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NEW TRAPEZIUM INEQUALITIES FOR GENERALIZED
INTEGRAL OPERATORS PERTAINING m-CONVEX
FUNCTIONS AND THEIR APPLICATIONS

ARTION KASHURI

Abstract. The author discovered an identity for a generalized integral
operator via differentiable function. By using this integral equation, we
derive some new bounds on Hermite-Hadamard type integral inequal-
ities for differentiable functions that are in absolute value at certain
powers m-convex. By taking suitable choices of function, some inter-
esting results are obtained. At the end, some applications of presented
results to special means and new error estimates for the trapezium for-
mula have been analyzed. The ideas and techniques of this paper may
stimulate further research in the field of integral inequalities.

1. INTRODUCTION

The following inequality, named Hermite-Hadamard inequality, is one of the
most famous inequalities in the literature for convex functions.

Theorem 1.1. Let f: I C R — R be a convezr function and ri,7o € 1
with r1 < ro. Then the following inequality holds:

s (m +r2> < miﬁ /:f(a:)dx < flr) + f(r2) (1.1)

2 2
This inequality s also known as trapezium inequality.

The trapezium inequality has remained an area of great interest due to its
wide applications in the field of mathematical analysis. Authors of recent
decades have studied in the premises of newly invented definitions due
to motivation of convex function. Interested readers see the references [1]-
1191, [211-[24].

The aim of this paper is to establish trapezium type generalized integral
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inequalities for m-convex functions. Interestingly, the special cases of pre-
sented results, are fractional integral inequalities. Therefore, it is important
to summarize the study of fractional integrals.

Let us recall some special functions and evoke some basic definitions as
follows:

Definition 1.2. [I2] A function f : [0,r2] — R is called m-convex with
m € [0,1], if for any z,y € [0,72] and ¢ € [0, 1], we have

[tz +m(1l —t)y) <tf(z) +m(l—1)f(y).

Definition 1.3. [16] Let f € L[ry,r2]. Then k-fractional integrals of order
a, k > 0 with vy > 0 are defined by

P L
Irlff(:v)—w/r(x—t) Yt x>

and
1

T2

7% k a_q

i t—2) v L ()dt, 1o > a. 1.2
S0 = | G0 0d e ()

For k = 1, k-fractional integrals give Riemann-Liouville integrals. For a =

k = 1, k-fractional integrals give classical integrals.

Also, let recall the function ¢ : [0, +00) — [0, +00) satisfying the following

conditions:

1
/ 2 44 < 1 oo, (1.3)
o ¢
1 _ o(s) 1_s
S < <Afor-<’<2 1.4
A~ o(r) = o =r=2 (14)
@\r 2]
72) <B 3(2) for s <, (1.5)
p(r)  o(s) p(r) . 1 _s
2 | SOl slTyt forg < 02 (1.6)

where A, B,C > 0 are independent of r,s > 0. If o(r)r® is increasing for

some « > 0 and “0( ) is decreasing for some 8 > 0, then ¢ satisfies
, see [20]. Therefore the left-sided and right-sided generalized 1ntegral
operators are defined as follows

T f (2) = /xw(x_t)f(t)dt, x>, (1.7)

x—t
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The most important feature of generalized integrals is that; they produce
Riemann-Liouville fractional integrals, k-Riemann-Liouville fractional in-
tegrals, Katugampola fractional integrals, conformable fractional integrals,
Hadamard fractional integrals, etc., see [19].

Motivated by the above literatures, the main objective of this paper is to
discover in Section 2] an identity for a generalized integral operator via dif-
ferentiable function. By using the established identity as an auxiliary result,
some new estimates on Hermite-Hadamard type integral inequalities for dif-
ferentiable functions that are in absolute value at certain powers m-convex
are obtained. It is pointed out that some new fractional integral inequal-
ities have been deduced by taking various suitable choices of function. In
Section [3] some applications to special means and new error estimates for
the trapezium formula are given. The ideas and techniques of this paper
may stimulate further research in the field of integral inequalities.

