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NEW TRAPEZIUM INEQUALITIES FOR GENERALIZED
INTEGRAL OPERATORS PERTAINING m-CONVEX

FUNCTIONS AND THEIR APPLICATIONS

ARTION KASHURI

Abstract. The author discovered an identity for a generalized integral
operator via differentiable function. By using this integral equation, we
derive some new bounds on Hermite-Hadamard type integral inequal-
ities for differentiable functions that are in absolute value at certain
powers m-convex. By taking suitable choices of function, some inter-
esting results are obtained. At the end, some applications of presented
results to special means and new error estimates for the trapezium for-
mula have been analyzed. The ideas and techniques of this paper may
stimulate further research in the field of integral inequalities.

1. Introduction

The following inequality, named Hermite-Hadamard inequality, is one of the
most famous inequalities in the literature for convex functions.

Theorem 1.1. Let f : I ⊆ R −→ R be a convex function and r1, r2 ∈ I
with r1 < r2. Then the following inequality holds:

f

(
r1 + r2

2

)
≤ 1

r2 − r1

∫ r2

r1

f(x)dx ≤ f(r1) + f(r2)

2
. (1.1)

This inequality (1.1) is also known as trapezium inequality.

The trapezium inequality has remained an area of great interest due to its
wide applications in the field of mathematical analysis. Authors of recent
decades have studied (1.1) in the premises of newly invented definitions due
to motivation of convex function. Interested readers see the references [1]-
[19],[21]-[24].
The aim of this paper is to establish trapezium type generalized integral
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inequalities for m-convex functions. Interestingly, the special cases of pre-
sented results, are fractional integral inequalities. Therefore, it is important
to summarize the study of fractional integrals.
Let us recall some special functions and evoke some basic definitions as
follows:

Definition 1.2. [12] A function f : [0, r2] −→ R is called m-convex with
m ∈ [0, 1], if for any x, y ∈ [0, r2] and t ∈ [0, 1], we have

f(tx+m(1− t)y) ≤ tf(x) +m(1− t)f(y).

Definition 1.3. [16] Let f ∈ L[r1, r2]. Then k-fractional integrals of order
α, k > 0 with r1 ≥ 0 are defined by

Iα,k
r+1
f(x) =

1

kΓk(α)

∫ x

r1

(x− t)
α
k
−1f(t)dt, x > r1

and

Iα,k
r−2
f(x) =

1

kΓk(α)

∫ r2

x
(t− x)

α
k
−1f(t)dt, r2 > x. (1.2)

For k = 1, k-fractional integrals give Riemann-Liouville integrals. For α =
k = 1, k-fractional integrals give classical integrals.
Also, let recall the function ϕ : [0,+∞) −→ [0,+∞) satisfying the following
conditions: ∫ 1

0

ϕ(t)

t
dt < +∞, (1.3)

1

A
≤ ϕ(s)

ϕ(r)
≤ A for

1

2
≤ s

r
≤ 2, (1.4)

ϕ(r)

r2
≤ Bϕ(s)

s2
for s ≤ r, (1.5)∣∣∣ϕ(r)

r2
− ϕ(s)

s2

∣∣∣ ≤ C|r − s|ϕ(r)

r2
for

1

2
≤ s

r
≤ 2, (1.6)

where A,B,C > 0 are independent of r, s > 0. If ϕ(r)rα is increasing for
some α ≥ 0 and ϕ(r)

rβ
is decreasing for some β ≥ 0, then ϕ satisfies (1.3)-

(1.6), see [20]. Therefore, the left-sided and right-sided generalized integral
operators are defined as follows:

r+1
Iϕf(x) =

∫ x

r1

ϕ(x− t)
x− t

f(t)dt, x > r1, (1.7)

r−2
Iϕf(x) =

∫ r2

x

ϕ(t− x)

t− x
f(t)dt, x < r2. (1.8)
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The most important feature of generalized integrals is that; they produce
Riemann-Liouville fractional integrals, k-Riemann-Liouville fractional in-
tegrals, Katugampola fractional integrals, conformable fractional integrals,
Hadamard fractional integrals, etc., see [19].

Motivated by the above literatures, the main objective of this paper is to
discover in Section 2, an identity for a generalized integral operator via dif-
ferentiable function. By using the established identity as an auxiliary result,
some new estimates on Hermite-Hadamard type integral inequalities for dif-
ferentiable functions that are in absolute value at certain powers m-convex
are obtained. It is pointed out that some new fractional integral inequal-
ities have been deduced by taking various suitable choices of function. In
Section 3, some applications to special means and new error estimates for
the trapezium formula are given. The ideas and techniques of this paper
may stimulate further research in the field of integral inequalities.

2. Main results

Throughout this study, let P = [mr1, r2] with r1 < r2 and m ∈ (0, 1]. Also
for brevity, we define

Λ(t) :=

∫ t

0

ϕ
(

(r2−mr1)u
4

)
u

du <∞, ∀ t ∈ [0, 1]. (2.1)

For establishing some new results regarding general fractional integrals we
need to prove the following lemma.

