt (R) twice covers the
Grassmann manifold G, 4(R). In [1] it has been proven that

Gpe(R) = O(p+)/0(p) x O(q)

and

G} (R)= SO(p+4q)/50(p) x §0(q),

where O(r) denotes the group of orthogonal real matrices of order r and
SO(r) denotes the group of orthogonal real matrices of order 7 with de-
terminant equal to 1. Hence (7, (R) is orientabled if some coordinate
neighborhoods Uy, ...a, change their signs which means that simultaneously
should be changed the signs in UJ, .., and Ug,...q , such that all Jacobians
r 4
ate positive. Now we will examine the orientability of Gp,q(R). Two cases
are possible.

i) n is even number. If p is also even, then obviously G 4(R) is ori-
entabled manifold. So assume that p and ¢ are odd numbers. Then in the
coordinate neighborhoods U;'r..% and U;1-~.ap simultaneously we change
the sign if and only if a; + -+ + o, is odd number. Hence all Jacobians
become positive and G, ,( R) is orientabled manifold.

ii) n is odd number. It is easy to see that in order to orientate Gt (R)
it has to appear only one of the cases:
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- All U;y"l___ap such that a; + -+ + @, is even number and all U,
such that a3 4+ -+ 4 a, is odd number, should change the signs,
- Al U&*-l---a,, such that a; + --- 4+ o, is odd number and all Uojl

such that a3 4+ --- + a, is even number, should change the signs.
Hence it is clear that G} (R) is orientabled manifold and G 4(R) is
not orientabled manifold in this case. So, we have proven the following

Proposition 4. The manifold G, ,(R) is orientabled if and only if n
is even number . O

slp

ey
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3A OPUEHTABMUJIHOCTA HA
IT'PACMAHOBUWTE MHOTYOBPA3WMIJA

Kocramua TperdeBcku

PezuwmMme

Bo [3] e mokaxano meka I'pacManoBOoTO MHOTyoGpasue Gy (R) e
OpPHEHTaOUIHO aKo M caMo ako p + ¢ e maped 6poj. Bo oBoj tpyxn e
JalleH ajiTepHATUBEH [OKa3 Ha OBa TBPIEHe.

Institute of Mathematics,
St. ”Cyril and Methodius University”,

P.0. Box 162, 91000 Skopje,

Macedonija