2. MAIN RESULTS

Throughout this study, let P = [mry, rs] with 1 < ro and m € (0,1]. Also
for brevity, we define

ro—mri)u )

s o (((r2=mru
A(t)::/o <P(—4

" du < oo, VYtel0,1]. (2.1)

For establishing some new results regarding general fractional integrals we

need to prove the following lemma.

Lemma 2.1. Let f : P — R be a differentiable mapping on (mry,rz).
If f" € L(P), then the following identity for generalized fractional integrals
hold:

s <W> L <W12+7"2> L <W14+3r2> + ()]

3mry + 1o
_M [ <3m7‘1+7‘2)7‘[@f(mr1) + <mT12+T2>*Iapf (4>

4
mri + 1o mry + 379
* (angoy 1o () o ()

_ 4A1(1) [ morw (2:2)

mnriy



A. KASHURI

34
where
4(t—mr ) 3mri+
A(W mry M),
3m7‘1+7‘2
A ) 3mr1 +ra mry +7"2) .
ro—mry ’ 2 ’
p/\(t) = A mT1+T2 ) mr1+7”2 mr1+37"2) .
7'2 mry ’ 4 ’
mr1+3'r2
A mr1+3r2 T }
T ro—mry 2
We denote
A= —— [ paf (0t (23)
T s r1,72 / Y2 . :
A AN S,

Proof. Integrating by parts eq. (2.3 and changing the variables of integra-

tion, we have
1
T
fiA (Tl)TQ) 4A( )

3mry+rg mryitry _ 3mritre
‘ A <4(t—77’L7”1)> f,(t)dt—l-/ 2 A <4(t4)> f/(t)dt

X
|: mry g —mr w o — mr
mrq+3rg
—a 4 (t — mritrs
+ A <(2)> f,(t)dt
mIgtr2 rg —mry
2 4 (4 — mrit3ra
+ / A () i
mry+3ry 9 — Mry
4
g 3mry+ro
]. 4 t—mr 3mry+ry =2 ‘— mr
4A(1) To — mry mry mry t —mry
_ smrytry) mry 7y R o (f — Bmrydr
2 © 1 )
+A ( re —mry ) f(t)‘w a /MT1+T2 t — Smritry f(t)dt
4
4 (- e L Wlf%g; t — mritry
A e O mrpary ~ ( TET: )f(t)dt
ro — mry mritry mr by t— M
4 _ mr1+37“2) ro 7o © (t _ M)
4
+A< )10 T'”Z“_/fnﬁ?wz t— mrkan f(t)dt}
4

—L[A(l)f <W>_ (w>_1¢f(m7”1)
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+A(1)f <Tn7’.12—i_r2> - (mr1+7‘2> @f (377&7114_'_712)

AW () < 1o (P52

A0 - o Lof ()]

1 3mry 4+ ro mry + 1o mry + 379
) () ()

! 3mry + 7o
_4A(1)[<W)—Igof(mm)+ (mr1+r2) I, f <4>

mry + 72 mry + 3rg
ooy 1o () oty (M)
4
The proof of Lemma [2.1] is completed. O

Remark 2.2. Taking ¢(t) = t in Lemma we get the following new
trapezium type integral identity:

Ty(ri,ra) = _ /T2 q(t)f'(t)dt (2.4)

T2 = Mry Jmr,

_ %[f <3m7“14+ 7‘2) L f <mr12—|— 7‘2) L <mr11—3r2> +f(r2)}

1 "2
B — / f(t)dt,
T2 —mMr1r Jmr

where S
mr T
t —mr, € [mry, S0t
t — Smritro [3mr1+r2 mr1+r2
R 4 ’ ;
q(t) = +_ mri+ro [mr1+r2 mr1+3r2>
2,0 ’

t— m7"12-3r2’ t c [mr1+37‘2 TZ]

Theorem 2.3. Let f : P — R be a differentiable mapping on (mry,rs).
If | |9 is m-convex on P for ¢ > 1 and p~' + q~! = 1, then the following
inequality for generalized fractional integrals hold:

(rog —mry)

16+/2A(1)
X{VW (P ) e

,mrl—i—rg 0y 3mr1+r2 q
i ( Tl (L)