Lemma 2.1. Let f : P −→ R be a differentiable mapping on (mr1, r2).
If f ′ ∈ L(P ), then the following identity for generalized fractional integrals
hold:

1

4

[
f

(
3mr1 + r2

4

)
+ f

(
mr1 + r2

2

)
+ f

(
mr1 + 3r2

4

)
+ f(r2)

]

− 1

4Λ(1)

[ (
3mr1+r2

4

)−Iϕf(mr1) + (
mr1+r2

2

)−Iϕf

(
3mr1 + r2

4

)

+ (
mr1+3r2

4

)−Iϕf

(
mr1 + r2

2

)
+ r−2

Iϕf

(
mr1 + 3r2

4

)]

=
1

4Λ(1)

∫ r2

mr1

pΛ(t)f ′(t)dt, (2.2)
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where

pΛ(t) :=



Λ
(

4(t−mr1)
r2−mr1

)
, t ∈

[
mr1,

3mr1+r2
4

)
;

Λ

(
4
(
t− 3mr1+r2

4

)
r2−mr1

)
, t ∈

[
3mr1+r2

4 , mr1+r2
2

)
;

Λ

(
4
(
t−mr1+r2

2

)
r2−mr1

)
, t ∈

[
mr1+r2

2 , mr1+3r2
4

)
;

Λ

(
4
(
t−mr1+3r2

4

)
r2−mr1

)
, t ∈

[
mr1+3r2

4 , r2

]
.

We denote

Tf,Λ(r1, r2) :=
1

4Λ(1)

∫ r2

mr1

pΛ(t)f ′(t)dt. (2.3)

Proof. Integrating by parts eq. (2.3) and changing the variables of integra-
tion, we have

Tf,Λ(r1, r2) =
1

4Λ(1)

×
[ ∫ 3mr1+r2

4

mr1

Λ

(
4(t−mr1)

r2 −mr1

)
f ′(t)dt+

∫ mr1+r2
2

3mr1+r2
4

Λ

(
4
(
t− 3mr1+r2

4

)
r2 −mr1

)
f ′(t)dt

+

∫ mr1+3r2
4

mr1+r2
2

Λ

(
4
(
t− mr1+r2

2

)
r2 −mr1

)
f ′(t)dt

+

∫ r2

mr1+3r2
4

Λ

(
4
(
t− mr1+3r2

4

)
r2 −mr1

)
f ′(t)dt

]

=
1

4Λ(1)

[
Λ

(
4(t−mr1)

r2 −mr1

)
f(t)

∣∣∣ 3mr1+r24

mr1
−
∫ 3mr1+r2

4

mr1

ϕ(t−mr1)

t−mr1
f(t)dt

+Λ

(
4
(
t− 3mr1+r2

4

)
r2 −mr1

)
f(t)

∣∣∣mr1+r22

3mr1+r2
4

−
∫ mr1+r2

2

3mr1+r2
4

ϕ
(
t− 3mr1+r2

4

)
t− 3mr1+r2

4

f(t)dt

+Λ

(
4
(
t− mr1+r2

2

)
r2 −mr1

)
f(t)

∣∣∣mr1+3r2
4

mr1+r2
2

−
∫ mr1+3r2

4

mr1+r2
2

ϕ
(
t− mr1+r2

2

)
t− mr1+r2

2

f(t)dt

+Λ

(
4
(
t− mr1+3r2

4

)
r2 −mr1

)
f(t)

∣∣∣r2mr1+3r2
4

−
∫ r2

mr1+3r2
4

ϕ
(
t− mr1+3r2

4

)
t− mr1+3r2

4

f(t)dt
]

=
1

4Λ(1)

[
Λ(1)f

(
3mr1 + r2

4

)
− (

3mr1+r2
4

)−Iϕf(mr1)
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+Λ(1)f

(
mr1 + r2

2

)
− (

mr1+r2
2

)−Iϕf

(
3mr1 + r2

4

)
+Λ(1)f

(
mr1 + 3r2

4

)
− (

mr1+3r2
4

)−Iϕf

(
mr1 + r2

2

)
+Λ(1)f(b)− b−Iϕf

(
mr1 + 3r2

4

)]
=

1

4

[
f

(
3mr1 + r2

4

)
+ f

(
mr1 + r2

2

)
+ f

(
mr1 + 3r2

4

)
+ f(r2)

]
− 1

4Λ(1)

[ (
3mr1+r2

4

)−Iϕf(mr1) + (
mr1+r2

2

)−Iϕf

(
3mr1 + r2

4

)
+ (

mr1+3r2
4

)−Iϕf

(
mr1 + r2

2

)
+ r−2

Iϕf

(
mr1 + 3r2

4

)]
.

The proof of Lemma 2.1 is completed. �

Remark 2.2. Taking ϕ(t) = t in Lemma 2.1, we get the following new
trapezium type integral identity:

Tf (r1, r2) :=
1

r2 −mr1

∫ r2

mr1

q(t)f ′(t)dt (2.4)

=
1

4

[
f

(
3mr1 + r2

4

)
+ f

(
mr1 + r2

2

)
+ f

(
mr1 + 3r2

4

)
+ f(r2)

]
− 1

r2 −mr1

∫ r2

mr1

f(t)dt,

where

q(t) :=


t−mr1, t ∈

[
mr1,

3mr1+r2
4

)
;

t− 3mr1+r2
4 , t ∈

[
3mr1+r2

4 , mr1+r2
2

)
;

t− mr1+r2
2 , t ∈

[
mr1+r2

2 , mr1+3r2
4

)
;

t− mr1+3r2
4 , t ∈

[
mr1+3r2

4 , r2

]
.

