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INEQUALITIES FOR HYPO-¢-NORMS ON A CARTESIAN
PRODUCT OF INNER PRODUCT SPACES

SILVESTRU SEVER DRAGOMIR

Abstract. In this paper we introduce the hypo-g-norms on a Carte-
sian product of inner product spaces. A representation of these norms
in terms of inner products, the equivalence with the g-norms on a
Cartesian product and some reverse inequalities obtained via the scalar
Shisha-Mond, Birnacki et al., Griiss type inequalities, Boas-Bellman
and Bombieri type inequalities are also given.

1. INTRODUCTION

Let (E,||-]]) be a normed linear space over the real or complex number
field K. On K" endowed with the canonical linear structure we consider a
norm |||, and the unit ball

B([[-l,) :=={x= (A1, An) € KM[[|A]], < 1}
As an example of such norms we should mention the usual p-norms

max{’)‘l‘w-'a’)‘n‘} if p=o0;

np = ) (1.1)
(k= [AelP)7 if pe[l,00).

The Fuclidean norm is obtained for p = 2, i.e.,

Alla = S Il
k=1
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6 S. S. DRAGOMIR

It is well known that on E™ := E X --- X E endowed with the canonical
linear structure we can define the following p-norms:

max {[|z1]|,..., [[anll} if p=oc;
[l = ) (1.2
(k=1 [l if pefl,o0);
where x = (21,...,2,) € E™.

Following [9], for a given norm |-||,, on K", we define the functional
||'||h,n CET— [O>OO) given by

Il = sup|[D Nl (1.3)
AeB([Il,) || 5=t

where x = (21,...,2,) € E™.
It is easy to see, by the properties of the norm ||-||, that:

(i) [, = 0 for any x € E™;
(i) %+ yllpn < I%lpn + 1Y, for any x, y € E™;
(i) [lex|ly, , = lal Ix[l}, ,, for each o € K and x € E™;

and therefore ||-||,,,, is a semi-norm on E™. This will be called the hypo-
semi-norm generate(;l by the norm ||-||,, on E™.

We observe that [[x||,,, = 0 if and only if >>%_, \jz; = 0 for any
(M- An) € B(||]l,,) - If there exists AY, ..., AY # Osuch that (A9,0,...,0),
(O7 DY ,0) ey (0,0, . ,)\2) € B(]|]],,) then the semi-norm generated
by [|-|l,, is a norm on E™.

If by B,, , with p € [1,00] we denote the balls generated by the p-norms

[[l,, on K", then we can obtain the following hypo-g-norms on E™ :

n
||x hong = vigp Z)\jxj , (1.4)

np || j=1

Withq>1and%—i—%:lifp>1,qzlifp:ooandq:ooifpzl.

For p = 2, we have the Euclidean ball in K", which we denote by B,,, B,, =
{)\ =M1, ) €KY DT IAif? < 1} that generates the hypo-Euclidean
norm on E™, ie.,

Il = sup
“eB

n

Z)\j(ﬂj . (1.5)
7j=1
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Moreover, if E = H, H is a inner product space over K, then the hypo-
FEuclidean norm on H™ will be denoted simply by

n

n
x|, == sup || > N - (1.6)
€B. || 57

Let (H; (-, -)) be a Hilbert space over K and n € N, n > 1. In the Cartesian
product H™ := H x --- x H, for the n—tuples of vectors x = (x1,...,xy,),
y=(y1,-..,Yyn) € H", we can define the inner product (-,-) by

n

(x,y) =Y (zjy;), x yeH", (1.7)
j=1

which generates the Euclidean norm |||, on H", i.e.,

2

n
2
Ixlly = { D llzl*) . xeH™ (1.8)
j=1

The following result established in [9] connects the usual Euclidean norm
||-|| with the hypo-Euclidean norm ||-||, .

Theorem 1 (Dragomir, 2007, [9]). For any x € H"™ we have the inequalities

< lIxlle = lIxlls (1.9)

1
% ||XH2

i.e., ||l and |||, are equivalent norms on H™.