[Tt A(r1,72)] < Ba(p) (2.5)
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\/If/ mr1+3r2)|q ml (mr1+r2>’q
+%ﬂmW+mw(W;f”)ﬂ,

1
Bal) = [ MO (2.6)

Proof. From Lemma m-convexity of |f|?, Holder inequality and prop-
erties of the modulus, we have

where

1
T
Toarima)| < g | a0l @l
y |: dmr1+7‘2 A 4 t B mrl (t)|dt
mrq T2 —mry

mT1+T2 3mri+r
4 t 1 2
+ / A ( ( ) F(6)]dt
3“"4117”2 ro — Mry
mle-B'rQ 4 . mr1+r2 /
+ / A ()] dt
mT12+T2 7“2 —mnr

ro _ mr1+37’2
+ / A |f(t |dt
mr12r3T2 7‘2 —mnry

- ”3611”3“
x/lA(t)[f’((W)H—m(l—t)rl)
<<mr1+7'2> <3mr1+7’2> 1—t>
(< 7“1—1—37‘2) <mr1+r2>(1_t>
+|f <r2t+ (mnz—&"g) (1-1) ) Hdt

g“@ﬂ?(fmwa;

1 (220 = ) )

x{<
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[l () e () oo )
({0 (22 )
([ (e (P2 ) ) )

< (ro —mry)
= T16A(1)

<3mrl+r2>‘ m(1 = t)|f(r1) |q>dt'11
l(tf<m”+r2>q+ m( )dt;
0

1<t <mr1+3r2>’q+( )dt;
0

1 , [ mry+ 32\ (¢ .
A e S D

220 43 )

16+/2A(1)

3mry +r
x{yw(12>q+mwvmq
\/|f’ m7’1+7’2 94 | <3mr1+r2>’q
mry + 3r mri+r
+¢m({42)P+Mﬁ( )
mr +37“
\/|f' (ro)]? + ! 2)|q}.

The proof of Theorem [2.3]is completed

i
i

0

Ba(p)

AL (e

<3mr1 + 1y

)l
<m7“1+7">

We point out some special cases of Theorem

37
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Corollary 2.4. Taking m = 1 in Theorem we get the following in-

equality for convex functions:

Tpatrsra)] < 12 VB,

2.7)

x{dw(%j”ﬁQ+vwwW+Vw<”§”>W+ﬂ(”j”ﬁw

+%ﬂ(“zwﬁW+u(“§”)ﬁ+%wvm“ﬂﬁ<”2%2

Corollary 2.5. Taking p = q = 2 in Theorem we get

(rog —mry)
T a(r1,m2)| < m\/ Ba(2)

>{¢W %ﬁf”>F+Mme

mrl + 79 3mry + ro
wf )l ()
, (1 +3ra\ 2 , [ M1 +ra\ 2
+¢v (M) Py (M)
mry + 3r
wa|+ (TR e,

Corollary 2.6. Taking K = ||f'||, in Theorem [2.5, we get
K(rg —mr m+1
Ty a(rrro)] < Z2Z ) W/ L g/

AA(1) 2
Corollary 2.7. Taking p(t) =t in Theorem[2.5, we get
(rog —mry)

Ti(ry,m)| £ ——————=
Ty(rima)| < {2
dmry +r
x{VW 12>4+mwvmq

\f’ mrl—i—rg ‘q ‘ 3m7’1+r2 ’q
 4m

b

(2.8)
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, [ mT1 —|— 312 mry + 1o
¢u I g (M)
+%ﬂmm+mm<wgf”)%.