Theorem 2.3. Let f : P −→ R be a differentiable mapping on (mr1, r2).
If |f ′|q is m-convex on P for q > 1 and p−1 + q−1 = 1, then the following
inequality for generalized fractional integrals hold:

|Tf,Λ(r1, r2)| ≤ (r2 −mr1)

16 q
√

2Λ(1)
p
√
BΛ(p) (2.5)

×
{

q

√
|f ′
(

3mr1 + r2

4

)
|q +m|f ′(r1)|q

+ q

√
|f ′
(
mr1 + r2

2

)
|q +m|f ′

(
3mr1 + r2

4m

)
|q
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+ q

√
|f ′
(
mr1 + 3r2

4

)
|q +m|f ′

(
mr1 + r2

2m

)
|q

+ q

√
|f ′(r2)|q +m|f ′

(
mr1 + 3r2

4m

)
|q
}
,

where

BΛ(p) :=

∫ 1

0
[Λ(t)]pdt. (2.6)

Proof. From Lemma 2.1, m-convexity of |f ′|q, Hölder inequality and prop-
erties of the modulus, we have

|Tf,Λ(r1, r2)| ≤ 1

4Λ(1)

∫ r2

mr1

pΛ(t)|f ′(t)|dt

×
[ ∫ 3mr1+r2

4

mr1

Λ

(
4(t−mr1)

r2 −mr1

)
|f ′(t)|dt

+

∫ mr1+r2
2

3mr1+r2
4

Λ

(
4
(
t− 3mr1+r2

4

)
r2 −mr1

)
|f ′(t)|dt

+

∫ mr1+3r2
4

mr1+r2
2

Λ

(
4
(
t− mr1+r2

2

)
r2 −mr1

)
|f ′(t)|dt

+

∫ r2

mr1+3r2
4

Λ

(
4
(
t− mr1+3r2

4

)
r2 −mr1

)
|f ′(t)|dt

]
=

(r2 −mr1)

16Λ(1)

×
∫ 1

0
Λ(t)

[∣∣∣f ′((3mr1 + r2

4

)
t+m(1− t)r1

) ∣∣∣
+
∣∣∣f ′((mr1 + r2

2

)
t+

(
3mr1 + r2

4

)
(1− t)

) ∣∣∣
+
∣∣∣f ′((mr1 + 3r2

4

)
t+

(
mr1 + r2

2

)
(1− t)

) ∣∣∣
+
∣∣∣f ′(r2t+

(
mr1 + 3r2

4

)
(1− t)

) ∣∣∣]dt
≤ (r2 −mr1)

16Λ(1)

(∫ 1

0
[Λ(t)]pdt

) 1
p

×
{(∫ 1

0

∣∣∣f ′((3mr1 + r2

4

)
t+m(1− t)r1

) ∣∣∣qdt) 1
q
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+

(∫ 1

0

∣∣∣f ′((mr1 + r2

2

)
t+

(
3mr1 + r2

4

)
(1− t)

) ∣∣∣qdt) 1
q

+

(∫ 1

0

∣∣∣f ′((mr1 + 3r2

4

)
t+

(
mr1 + r2

2

)
(1− t)

) ∣∣∣qdt) 1
q

+

(∫ 1

0

∣∣∣f ′(r2t+

(
mr1 + 3r2

4

)
(1− t)

) ∣∣∣qdt) 1
q }

≤ (r2 −mr1)

16Λ(1)
p
√
BΛ(p)

×
{[∫ 1

0

(
t
∣∣∣f ′(3mr1 + r2

4

) ∣∣∣q +m(1− t)|f ′(r1)|q
)
dt
] 1
q

+
[ ∫ 1

0

(
t
∣∣∣f ′(mr1 + r2

2

) ∣∣∣q +m(1− t)
∣∣∣f ′(3mr1 + r2

4m

) ∣∣∣q) dt] 1
q

+
[ ∫ 1

0

(
t
∣∣∣f ′(mr1 + 3r2

4

) ∣∣∣q +m(1− t)
∣∣∣f ′(mr1 + r2

2m

) ∣∣∣q) dt] 1
q

+
[ ∫ 1

0

(
t|f ′(r2)|q +m(1− t)

∣∣∣f ′(mr1 + 3r2

4m

) ∣∣∣q) dt] 1
q
}

=
(r2 −mr1)

16 q
√

2Λ(1)
p
√
BΛ(p)

×
{

q

√
|f ′
(

3mr1 + r2

4

)
|q +m|f ′(r1)|q

+ q

√
|f ′
(
mr1 + r2

2

)
|q +m|f ′

(
3mr1 + r2

4m

)
|q

+ q

√
|f ′
(
mr1 + 3r2

4

)
|q +m|f ′

(
mr1 + r2

2m

)
|q

+ q

√
|f ′(r2)|q +m|f ′

(
mr1 + 3r2

4m

)
|q
}
.

The proof of Theorem 2.3 is completed. �

We point out some special cases of Theorem 2.3.
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Corollary 2.4. Taking m = 1 in Theorem 2.3, we get the following in-
equality for convex functions:

|Tf,Λ(r1, r2)| ≤ (r2 − r1)

16 q
√

2Λ(1)
p
√
BΛ(p) (2.7)

×
{

q

√
|f ′
(

3r1 + r2

4

)
|q + |f ′(r1)|q + q

√
|f ′
(
r1 + r2

2

)
|q + |f ′

(
3r1 + r2

4

)
|q

+ q

√
|f ′
(
r1 + 3r2

4

)
|q + |f ′

(
r1 + r2

2

)
|q + q

√
|f ′(r2)|q + |f ′

(
r1 + 3r2

4

)
|q
}
.

Corollary 2.5. Taking p = q = 2 in Theorem 2.3, we get

|Tf,Λ(r1, r2)| ≤ (r2 −mr1)

16
√

2Λ(1)

√
BΛ(2) (2.8)

×
{√
|f ′
(

3mr1 + r2

4

)
|2 +m|f ′(r1)|2

+

√
|f ′
(
mr1 + r2

2

)
|2 +m|f ′

(
3mr1 + r2

4m

)
|2

+

√
|f ′
(
mr1 + 3r2

4

)
|2 +m|f ′

(
mr1 + r2

2m

)
|2

+

√
|f ′(r2)|2 +m|f ′

(
mr1 + 3r2

4m

)
|2
}
.