The following representation result for the hypo-Euclidean norm plays a
key role in obtaining various bounds for this norm:

Theorem 2 (Dragomir, 2007, [9]). For any x € H™ with x = (z1,...,Zy),
we have

s > Kz ] - (1.10)

Motivated by the above results, in this paper we introduce the hypo-q-
norms on a Cartesian product of inner product spaces. A representation of
these norms in terms of inner products, the equivalence with the ¢g-norms on
a Cartesian product and some reverse inequalities obtained via the scalar
Shisha-Mond, Birnacki et al. and other Griiss type inequalities are also
given.
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2. GENERAL RESULTS

Let (H, (-,-)) be an inner product space over the real or complex number
field K. We have the following representation result for the hypo-g-norms
on H™.

Theorem 3. Let (H,(-,-)) be an inner product space over the real or com-

plex number field K. For any x € H" with x = (x1,...,2,), we have
1/q
n
¢ g = sup & D K )| (2.1)
lyll<1 j=1

wherep,q>1with%—|—%:1,

n
1%/l 1 = sup Z| (j,y (2.2)
lylI<1 j=1
and
1%l 00 = 1%l 00 = jomax {513 - (2.3)
In particular,
1/2
n
2
e = sup § [ D [z, 0)| : (2.4)
llyll<1 j=1

Proof. Using Holder’s discrete inequality for p, ¢ > 1 and %—l—% = 1 we have
1/p 1/q
n

n n
DB < [ DIyl St
j=1 j=1 Jj=1

which implies that

sup Z%ﬁg < 18llq (2.5)

el <1

where a = (o, ..., ap) andﬁ:(ﬁl,...,ﬂn).
For (B1,...,6n) # 0, consider a = (v, ..., ay,) with

B; 181"
(ke 18l
for those j for which §; # 0 and a; = 0, for the rest.

j=
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We observe that

" ﬁ&!ﬁ%\q_Q > =1 1851
6 — 5 —
Za ’ Z BT (S 1B )M

1/q

=Y 1817 =18,
j=1
and

R v 1 ol AN (1 U
ol = 2,103t = 2 (5 T ~ 2 LA

7j=1
_ Z o zn: 71—
i BT~ 2= (5 1Bl
Therefore, by (2.5) we have the representation

sup 13 ;| = 181l (2.6)

for any 8 = (B1,...,0,) € K"
By the properties of inner product, we have for any v € H, u # 0 that

lull = sup |(u,y)|. (2.7)
lvli<1

Let o = (ag,...,05) € K" and x € H" with x = (z1,...,2y,). Then by
(2.7) we have

Za]x] = sup <Zajxj,y> = sup Zaj (xj,y)|- (2.8)

lyli<1 lyll<t 5=

By taking the supremum in this equality we have

n
sup Za Til| = sup Z@j<$j7y>

llell,, <1 IIOéII <1 lyll<t ;=1

q

= sup | sup > oj{z;y)| | = sup [ D [zl
lyll<t \llal,<1];= lyll<1

j=1
where for the last equality we used the representation ([2.6)).

This proves (2.1]).

1/2
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Using the properties of the modulus, we have

n n
Zaﬂ~ < max |a|Z]ﬂ|
) I je{1,...,n} J = T

which implies that

sup Zam] <18l (2.9)

oo

Wherea:(al,...,an)andﬂ:(ﬂl,...,ﬁn). B
For (B1,...,Bn) # 0, consider o = (v, ..., ay) with o := |g—7| for those
J
j for which §; # 0 and «; = 0, for the rest.

We have
n n n
> aif| = Z 50| = 2181 = 181
j=1 =1 j=1
and o
_ _ B;
lale = max Jagl= max | L
je{l,....,n} je{l,...,n} ‘
and by ([2.9) we get the representation
Sup. Zagﬁg = [I18l4 (2.10)

lofl o<1 5=

for any 5= (B1,...,0n) € K™
By taking the supremum in the equality (2.8)) we have

n

n
sup Zaj:nj = sup sup Zaj (xj,v)

o0 j=1 ol <1\ llylI<1 5=

n n
= sup | sup |D ajz;u)| | = sup | D> x5y

i<t \llallo<1 |5 i<t \ =

where for the last equality we used the equality (2.10)), which proves the

representation (2.2)).

Finally, we have

n n
Za~,8~ SZ’O&" max _|Bj]
R B R LS R

9
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which implies that

sup | ;] < 1Bl (2.11)

el <t|;5=1

where a = (aq,...,ay) and 8= (B1,...,5,) -

For (613 e 7/871) 7& 07 let jO € {1’ 7”} such th;&t HBHOO = ma’XjE{l,...,n} |B]‘ =
|Bjo| - Consider a = (v, ..., ap) with o, = % and a; = 0 for j # jo.