" in Theoremn we get

Corollary 2.8. Taking o(t) =

t
I(a)

(7"2 —mry)
Tra(ry,r 2.11
Tyl < oot 211
dmry +r
x{VW(12>Q+mwvmq
|f’ mTl +r2 ‘q mlf’ 3mry + re ’q
 4m
|f’ mrl + 319 4 m| f mry + ro @
2m
ot o1 q , [ mr1+ 3re q}
+¢U@ﬁ!+mv(lml>l-
Corollary 2.9. Taking ¢(t) = #%(a) mn Theorem we get
ro —mr
| Tya(re,m2)| < (rs ) (2.12)

16v/2¢/22 +1
x{ym(&m1+”>Q+mwvmq
4
+§’/|f/ (mm +r2> 9l f <3mr1 +r2> ¢
2 dm
|f/ mm +37“2 9 m| f mry+r @
C2m
al| g1 q (it 3r2 g
+wfmn+mu< ) ),
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Corollary 2.10. Taking ¢(t) = t(rs — )~ for a € (0,1) in Theorem|[2.,
we get

‘Tf7A(T1,7"2)’ 16\/>[ (TQ__(T%)&]

x{ym(&m1+”>4+mwvmq
\/|f' mry + +7‘2 s+l <3m21m+ r2> :
¢w m“*“ﬁw mlp ()
+%f@W+mm<W;f”)%,

Bi(p) = — & / Y e ey (2.14)

aP(ry —mry) Jmritsry

Bip)  (213)

where

Corollary 2.11. Taking ¢(t) = Lexp[(—1=2)t] for a € (0,1) in Theorem

[2.3, we get
(= 1)(ro — mr1)
Ty a(r1,m2)] < Bi(p)  (2.15)
£,AlT1, 72 16\f{exp[( 1-a )(7-2 Im)]_l} A
x{VW &m1+”>Q+mwwmq
\/|f’ mry+ 1 +r2 94 | <3m7;11m+ r2> “
, (M —l— 379 mry + 1o
¢u )P mp (M)
3
\/|f’ (ra) |7 + <mr14:—n 7“2)| }’
where
o 4o exp[(—152) 2ol 1 4y
Bi(p) == (0 = 1P (rg — ) /0 o 1dt. (2.16)
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Theorem 2.12. Let f : P — R be a differentiable mapping on (mry,rs). If
| |9 is m-convex on P for q > 1, then the following inequality for generalized
fractional integrals hold:

Tpatrra)] < P2 ) (2.17)

X{i’/ Calf" (3m4+> [ m (BA(1) = Cn) | (ro)|”

+\q/cw' (m*) 7 m (Ba(L) = Ch) | f (‘Q””*) o

2 4m

+\q/CA\f’ (") P m () - el () ¢

+</CA|f’(r2)|q +m (Ba(1) = Ca) [/ (W> ’q}’

4dm

where

1
Cy 1= / HA(H)]dt (2.18)
0
and Ba(1) is defined as in Theorem 2.5

Proof. From Lemma m-convexity of |f’|?, power mean inequality and

properties of the modulus, we have
T2

Toatrir)| < gy [ paolr @l

3mry+rg 4(t )
4 —

x[/ A (m“ ) L (8)]dt
mr ro —mnry
mritry 3mri+r
P) 4(t— = 2

+ / A( ( ) |f/(t)|dt
3"”411-”2 o — Mmnry

+ / A |f(t)|dt
W"12+?"2 7’2 — mnry

) ]

) 4 _ mr1+3r2
+ A
m?“1;r37"2 ro — Mmnry

B (rg —mry)
1
X /0 A

|f'(t)

T16A(1)

! ((W) t+m(l— t)r1> ‘
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/ mry + 1o 3m7" +
(= >t+< 4 ><1—t>>1
e
+

!
4
mry + 1o 3m +
2
r

\_/
~+
_|_
i
—
=~
. \/
Q.
~
_ = \_/

0 (oo (P

_ (rg —miry) 1
= oA BT

x{i/cArf' (37”7“14”2) "+ m (Ba(1) = Ca) £ ()|

+</CA‘f/ <mr12+ 7’2> |7+ m (Ba(1) — Ca) | f <3m7;l1m—|- 7‘2> o
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ﬂI/CA‘f, (P32 oy - ) 5 (22

2m
mry + 3r
+\q/cA|f'<r2>|q o (Ba(1) = G (M) o)
The proof of Theorem is completed. O

We point out some special cases of Theorem

Corollary 2.13. Taking m = 1 in Theorem we get the following
inequality for convex functions:

(rg —m1)

16A(1)

X{iI/CAf' (37”14+TQ> "+ (Ba(1) = C) | f'(r1)|?
+</cA|f' (572 1+ e - cn i (7)1

+ch|f' () e ) - ol (52

[Ty a(ri )| < [Ba(1)]' (2.19)

2

+\q/ Cal o)+ (Ba(1) — e I () 1.