Corollary 2.6. Taking K = ‖f ′‖∞ in Theorem 2.3, we get

|Tf,Λ(r1, r2)| ≤ K(r2 −mr1)

4Λ(1)
q

√
m+ 1

2
p
√
BΛ(p). (2.9)

Corollary 2.7. Taking ϕ(t) = t in Theorem 2.3, we get

|Tf (r1, r2)| ≤ (r2 −mr1)

16 q
√

2 p
√
p+ 1

(2.10)

×
{

q

√
|f ′
(

3mr1 + r2

4

)
|q +m|f ′(r1)|q

+ q

√
|f ′
(
mr1 + r2

2

)
|q +m|f ′

(
3mr1 + r2

4m

)
|q
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+ q

√
|f ′
(
mr1 + 3r2

4

)
|q +m|f ′

(
mr1 + r2

2m

)
|q

+ q

√
|f ′(r2)|q +m|f ′

(
mr1 + 3r2

4m

)
|q
}
.

Corollary 2.8. Taking ϕ(t) = tα

Γ(α) in Theorem 2.3, we get

|Tf,Λ(r1, r2)| ≤ (r2 −mr1)

16 q
√

2 p
√
pα+ 1

(2.11)

×
{

q

√
|f ′
(

3mr1 + r2

4

)
|q +m|f ′(r1)|q

+ q

√
|f ′
(
mr1 + r2

2

)
|q +m|f ′

(
3mr1 + r2

4m

)
|q

+ q

√
|f ′
(
mr1 + 3r2

4

)
|q +m|f ′

(
mr1 + r2

2m

)
|q

+ q

√
|f ′(r2)|q +m|f ′

(
mr1 + 3r2

4m

)
|q
}
.

Corollary 2.9. Taking ϕ(t) = t
α
k

kΓk(α) in Theorem 2.3, we get

|Tf,Λ(r1, r2)| ≤ (r2 −mr1)

16 q
√

2 p

√
pα
k + 1

(2.12)

×
{

q

√
|f ′
(

3mr1 + r2

4

)
|q +m|f ′(r1)|q

+ q

√
|f ′
(
mr1 + r2

2

)
|q +m|f ′

(
3mr1 + r2

4m

)
|q

+ q

√
|f ′
(
mr1 + 3r2

4

)
|q +m|f ′

(
mr1 + r2

2m

)
|q

+ q

√
|f ′(r2)|q +m|f ′

(
mr1 + 3r2

4m

)
|q
}
.
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Corollary 2.10. Taking ϕ(t) = t(r2− t)α−1 for α ∈ (0, 1) in Theorem 2.3,
we get

|Tf,Λ(r1, r2)| ≤ α(r2 −mr1)

16 q
√

2[rα2 −
(
mr1+3r2

4

)α
]
p

√
B?

Λ(p) (2.13)

×
{

q

√
|f ′
(

3mr1 + r2

4

)
|q +m|f ′(r1)|q

+ q

√
|f ′
(
mr1 + r2

2

)
|q +m|f ′

(
3mr1 + r2

4m

)
|q

+ q

√
|f ′
(
mr1 + 3r2

4

)
|q +m|f ′

(
mr1 + r2

2m

)
|q

+ q

√
|f ′(r2)|q +m|f ′

(
mr1 + 3r2

4m

)
|q
}
,

where

B?
Λ(p) :=

4

αp(r2 −mr1)

∫ r2

mr1+3r2
4

(rα2 − tα)p dt. (2.14)

Corollary 2.11. Taking ϕ(t) = t
α exp [

(
−1−α

α

)
t] for α ∈ (0, 1) in Theorem

2.3, we get

|Tf,Λ(r1, r2)| ≤ (α− 1)(r2 −mr1)

16 q
√

2
{

exp [
(
−1−α

α

) (r2−mr1)
4 ]− 1

} p

√
B�Λ(p) (2.15)

×
{

q

√
|f ′
(

3mr1 + r2

4

)
|q +m|f ′(r1)|q

+ q

√
|f ′
(
mr1 + r2

2

)
|q +m|f ′

(
3mr1 + r2

4m

)
|q

+ q

√
|f ′
(
mr1 + 3r2

4

)
|q +m|f ′

(
mr1 + r2

2m

)
|q

+ q

√
|f ′(r2)|q +m|f ′

(
mr1 + 3r2

4m

)
|q
}
,

where

B�Λ(p) :=
4α

(α− 1)p+1(r2 −mr1)

∫ exp [(− 1−α
α ) (r2−mr1)

4
]−1

0

tp

t+ 1
dt. (2.16)
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Theorem 2.12. Let f : P −→ R be a differentiable mapping on (mr1, r2). If
|f ′|q ism-convex on P for q ≥ 1, then the following inequality for generalized
fractional integrals hold:

|Tf,Λ(r1, r2)| ≤ (r2 −mr1)

16Λ(1)
[BΛ(1)]

1− 1
q (2.17)

×
{

q

√
CΛ|f ′

(
3mr1 + r2

4

)
|q +m (BΛ(1)− CΛ) |f ′(r1)|q

+ q

√
CΛ|f ′

(
mr1 + r2

2

)
|q +m (BΛ(1)− CΛ) |f ′

(
3mr1 + r2

4m

)
|q

+ q

√
CΛ|f ′

(
mr1 + 3r2

4

)
|q +m (BΛ(1)− CΛ) |f ′

(
mr1 + r2

2m

)
|q

+ q

√
CΛ|f ′(r2)|q +m (BΛ(1)− CΛ) |f ′

(
mr1 + 3r2

4m

)
|q
}
,

where

CΛ :=

∫ 1

0
t[Λ(t)]dt (2.18)

and BΛ(1) is defined as in Theorem 2.3.