For this choice we get

3 1Bjo] 3 Bio
D oyl =12 =1and > a8 = |22 Bjo| = 1Bjo] = 1Bl »
therefore by ([2.11)) we obtain the representation
n
sup > ;| = 1l (2.12)
lleef], <1 j=1

for any 5= (B1,...,0n) € K™
By taking the supremum in the equality (2.8) and by using the equality

(2.12)), we have

n n
sup E ajxj|| = sup sup E a; (z5,y)
lell,<1|5= el <t \ llyll<t 5=

n
= sup | sup > oy ] = sup( max !<$j7y>|>

<1 A\ el <15 lyll<1 \JE{L,m}
= max | sup [(z;,y)| | = max {|z;]},
Jj€{l,..,n} <||y||<1 ! Jje{l,..,n} !
which proves ([2.3]). For the last equality we used the property (2.7)). O
Corollary 3.1. With the assumptions of Theorem[3 we have for ¢ > 1 that

1
m HXHn,q < ”X h,n,q < ”XHn,q (213)

for any x € H™.
In particular, we have

< 1xllp,e < 1%l (2.14)

1
% HXH2

for any x € H™.
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Proof. Let x € H" with x = (x1,...,2,) and y € H with |ly|| < 1, then for
g=>1

1/q " 1/q . 1/q

n
DKl | < D Uyl ) = lwll | Dol | = Dyl 1l
j=1 j=1

Jj=1

and by taking the supremum over ||y|| < 1, we get the second inequality in
213).
By the properties of complex numbers, we have

1/q
max i, < Ti, Y
max{l{z0) Z| :
and by taking the supremum over ||y|| < 1, we get
n 1/q
up (max (o)) < sw S [yl (2,15
lyll<1 JE{L,...,n} lyll<1 j=1
and since
sup (mox (o)) = mox § sup [(o;.0)
lyll<1 <J6{17 ny jellenn} \yl<t
= ma zjl|} =[x )
max (]} =
then by (2.15) we get
%[00 < IX[l4,,, for any x € H™. (2.16)
Since
n 1/q )
1/q
Sl = (nlxld ) =
j=1
then also
- n
e 1%, < %I, o for any x € H". (2.17)

By utilising the inequalities (2.16)) and (2.17]) we obtain the first inequality
in (2.13)). O

Remark 2.1: In the case of inner product spaces the inequality (2.14) has
been obtained in a different and more difficult way in [9] by employing the
rotation-invariant normalised positive Borel measure on the unit sphere.
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Corollary 3.2. With the assumptions of Theorem[3 we have forr > q > 1
that

r—

q
HXHh,nJ’ S HXHh,'mq S n ||X||h7n,r (218)

for any any x € H™.
In particular, for ¢ > 2 we have

a=2
HXHh,n,q < HXHh,e <n2 ”X‘ h,n,q (219)
and for 1 < q <2 we have
2—q
1xllne < Ixllpng <2 (Xl (2.20)

for any x € H™.

Proof. We use the following elementary inequalities for the nonnegative
numbers a;, j = 1,...,n and r > ¢ > 0 (see for instance [16])

1/r 1/q 1/r

n n n
Zag < Za? <nw Zag . (2.21)
j=1 j=1 j=1

Let x € H™ with x = (x1,...,2,) and y € H with |ly|| < 1, then for
r > g > 1 we have

1/r 1/q 1/r
n n r—q n
Sl | < [Slanl] <o [ Y el
j=1 j=1 J=1

(2.22)
By taking the supremum over y € H with ||y|| < 1 and using Theorem

we get (2.18)). O
Remark 2.2: If we take ¢ = 1 in (2.18)), then we get for » > 1 that
r—1
HXHh,n,r < HXHh,n,l snr HXHh,n,r (2.23)

for any x € H".
In particular, for r = 2 we get

xlhe < Ix%llpma < VRl (2.24)

for any x € H".