Corollary 2.14. Taking ¢ =1 in Theorem[2.19, we get
(ro — mry)
16A(1)

fealr <3m4+) [+ m (Ba(1) = C) |£/(r)

Ty a(r1,72)| < (2.20)

mry +reo

soulf (MY e (Bat) - e 1

mry + 3rg

sonlf (M) e m ) - ol ()|

3mry + ro |
4dm

Al (ra)] +m (Ba(1) = Ca) | (mlfwfz) i

Corollary 2.15. Taking K = ||f'||, in Theorem [2.13, we get
K(ro —mry)
4A(1)

[T A(r1,m2)| < [BA(l)]l_% X /Cp +m (Ba(1) — Ch). (2.21)
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Corollary 2.16. Taking ¢(t) =t in Theorem[2.13, we get

(rog —mry)
Tr(r,re)| < ~——~—=
[Ty (r1,m2)| < 3293

3
x{vgv'<7ma*”?)ﬁ+wnu%nnq
mry + ro 3mry 4+ ro
alo| 1 q / q
+¢Lf< Sl (BT
mry + 3ry mry + 1o
alolfr q / q
+¢Lf<4)+mu<%n)

+¢wmmW+mw(mﬁ;%ﬂw}

Corollary 2.17. Taking ¢(t) = %;) in Theorem we get

(rg —mry) T'(a+1)
16va+2 T'(a+ 2)

>{¢w+nm<%ﬁj”)w+wfmw
+Vm+nﬂ(mg”ﬂw+mw<%ﬁ;”)w

mri + 319 mry + 7o
q 1 / q / q
+¢m+>f(4)r+mv(mn)

+¢m+nume+mm(m”+”ﬂw}

[Ty A(r1,72)] <

4dm

Corollary 2.18. Taking ¢(t) = ﬁz(a) in Theorem |2.19, we get

(7“2 — mrl) Fk(a + k’)
16/ +2Tk(a+k+1)

X{VC}H)W(&WZ+”)W+mmwmq

[Ty a(r1,m2)] <

of (& , (Tt g , 3mry+7r2\ 4
+\/(k+1)!f (2 )\ +mlf <4m |

(2.22)

(2.23)

(2.24)



NEW TRAPEZIUM INEQUALITIES 45
of (& 1) , [ mr1+ 3ra2\ ¢ , [ mr1+T2 g
+\/(k+ () 1l ()|

+\/(Z +1) £/ (r2)|? + ml <m7'14;;37’2> }.

Corollary 2.19. Taking (t) = t(ro—1)*! fora € (0,1) in Theorem|[2.13,

we get

(ro —mry)
16A*(1)

x{(/(}mlf’ (3””‘4*) " m (Ba(1) = Ca) |£(m)"

+\q/0mf' (m*) T m (Ba() = Cre) | (‘Q””*) o

[Ty a(r1, )| < [Ba(1)]'"" (2.25)

2 4m
3
+§/CA*‘f, (P52 a0 - o (22 )
m
mry + 3r
+\q/cA*|f'<r2>|q e (Ba() - Can) | (M) o)
m
where
g — (ry — zmpmt)” 1
A*(t) := - , Cpx = / t{A*(t)]dt (2.26)
0
and
4 mry + 3rp gt~ (%m)aﬂ
Ba(1) := & — . (2.2
a(D) a(ry —mrl){r2 ( 4 > a+1 } (2:27)
Corollary 2.20. Taking o(t) = Lexp[(—1=2)t] for a € (0,1) in Theorem
T3, we get
(ro—mry) . o, \1-1
< — = .
Tyatrora)] < i) (2.28)

X{V Cnel () 1 (B (1) — o) )

+</CAQ|f/ (ﬂm—l—m) |q +m (BX(I) _ C'AO) |f’ (3171?”1—1—7“2> |q

2 4m

“‘(/CAO‘J” <mr1+3r2) ‘q +m (BX(I) _ CAo) |f’ <W) ‘q

4 2m
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+</CA<>|f’(7’2)|q +m (BX(l) _ CAQ) ’f’ <m7“1—|—37"2> |¢I},

4m

11—« (TzfmTl)t] 1

Ao(t) — exp [ (_aa)_ - 4

1
, Chpo:= / t[A°(¢)]dt (2.29)
0
and B (1) is defined by eq. forp=1.