Proof. From Lemma 2.1, m-convexity of |f ′|q, power mean inequality and
properties of the modulus, we have

|Tf,Λ(r1, r2)| ≤ 1

4Λ(1)

∫ r2

mr1

pΛ(t)|f ′(t)|dt

×
[ ∫ 3mr1+r2

4

mr1

Λ

(
4(t−mr1)

r2 −mr1

)
|f ′(t)|dt

+

∫ mr1+r2
2

3mr1+r2
4

Λ

(
4
(
t− 3mr1+r2

4

)
r2 −mr1

)
|f ′(t)|dt

+

∫ mr1+3r2
4

mr1+r2
2

Λ

(
4
(
t− mr1+r2

2

)
r2 −mr1

)
|f ′(t)|dt

+

∫ r2

mr1+3r2
4

Λ

(
4
(
t− mr1+3r2

4

)
r2 −mr1

)
|f ′(t)|dt

]
=

(r2 −mr1)

16Λ(1)

×
∫ 1

0
Λ(t)

[∣∣∣f ′((3mr1 + r2

4

)
t+m(1− t)r1

) ∣∣∣
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+
∣∣∣f ′((mr1 + r2

2

)
t+

(
3mr1 + r2

4

)
(1− t)

) ∣∣∣
+
∣∣∣f ′((mr1 + 3r2

4

)
t+

(
mr1 + r2

2

)
(1− t)

) ∣∣∣
+
∣∣∣f ′(r2t+

(
mr1 + 3r2

4

)
(1− t)

) ∣∣∣]dt
≤ (r2 −mr1)

16Λ(1)

(∫ 1

0
Λ(t)dt

)1− 1
q

×
{(∫ 1

0
Λ(t)

∣∣∣f ′((3mr1 + r2

4

)
t+m(1− t)r1

) ∣∣∣qdt) 1
q

+

(∫ 1

0
Λ(t)

∣∣∣f ′((mr1 + r2

2

)
t+

(
3mr1 + r2

4

)
(1− t)

) ∣∣∣qdt) 1
q

+

(∫ 1

0
Λ(t)

∣∣∣f ′((mr1 + 3r2

4

)
t+

(
mr1 + r2

2

)
(1− t)

) ∣∣∣qdt) 1
q

+

(∫ 1

0
Λ(t)

∣∣∣f ′(r2t+

(
mr1 + 3r2

4

)
(1− t)

) ∣∣∣qdt) 1
q }

≤ (r2 −mr1)

16Λ(1)
[BΛ(1)]

1− 1
q

×
{[∫ 1

0
Λ(t)

(
t
∣∣∣f ′(3mr1 + r2

4

) ∣∣∣q +m(1− t)|f ′(r1)|q
)
dt
] 1
q

+
[ ∫ 1

0
Λ(t)

(
t
∣∣∣f ′(mr1 + r2

2

) ∣∣∣q +m(1− t)
∣∣∣f ′(3mr1 + r2

4m

) ∣∣∣q) dt] 1
q

+
[ ∫ 1

0
Λ(t)

(
t
∣∣∣f ′(mr1 + 3r2

4

) ∣∣∣q +m(1− t)
∣∣∣f ′(mr1 + r2

2m

) ∣∣∣q) dt] 1
q

+
[ ∫ 1

0
Λ(t)

(
t|f ′(r2)|q +m(1− t)

∣∣∣f ′(mr1 + 3r2

4m

) ∣∣∣q) dt] 1
q
}

=
(r2 −mr1)

16Λ(1)
[BΛ(1)]

1− 1
q

×
{

q

√
CΛ|f ′

(
3mr1 + r2

4

)
|q +m (BΛ(1)− CΛ) |f ′(r1)|q

+ q

√
CΛ|f ′

(
mr1 + r2

2

)
|q +m (BΛ(1)− CΛ) |f ′

(
3mr1 + r2

4m

)
|q
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+ q

√
CΛ|f ′

(
mr1 + 3r2

4

)
|q +m (BΛ(1)− CΛ) |f ′

(
mr1 + r2

2m

)
|q

+ q

√
CΛ|f ′(r2)|q +m (BΛ(1)− CΛ) |f ′

(
mr1 + 3r2

4m

)
|q
}
.

The proof of Theorem 2.12 is completed. �

We point out some special cases of Theorem 2.12.

Corollary 2.13. Taking m = 1 in Theorem 2.12, we get the following
inequality for convex functions:

|Tf,Λ(r1, r2)| ≤ (r2 − r1)

16Λ(1)
[BΛ(1)]

1− 1
q (2.19)

×
{

q

√
CΛ|f ′

(
3r1 + r2

4

)
|q + (BΛ(1)− CΛ) |f ′(r1)|q

+ q

√
CΛ|f ′

(
r1 + r2

2

)
|q + (BΛ(1)− CΛ) |f ′

(
3r1 + r2

4

)
|q

+ q

√
CΛ|f ′

(
r1 + 3r2

4

)
|q + (BΛ(1)− CΛ) |f ′

(
r1 + r2

2

)
|q

+ q

√
CΛ|f ′(r2)|q + (BΛ(1)− CΛ) |f ′

(
r1 + 3r2

4

)
|q
}
.