3. SOME REVERSE INEQUALITIES

Recall the following additive reverse of Cauchy-Buniakowski-Schwarz in-
equality [7] (see also [8, Theorem 5. 14])
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Lemma 1. Let a, A € R andz = (z1,...,2n), Yy = (Yy1,...,Yn) be two
sequences of real numbers with the property that:

ay; < zj < Ay; for each j € {1,...,n}. (3.1)
Then for any w = (w1, ..., wy,) a sequence of positive real numbers, one has
the inequality
2 2

n n n n
1 2
0<) wizf Y wiyy— | Y wizyy; | < (A=) [ D wiyf ] - (32)
j=1 j=1 j=1 j=1

The constant % s sharp in .

O. Shisha and B. Mond obtained in 1967 (see [17]) the following coun-
terparts of (C'BS)- inequality (see also [8, Theorem 5.20 & 5.21])

Lemma 2. Assume thata = (ay,...,a,) andb = (by,...,by,) are such that
there exists a, A, b, B with the property that:

0<a<a;<A and 0<b<b;<B foranyjec{l,...,n}, (3.3)

then we have the inequality

2 2
n n n A n n
Doaid b= b | < <\/;— \/g) Dby by (34)
j=1  j=1 j=1 j=1 j=1
and

Lemma 3. Assume that a, b are nonnegative sequences and there exists -y,
I with the property that

0§7§%§F<oo forany j€{l,...,n}. (3.5)
J

Then we have the inequality

- 2 - 2 - (F—’Y)2 - 2

j=1
We have the following result:

D=

Theorem 4. Let (H, ||]|) be an inner product space over the real or complex

number field K and x € H" with x = (x1,...,x,). Then we have
1 1
2 2 2
0 < [xllhe = o Il n < g7l 00 (3.7)

1
2 2
0 < lixllhe = — M1%ln,1 < 1%lp 01 1%l 00 (3:8)
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and

1
0< ”XHh,e ||h,n,1 < Z\/ﬁ”xun,oo : (39)

1
—‘QE;HX
Proof. Letx € H" withx = (r1,...,2,) and put R = max;jeq, . ny {25/} =
1%ll,00 - If y € H with [[y[| < 1 then [(z;,y)| < [lyll[lz;| < R for any
je{l,..,n}.

If we write the inequality (3.2) for z; = [(zj,y)|, wj =y; =1, A =R
and a = 0, we get
2

n n
1
O§n2|<mj,y>|2— Z|($],y>\ SZnQRQ
j=1 J=1

for any y € H with ||y|| < 1.
This implies that

2
n

n

1 1
D Mgl <~ > [yl |+ nk? (3.10)
j=1 j=1

for any y € H with [|y|| < 1.

By taking the supremum in (3.10)) over y € H with [jy|| < 1 we get (3.7).
If we write the inequality (3.4)) for a; = [(z;,4)|, b; =1, b= B =1,
a=0and A = R, then we get

2
=1 =1 =1

for any y € H with ||y|| < 1.
This implies that

n

2
Sla < (Slaol | +R lwwl, @)
j=1 j=1 j=1

for any y € H with ||y|| < 1.

By taking the supremum in (3.11)) over y € H with [jy|| < 1 we get (3.8).
Finally, if we write the inequality (3.6) for a; = |(z;,y)|,b; =1,b=B =
1,y=0and I' = R, then we have

n

1

2
Jj=1

n
0< [0 [yl
j=1

for any y € H with ||y|| < 1.
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This implies that

(NI

n

NI ™D SICAIES NN CRE
j=1

J=1

for any y € H with ||y|| < 1.
By taking the supremum in (3.12) over y € H with |y|]| < 1 we get

B9). 0

Further, we recall the Cebysev’s inequality for synchronous n-tuples of
vectorsa = (ai,...,a,) and b = (b1,...,b,) , namely if (a; — ay) (bj — by) >
0 for any j, k € {1,...,n}, then

1 « RN
njz;ajbj Z njz;ajn;bj. (313)

In 1950, Biernacki et al. [2] obtained the following discrete version of Griiss’
inequality:

Lemma 4. Assume thata = (ay,...,a,) andb = (by,...,by,) are such that
there exists real numbers a, A, b, B with the property that:

a<a; <A and b<b; < B foranyje{l,...,n}. (3.14)
Then

1< s 1¢
nj;ajbj—n;ajnj;bj (3.15)

<121 (-2 3l oo

1 [n? 1
= — —_— -_— - < - — -
n2{4-‘(A a) (B a)_4(A a)(B—b),
where [x] gives the largest integer less than or equal to x.