3. APPLICATIONS

Consider the following special means for different real numbers rq, 79 and
riry # 0, as follows:

(1) The arithmetic mean:

A:=A(r,re) = n —;7“2’
(2) The harmonic mean:
2
H::H(Tl,TQ):il 1
ot
(3) The logarithmic mean:
ro —T1

L:=1L =
(r1,72) In|re|—In|rqy|’

(4) The generalized log-mean:

r£+1 _ T71~+1 1

"y rez\{-1,0}.
(r+1)(rg —r)l 7 =10}
It is well known that L, is monotonic nondecreasing over r € Z with L_; :=
L. In particular, we have the following inequality H < L < A. Now, using
the theory results in Section [2, we give some applications to special means
for different real numbers.

LT = LT(’I"l,?“Q) = |:

Proposition 3.1. Let ri,r3 € R\ {0}, where 11 < ro. Then for r € N and
r> 2, where ¢ > 1 and p~' + ¢~ ' = 1, the following inequality hold:

’A <A(AT(37“1,7“22)1: AT(Tl’?’m)),A(A(n,rz)ﬂ“g)) — Ly (r1,72) ‘

r(re —mr1)

< W (3.1)

3r1+ 712 g(r—1 1+ T2 gr—1) (371 + T2 g(r—1
al A q(r—1) q(r—1) af A q(r—1) q(r—1)
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+(\Z/A (|’I"1 ‘237“2 |q(r—1)’ |Tl ‘;‘TZ |q(r—1))+(\1/A (|7"1 ‘237“2 |q(r—1)’ 7’2|q(rl)> }

Proof. Taking m = 1, f(t) = t" and ¢(t) = t, in Theorem one can
obtain the result immediately. O

Proposition 3.2. Let ri,79 € R\ {0}, where r1 < ro. Then for ¢ > 1 and

p~ L+ ¢t =1, the following inequality hold:
1 1 (ro —11)
‘ 3rit+re ritra r1+3r2 - i7 ‘ S 16 I (3.2)
H(H (g2, nre) J (53202 rg)) - L(r1,72) Yl
1 1

«{ +
i (e e gl (g, o )

1 1
+ +
() gl ()

1
Proof. Taking m = 1, f(t) = n and ¢(t) = t, in Theorem , one can
obtain the result immediately. O

Proposition 3.3. Let ri,ry € R\ {0}, where 11 < ro. Then for r € N and
r > 2, where ¢ > 1, the following inequality hold:

’A (A(AT’(3T1,T2>7AT<T1’3”)),A(A(n,rz>,r£>> = Ly (r1,m2) ‘

2T
27r(rg —m1)
< =—= 3.3
<3 @

x{\q/A (m|q<”>, g LT W‘”)

+</A <2‘7"1 + 79 ’q(r—l)’ |3T1 + 79 ‘q(r—1)>

2 4

+§/A (27, g2

+§/A (|’"1 23” |‘1<”),2|r2|q<’“-1>) 3

Proof. Taking m = 1, f(t) = t" and ¢(t) = ¢, in Theorem one can
obtain the result immediately. g
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Proposition 3.4. Let ri,79 € R\ {0}, where r1 < ro. Then for ¢ > 1, the
following inequality hold:

‘ ! — 1 ‘< a gw (3.4)
H(H (32 ndm) [ (o3 ) - L)~ V3 32
X ! + 1
(/H (2!7”1’2‘17 ‘:m%m &’/H <\%]2q,2‘3ﬁ%‘2q>
1 1

+ +
i () ()

1
Proof. Taking m = 1, f(t) = n and ¢(t) = t, in Theorem [2.12] one can

obtain the result immediately. O

Remark 3.5. Applying our Theorems [2.3] and for special values m and
various suitable choices of function (t) = %, #’“(a), o(t) = t(rg — )1
and ¢(t) = Lexp[(—1=2)¢] for a € (0,1), such that |f’|? to be m-convex,
we can deduce some new general fractional integral inequalities using special
means. The details are left to the interested reader.