Corollary 2.14. Taking q = 1 in Theorem 2.12, we get

|Tf,Λ(r1, r2)| ≤ (r2 −mr1)

16Λ(1)
(2.20)

×
{
CΛ|f ′

(
3mr1 + r2

4

)
|+m (BΛ(1)− CΛ) |f ′(r1)|

+CΛ|f ′
(
mr1 + r2

2

)
|+m (BΛ(1)− CΛ) |f ′

(
3mr1 + r2

4m

)
|

+CΛ|f ′
(
mr1 + 3r2

4

)
|+m (BΛ(1)− CΛ) |f ′

(
mr1 + r2

2m

)
|

+CΛ|f ′(r2)|+m (BΛ(1)− CΛ) |f ′
(
mr1 + 3r2

4m

)
|
}
.

Corollary 2.15. Taking K = ‖f ′‖∞ in Theorem 2.12, we get

|Tf,Λ(r1, r2)| ≤ K(r2 −mr1)

4Λ(1)
[BΛ(1)]

1− 1
q× q
√
CΛ +m (BΛ(1)− CΛ). (2.21)
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Corollary 2.16. Taking ϕ(t) = t in Theorem 2.12, we get

|Tf (r1, r2)| ≤ (r2 −mr1)

32 q
√

3
(2.22)

×
{

q

√
2|f ′

(
3mr1 + r2

4

)
|q +m|f ′(r1)|q

+ q

√
2|f ′

(
mr1 + r2

2

)
|q +m|f ′

(
3mr1 + r2

4m

)
|q

+ q

√
2|f ′

(
mr1 + 3r2

4

)
|q +m|f ′

(
mr1 + r2

2m

)
|q

+ q

√
2|f ′(r2)|q +m|f ′

(
mr1 + 3r2

4m

)
|q
}
.

Corollary 2.17. Taking ϕ(t) = tα

Γ(α) in Theorem 2.12, we get

|Tf,Λ(r1, r2)| ≤ (r2 −mr1)

16 q
√
α+ 2

Γ(α+ 1)

Γ(α+ 2)
(2.23)

×
{

q

√
(α+ 1)|f ′

(
3mr1 + r2

4

)
|q +m|f ′(r1)|q

+ q

√
(α+ 1)|f ′

(
mr1 + r2

2

)
|q +m|f ′

(
3mr1 + r2

4m

)
|q

+ q

√
(α+ 1)|f ′

(
mr1 + 3r2

4

)
|q +m|f ′

(
mr1 + r2

2m

)
|q

+ q

√
(α+ 1)|f ′(r2)|q +m|f ′

(
mr1 + 3r2

4m

)
|q
}
.

Corollary 2.18. Taking ϕ(t) = t
α
k

kΓk(α) in Theorem 2.12, we get

|Tf,Λ(r1, r2)| ≤ (r2 −mr1)

16 q
√

α
k + 2

Γk(α+ k)

Γk(α+ k + 1)
(2.24)

×
{

q

√(α
k

+ 1
)
|f ′
(

3mr1 + r2

4

)
|q +m|f ′(r1)|q

+ q

√(α
k

+ 1
)
|f ′
(
mr1 + r2

2

)
|q +m|f ′

(
3mr1 + r2

4m

)
|q
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+ q

√(α
k

+ 1
)
|f ′
(
mr1 + 3r2

4

)
|q +m|f ′

(
mr1 + r2

2m

)
|q

+ q

√(α
k

+ 1
)
|f ′(r2)|q +m|f ′

(
mr1 + 3r2

4m

)
|q
}
.

Corollary 2.19. Taking ϕ(t) = t(r2−t)α−1 for α ∈ (0, 1) in Theorem 2.12,
we get

|Tf,Λ(r1, r2)| ≤ (r2 −mr1)

16Λ∗(1)
[BΛ(1)]

1− 1
q (2.25)

×
{

q

√
CΛ∗ |f ′

(
3mr1 + r2

4

)
|q +m (BΛ(1)− CΛ∗) |f ′(r1)|q

+ q

√
CΛ∗ |f ′

(
mr1 + r2

2

)
|q +m (BΛ(1)− CΛ∗) |f ′

(
3mr1 + r2

4m

)
|q

+ q

√
CΛ∗ |f ′

(
mr1 + 3r2

4

)
|q +m (BΛ(1)− CΛ∗) |f ′

(
mr1 + r2

2m

)
|q

+ q

√
CΛ∗ |f ′(r2)|q +m (BΛ(1)− CΛ∗) |f ′

(
mr1 + 3r2

4m

)
|q
}
,

where

Λ∗(t) :=
rα2 −

(
r2 − (r2−mr1)t

4

)α
α

, CΛ∗ :=

∫ 1

0
t[Λ∗(t)]dt (2.26)

and

BΛ(1) :=
4

α(r2 −mr1)

{
rα2

(
mr1 + 3r2

4

)
−
rα+1

2 −
(
mr1+3r2

4

)α+1

α+ 1

}
. (2.27)

Corollary 2.20. Taking ϕ(t) = t
α exp [

(
−1−α

α

)
t] for α ∈ (0, 1) in Theorem

2.12, we get

|Tf,Λ(r1, r2)| ≤ (r2 −mr1)

16Λ�(1)
[B�Λ(1)]

1− 1
q (2.28)

×
{

q

√
CΛ� |f ′

(
3mr1 + r2

4

)
|q +m

(
B�Λ(1)− CΛ�

)
|f ′(r1)|q

+ q

√
CΛ� |f ′

(
mr1 + r2

2

)
|q +m

(
B�Λ(1)− CΛ�

)
|f ′
(

3mr1 + r2

4m

)
|q

+ q

√
CΛ� |f ′

(
mr1 + 3r2

4

)
|q +m

(
B�Λ(1)− CΛ�

)
|f ′
(
mr1 + r2

2m

)
|q
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+ q

√
CΛ� |f ′(r2)|q +m

(
B�Λ(1)− CΛ�

)
|f ′
(
mr1 + 3r2

4m

)
|q
}
,

where

Λ�(t) :=
exp [

(
−1−α

α

) (r2−mr1)t
4 ]− 1

α− 1
, CΛ� :=

∫ 1

0
t[Λ�(t)]dt (2.29)

and B�Λ(1) is defined by eq. (2.16) for p = 1.