The following result also holds:

Theorem 5. Let (H, ||-]|) be an inner product space over the real or complex
number field K and x € H"™ with x = (x1,...,zy,). Then for ¢, r > 1 we
have

1 1 [n?

+ +
NI < g Dl + 5 2 @16)
1 1 N

< L Il + S 2



INEQUALITIES FOR HYPO-¢g-NORMS 17

Proof. Let x € H" with x = (71,...,7,) and put R = max;cq .y {75} =
%[00 - Iy € H with [ly]| < 1 then (25,4 < [lylllz;]l < R for any

jedl,..,n}.
If we take into the inequality (3.15) a; = |[(z;,y)|%, b; = |(xj,9)|", a =0,
A=R? b=0and B = R", then we get

1 — 1 — 1 — 1 [n?
il q+7‘_7 ) q - . r el e q+r
n]§1| 5, 9)| n]'§1 (x5, y)| nj§1 [z, )| | < n2 {4 —‘ LA

(3.17)
On the other hand, since the sequences {a;},_, ., {bj};,_, , are syn-
chronous, then by (3.13]) we have

1 n q+7‘ 1 n . 1 n .
OSEZW%Z/)’ —;ZK%‘?Z/H EZK%AW :
=1 =1 =1
Using (3.17) we then get
n
3 Ifay, )7 < j£j| 25,9} j£j| ol + 1 [ B )
=1

for any y € H with [|y|| g 1.
By taking the supremum in (3.18)), we get

Hy||<1 -
<2 s {3 i Sl b L o
M list n|4
" 1 [n?

§ — sup Z| T,y sup Z (zj )| ¢+ — ’7-‘ Rt

n s o i<t | 5= n |4

which proves the first inequality in (3.16)).
The second part of (3.16)) is obvious. O

Corollary 5.1. With the assumptions of Theorem[3 and if r > 1, then we
have

1 2
||Xth2r = H ||hnr H Hnoo = H thr—i_ionHn?:oo’ (319)
4

In particular, for r =1 we get

1 1 [n? 1 1
2 2
mmﬁsnka+n[4Mﬂuw_ €051+ 5717 o - (3:20)
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The first inequality in is better than the second inequality in .

For an n-tuple of complex numbers a = (ay,...,a,) with n > 2 consider
the (n — 1)-tuple built by the aid of forward differences Aa = (Aay, ..., Aa,_1)
where Aay := agy1—ag where k € {1,...,n — 1} . Similarly, if x = (z1,...,2,) €
H™ is an n-tuple of vectors we also can consider in a similar way the (n — 1)-
tuple Ax = (Azy,...,Ax,_1).

We obtained the following Griiss’ type inequalities in terms of forward
differences:

Lemma 5. Assume that a = (a1,...,a,) and b = (by,...,b,) are n-tuples
of complex numbers. Then

%Zaj Zaj Zb (3.21)

1z (n* — 1) HAaanl,oo |Ab 121,

n—1,00"

IN

n2n,1 | Aal| [Abll,,_; g where a, B> 1, §+

o=

n—1,«
3 (1 - l) HAaHnA 1 HAan—l,l . [6].
The constants 12, 6 and are best possible in .

The following result also holds:

Theorem 6. Let (H,(-,-)) be an inner product space over the real or com-
plex number field K and x € H™ with x = (z1,...,xy,). Then for g, r > 1
we have

1
+
(17 g < o 1%l (3.22)
2
12qr (” - 1) n ||XHq+r HAXHn 1,00
L) R ) e R 8 X
where o, B> 1, a+ﬁ_1’
2 2
L % (n—1)qr HXHQM HAXHh,nfl,l :

Proof. Let x € H" with x = (z1,...,2,) and y € H with ||y < 1. If we
take into the inequality (3.21) a; = [(x;,y)|%, bj = [(z;,y)|", then we get

1 — 1 — 1 —
52\(%1/)!"”—;Z\(%yﬂquI@j,yH’” (3.23)
j=1 j=1 j=1



INEQUALITIES FOR HYPO-¢g-NORMS 19

L (n? = 1) maxj—1, -1 |A {2, y)|? | maxj—1, 1 |A[{zj, 9],

=N >H) " (siztiale )"

where a, 8 > 1,

/\

IN

L
+

m\»—‘ QQ

RI=

-1 -1
L3 (U= 5) 55 1A ey )| 20520 1A g, )]
We use the following elementary inequality for powers p > 1
|aP — 67| < pRP~a — 0|

where a, b € [0, R].