Next, we provide some new error estimates for the trapezium formula. Let
Q@ be the partition of the points 11 = x¢p < 21 < ... < xp = ro of the
interval [ry, 2. Let consider the following quadrature formula:

T2

f(x)de =T(f,Q) + E(f,Q),

T1

T(f,Q)= [f <M>+f <wz—|—2xz+1>+f <W>+f($i+l)}

% (Tit1 — ;)
4
is the trapezium version and E(f, Q) is denote their associated approxima-
tion error.
Proposition 3.6. Let f : [r1,r2] — R be a differentiable function on
(r1,72), where ry < ro. If | f'|1 is convex on [r1, 2] forq > 1 andp~t+q ! =
1, then the following inequality holds:

[y

1 < )
|E(f, Q)] < W X i:o(xiﬂ — ;) (3.5)
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3x; + x;
x{\q/ £ <4+) 7+ 1 @)
+q|f, l‘iJrfCiH 94| 3T; + Tiy1 @
2 4
\/\f’ $z+3$z+1>‘q Iz <$z+xz+1)q
z; + 3x;
+\q/|f’ 4+) 7+ | (ien)| .

Proof. Applying Theorem for m = 1 for ¢(t) = t on the subintervals
[€i,2i11] (i =0,...,k — 1) of the partition @), we have

’f <3!Ez+$z+1> ny <l'z +2$i+1> ny <$¢+i$i+1> b f(@inn)

4 Tit1
- / f(x)dx)
Tit1l — Li Ja,;

(5Ui+l - fl?z')

T AV2yp+ 1
x{q/ i 3“”*“) T+ | ()

/ xz + m'z—&—l q 3-%'1 + xz—l—l q
|f "+ 1f |
ny If’ UCi + 32511 4| Ti+ Tit1 ¢
4 2
z; + 3z;
_|_¢\1/|f/ <24’+1> 7+ |f’($i+1)|q}-

Hence from (3.6, we get

(3.6)

k—

w0 <[ S [ o

=0

3x; + Tit1 i + Tit1 Ti + 3Ty (Tig1 — x;)
(. <+>+f (12830 e

< ]{/m+ f(x)dz

(2

>—‘

[E(f, Q)] =

>~ DN
—_

I
o



50 A. KASHURI

3r; + X1 T; + Tit1 T; + 3211 (xz 1_$i)
M

k—1
x Ti+1 —
16[{7p+ Zz; ‘

x{\q/ 7 () P o
\/‘f, z,+xz+1>‘q r <3xz+xz+1)q
+§/ (B P (P
+§/ 7 (B P 1)

The proof of Proposition is completed. O

Proposition 3.7. Let f : [r1,r2] — R be a differentiable function on
(r1,72), where r1 < ro. If |f'|7 is conver on [r1,72] for ¢ > 1, then the
following inequality holds:

T
L

B(f,Q)] < —

X (wi+1 - :L’Z')2 (37)

S

32

3x; + x;
X{</2|f/ (4+1> |4 | f (22) |
i+ 3xi + @
(T ) e ()
2 4
i + 3w i+ X
o
z; + 3x;
+§/ 7 (B P 2l

Proof. The proof is analogous as to that of Proposition but use Theorem
212 O

@
Il
o
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Remark 3.8. Applying our Theorems [2.3] and [2.12] for special value m = 1
. . . . e t% -

and various suitable choices of function ¢(t) = @) F@) o(t) = t(re —

)1 and p(t) = Lexp[(—122) 1] for a € (0,1), such that |f'|? to be m-

convex, we can deduce some new bounds for the trapezium formula using

above ideas and techniques. The details are left to the interested reader.
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