3. Applications

Consider the following special means for different real numbers r1, r2 and
r1r2 6= 0, as follows:

(1) The arithmetic mean:

A := A(r1, r2) =
r1 + r2

2
,

(2) The harmonic mean:

H := H(r1, r2) =
2

1
r1

+ 1
r2

,

(3) The logarithmic mean:

L := L(r1, r2) =
r2 − r1

ln|r2|− ln|r1|
,

(4) The generalized log-mean:

Lr := Lr(r1, r2) =
[ rr+1

2 − rr+1
1

(r + 1)(r2 − r1)

] 1
r
; r ∈ Z \ {−1, 0}.

It is well known that Lr is monotonic nondecreasing over r ∈ Z with L−1 :=
L. In particular, we have the following inequality H ≤ L ≤ A. Now, using
the theory results in Section 2, we give some applications to special means
for different real numbers.

Proposition 3.1. Let r1, r2 ∈ R \ {0}, where r1 < r2. Then for r ∈ N and
r ≥ 2, where q > 1 and p−1 + q−1 = 1, the following inequality hold:∣∣∣A(A (Ar(3r1, r2), Ar(r1, 3r2))

2r
, A (A(r1, r2), rr2)

)
− Lrr (r1, r2)

∣∣∣
≤ r(r2 − r1)

16 p
√
p+ 1

(3.1)

×
{

q

√
A

(
|r1|q(r−1), |3r1 + r2

4
|q(r−1)

)
+ q

√
A

(
|r1 + r2

2
|q(r−1)

, |3r1 + r2

4
|q(r−1)

)
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+ q

√
A

(
|r1 + 3r2

4
|q(r−1)

, |r1 + r2

2
|q(r−1)

)
+ q

√
A

(
|r1 + 3r2

4
|q(r−1)

, |r2|q(r−1)

)}
.

Proof. Taking m = 1, f(t) = tr and ϕ(t) = t, in Theorem 2.3, one can
obtain the result immediately. �

Proposition 3.2. Let r1, r2 ∈ R \ {0}, where r1 < r2. Then for q > 1 and
p−1 + q−1 = 1, the following inequality hold:∣∣∣ 1

H
(
H
(

3r1+r2
4 , r1+r2

2

)
, H
(
r1+3r2

4 , r2

)) − 1

L(r1, r2)

∣∣∣ ≤ (r2 − r1)

16 p
√
p+ 1

(3.2)

×
{ 1

q

√
H
(
|r1|2q, |3r1+r2

4 |2q
) +

1

q

√
H
(
| r1+r2

2 |2q, |3r1+r2
4 |2q

)
+

1

q

√
H
(
| r1+3r2

4 |2q, | r1+r2
2 |2q

) +
1

q

√
H
(
| r1+3r2

4 |2q, |r2|2q
)}.

Proof. Taking m = 1, f(t) =
1

t
and ϕ(t) = t, in Theorem 2.3, one can

obtain the result immediately. �

Proposition 3.3. Let r1, r2 ∈ R \ {0}, where r1 < r2. Then for r ∈ N and
r ≥ 2, where q ≥ 1, the following inequality hold:∣∣∣A(A (Ar(3r1, r2), Ar(r1, 3r2))

2r
, A (A(r1, r2), rr2)

)
− Lrr (r1, r2)

∣∣∣
≤ q

√
2

3

r(r2 − r1)

32
(3.3)

×
{

q

√
A

(
|r1|q(r−1), 2|3r1 + r2

4
|q(r−1)

)

+ q

√
A

(
2|r1 + r2

2
|q(r−1)

, |3r1 + r2

4
|q(r−1)

)

+ q

√
A

(
2|r1 + 3r2

4
|q(r−1)

, |r1 + r2

2
|q(r−1)

)

+ q

√
A

(
|r1 + 3r2

4
|q(r−1)

, 2|r2|q(r−1)

)}
.

Proof. Taking m = 1, f(t) = tr and ϕ(t) = t, in Theorem 2.12, one can
obtain the result immediately. �
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Proposition 3.4. Let r1, r2 ∈ R \ {0}, where r1 < r2. Then for q ≥ 1, the
following inequality hold:∣∣∣ 1

H
(
H
(

3r1+r2
4 , r1+r2

2

)
, H
(
r1+3r2

4 , r2

)) − 1

L(r1, r2)

∣∣∣ ≤ q

√
2

3

(r2 − r1)

32
(3.4)

×
{ 1

q

√
H
(

2|r1|2q, |3r1+r2
4 |2q

) +
1

q

√
H
(
| r1+r2

2 |2q, 2|3r1+r2
4 |2q

)
+

1

q

√
H
(
| r1+3r2

4 |2q, 2| r1+r2
2 |2q

) +
1

q

√
H
(

2| r1+3r2
4 |2q, |r2|2q

)}.
Proof. Taking m = 1, f(t) =

1

t
and ϕ(t) = t, in Theorem 2.12, one can

obtain the result immediately. �

Remark 3.5. Applying our Theorems 2.3 and 2.12 for special values m and
various suitable choices of function ϕ(t) = tα

Γ(α) ,
t
α
k

kΓk(α) , ϕ(t) = t(r2− t)α−1

and ϕ(t) = t
α exp [

(
−1−α

α

)
t] for α ∈ (0, 1), such that |f ′|q to be m-convex,

we can deduce some new general fractional integral inequalities using special
means. The details are left to the interested reader.

Next, we provide some new error estimates for the trapezium formula. Let
Q be the partition of the points r1 = x0 < x1 < . . . < xk = r2 of the
interval [r1, r2]. Let consider the following quadrature formula:∫ r2

r1

f(x)dx = T (f,Q) + E(f,Q),

where

T (f,Q) =

k−1∑
i=0

[
f

(
3xi + xi+1

4

)
+f

(
xi + xi+1

2

)
+f

(
xi + 3xi+1

4

)
+f(xi+1)

]
×(xi+1 − xi)

4
is the trapezium version and E(f,Q) is denote their associated approxima-
tion error.

Proposition 3.6. Let f : [r1, r2] −→ R be a differentiable function on
(r1, r2), where r1 < r2. If |f ′|q is convex on [r1, r2] for q > 1 and p−1+q−1 =
1, then the following inequality holds:

|E(f,Q)| ≤ 1

16 q
√

2 p
√
p+ 1

×
k−1∑
i=0

(xi+1 − xi)2 (3.5)
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×
{

q

√
|f ′
(

3xi + xi+1

4

)
|q + |f ′(xi)|q

+ q

√
|f ′
(
xi + xi+1

2

)
|q + |f ′

(
3xi + xi+1

4

)
|q

+ q

√
|f ′
(
xi + 3xi+1

4

)
|q + |f ′

(
xi + xi+1

2

)
|q

+ q

√
|f ′
(
xi + 3xi+1

4

)
|q + |f ′(xi+1)|q

}
.

Proof. Applying Theorem 2.3 for m = 1 for ϕ(t) = t on the subintervals
[xi, xi+1] (i = 0, . . . , k − 1) of the partition Q, we have∣∣∣f (3xi + xi+1

4

)
+ f

(
xi + xi+1

2

)
+ f

(
xi + 3xi+1

4

)
+ f(xi+1)

− 4

xi+1 − xi

∫ xi+1

xi

f(x)dx
∣∣∣

≤ (xi+1 − xi)
4 q
√

2 p
√
p+ 1

(3.6)

×
{

q

√
|f ′
(

3xi + xi+1

4

)
|q + |f ′(xi)|q

+ q

√
|f ′
(
xi + xi+1

2

)
|q + |f ′

(
3xi + xi+1

4

)
|q

+ q

√
|f ′
(
xi + 3xi+1

4

)
|q + |f ′

(
xi + xi+1

2

)
|q

+ q

√
|f ′
(
xi + 3xi+1

4

)
|q + |f ′(xi+1)|q

}
.

Hence from (3.6), we get

|E(f,Q)| =
∣∣∣ ∫ r2

r1

f(x)dx− T (f,Q)
∣∣∣ ≤ ∣∣∣ k−1∑

i=0

{∫ xi+1

xi

f(x)dx

−
[
f

(
3xi + xi+1

4

)
+f

(
xi + xi+1

2

)
+f

(
xi + 3xi+1

4

)
+f(xi+1)

](xi+1 − xi)
4

}∣∣∣
≤

k−1∑
i=0

∣∣∣{ ∫ xi+1

xi

f(x)dx
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−
[
f

(
3xi + xi+1

4

)
+f

(
xi + xi+1

2

)
+f

(
xi + 3xi+1

4

)
+f(xi+1)

](xi+1 − xi)
4

}∣∣∣
≤ 1

16 q
√

2 p
√
p+ 1

×
k−1∑
i=0

(xi+1 − xi)2

×
{

q

√
|f ′
(

3xi + xi+1

4

)
|q + |f ′(xi)|q

+ q

√
|f ′
(
xi + xi+1

2

)
|q + |f ′

(
3xi + xi+1

4

)
|q

+ q

√
|f ′
(
xi + 3xi+1

4

)
|q + |f ′

(
xi + xi+1

2

)
|q

+ q

√
|f ′
(
xi + 3xi+1

4

)
|q + |f ′(xi+1)|q

}
.

The proof of Proposition 3.6 is completed. �

Proposition 3.7. Let f : [r1, r2] −→ R be a differentiable function on
(r1, r2), where r1 < r2. If |f ′|q is convex on [r1, r2] for q ≥ 1, then the
following inequality holds:

|E(f,Q)| ≤ 1

32 q
√

3
×
k−1∑
i=0

(xi+1 − xi)2 (3.7)

×
{

q

√
2|f ′

(
3xi + xi+1

4

)
|q + |f ′(xi)|q

+ q

√
2|f ′

(
xi + xi+1

2

)
|q + |f ′

(
3xi + xi+1

4

)
|q

+ q

√
2|f ′

(
xi + 3xi+1

4

)
|q + |f ′

(
xi + xi+1

2

)
|q

+ q

√
|f ′
(
xi + 3xi+1

4

)
|q + 2|f ′(xi+1)|q

}
.

Proof. The proof is analogous as to that of Proposition 3.6 but use Theorem
2.12. �
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Remark 3.8. Applying our Theorems 2.3 and 2.12 for special value m = 1

and various suitable choices of function ϕ(t) = tα

Γ(α) ,
t
α
k

kΓk(α) , ϕ(t) = t(r2 −
t)α−1 and ϕ(t) = t

α exp [
(
−1−α

α

)
t] for α ∈ (0, 1), such that |f ′|q to be m-

convex, we can deduce some new bounds for the trapezium formula using
above ideas and techniques. The details are left to the interested reader.
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