Put R = maxjeqy . o) {l|z;ll} = [%[|,, - Then for any y € H with
lyll <1 we have [(a5, 93] < Iyl ;1] < R for any j € {1,....n} .

Therefore

(A g )1 = [, )1 = K, )] < gRTH K, )] — |<wja%>\| |
3.24

< qRT (@i, y) — (25,9)] = ¢RT (A, )|

for any j =1,...,n — 1, where Az; = x;41 — x; is the forward difference.
On the other hand, since the sequences {a;},_, ., {bj};_; , aresyn-
chronous, then we have

1 & 1 & 1 &
fZ N e S IR I S A1 (3.25)
j=1 j=1 j=1

and by the first inequality in (3.23)) we get

3

> el (3.26)
j=1
< 3 el D Ky

j=1 i=1

]' 2
. -1 q—1 . r—1 .
+ 73 (n* — 1) ngR j_{f}igflKA%,yWR j:{f}%fl\@%,yﬂ
n

1 - .,
= E Z ’<Ax]7y>’qz ‘(ij7y>
=1 i=1

1 2
= _ q+r—2 :
+ 15 (n° = 1) ngrR <jflf.fa’,§—1 ’<A$]7y>|>

for any y € H with ||y|| < 1.
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Taking the supremum over y € H with ||y|| <1 in (3.26) we get the first

branch in the inequality (3.22)).
We also have, by (3.24)), that

20

1l 1/a nei 1/a
1A Ky, m° < [ (@R [(Azy, )
J=1 j=1
el 1/
=qRI [ (A, y)|*
j=1
and, similarly,
n—1 1/8 n—1 1/B
S Al | <rr [ Y KA, )
j=1 j=1
where o, 5 > 1, é—i—%:l.
By the second inequality in (3.23) and by (3.25) we have
Z [z, )| (3.27)
1 n n .,
ZZ Lj, Y Z <xj7y>|
1/a 1 1/8
(n* —1) Z\A\ zj, Yl YA g0 )
j=1
1 n n ,
E $]a EE: <xj7yﬂ
1 1/ 1 1/8
1 r—2 S K
e er (Siaaar ] (S ias.m)
j=1 j=1

for any y € H with [|y|| < 1, where o, > 1, 2 + % =1.
Taking the supremum over y € H with [|y| < 1 in (3.27) we get the

second branch in the inequality (3.22)).
We also have, by (3.24)), that

n—1 n—1
D IA [y, 97 < qRTTY[(Azy,y)
i=1 j=1
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and

n—1 n—1
D A" <R (A, y)
i=1 j=1

By the third inequality in (3.23]) and by (3.25)) we have

n

n . 1 n .,
3 les ™ < 2 30l ol 3 Vel (3.28)
j=1

]:1 :

n—1 n—1
1 r
+§(n—1)§ A (@, )| D 1A (25, )
=1 =1

32 3,017 D )l

3

n
7j=1
1 n—1 n—1
+5 (=1 grRITT2Y T [(Axy, )| Y (A, )|
j=1 j=1

for any y € H with [|y|| < 1.

Taking the supremum over y € H with ||y|| < 1 in (3.28) we get the third
branch in the inequality (3.22)). O

Corollary 6.1. With the assumptions of Theorem[6 and if r > 1, then we
have

(3.29)

177 20 <

2r—2
( %7“2 (" = 1) x| AR o

2r—2
%TZ (”2 ) I1xll5 s e HAX”h,n—l,a HAXH}L,n—LB
where o, B> 1, a+%:1,

2r—2
[ 377 (0= 1) x| Al o -

In particular, for r =1 we get

(& (2 — 1) n | Ax]?

n—1,00"

§(n*=1) 1A% 1,0 18% 5,016

where o, B> 1, + 5 =1, (3.30)

x5, < HXth 1t

2
L % (n—1) ”AXHh,n—l,l :
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4. FURTHER INEQUALITIES

In 1992, J. Pecari¢ [15] proved the following general inequality in inner
product spaces:

Lemma 6. Lety, x1,..., 2, € H and c1,..., ¢, € K. Then

2 n n
<Nyl lel® | D [, 25)] (4.1)
i=1 j=1

n

Zci (i, y)

i=1

n n
2 2
< yl* Y leal” max ¢ 3 (i, 2)]
i—1 B et

He showed that the Bombieri inequality [4] may be obtained from (4.1)) for
the choice ¢; = (z;,y) (using the second inequality), the Selberg inequality
[14, p. 394] may be obtained from the first part of (4.1]) for the choice

<xi7 y)
> i1 Kai, )|’
while the Heilbronn inequality [I3] may be obtained from the first part of

|D if one chooses ¢; = g:zi‘, for any i € {1,...,n}.

Theorem 7. Let (H,(-,-)) be an inner product space over the real or com-
plex number field K and x € H™ with x = (x1,...,2y). Then for ¢ > 1 we
have

ie{l,...,n};

C; =

1-1
15l < Il by | max €3 lwsapl g | (42)

In particular, for g =1 we get

while for ¢ = 2 we get

n
Ixllpe < | max § > [z, z)]

1<i<n

1
n 2
< L
Il < | max 37 <xz,x]>} (43)
] (4.4)

J=1

Proof. If we take in (4.1) ¢; = (i, y) |(zi, )| 2, i € {1,...,n}, then we get

n

n 2 n
(Zuxi,yw) <Hlyl? > o ) P07 max 3 i) 5 (45)
i=1 i=1 - j

Jj=1
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for any x € H" with x = (x1,...,z,) and y € H.
By taking the square root in (4.5)) we get

> iyl (4.6)
=1

n 1/2 n 12
2(g—1
< (P ) | {3 |
=1 j=1
for any x € H" with x = (z1,...,z,) and y € H.
If we take the supremum in (4.6 for |ly|| < 1, then we get
1/2
][54 < Hx”thq D | {28 Z;\(:Ei,wﬁl
]:
for any x € H™ with x = (x1,...,2,) and y € H.
This proves (4.2)). O

In 1941, R. P. Boas [3] and in 1944, independently, R. Bellman [I] proved
the following generalization of Bessel’s inequality

Lemma 7. Ify, x1,..., x, are elements of an inner product space (H; (-,-)),
then the following inequality:

[NIES

>z ) < llyl? max Hﬂsz Y Newzp)l*) | (A7)
i=1

1<iAj<n
holds.

A generalization of the Boas-Bellman result was given in Mitrinovié-
Pecari¢-Fink [14], p. 392| where they proved the following:

Lemma 8. Ify, x1,..., Ty are as in Lemma[7 and c1,..., ¢, € K, then
one has the inequality:

M

2
<||y|| Z\czl max IIwzll + > Haiay)l

$za

(4.8)

They also noted that if in (4.8) one chooses ¢; = (z,y;), then this in-
equality becomes (4.7]).

Using a similar argument to the one in Theorem [7]and Lemma[§ we have:
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Theorem 8. Let (H,(-,-)) be an inner product space over the real or com-
plex number field K and x € H™ with x = (x1,...,2y). Then for ¢ > 1 we
have

1%
1-1/q 2
Il < I gy | o il 4+ S o) (4.9)
1<i#j<n
In particular, for g =1 we get
1
% 2
2
Il o0 < |l + |30 o) (1.10)
1<i#j<n
while for ¢ = 2 we get
1
% 2
2 2
Il < | e a4 | Nwapl?] | @
1<i#j<n

In [I0] we obtained the following result that provides some companions
to the Boas-Bellman inequality above:

Lemma 9. Lety, x1,..., 2, € H and c1,..., ¢, € K. Then
n 2
Z ci (i, y) (4.12)
i=1
( 2
e {Jeif” } {3 ol + Cacijn oo e}
1 o\
( Lale)” { (S el
1
<ly|I? 1 v
<l %3 4+ 1 p(gm#n )l }
where p> 1,1 >t = et

r

S el { max ail? + (n — 1) max |<a:i7xj>|}.
1<i<n

1<i#j<n
We have:

Theorem 9. Let (H,(-,-)) be an inner product space over the real or com-
plex number field K and x € H" with x = (z1,...,2,). Then for ¢ > 1 we
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<
;g —
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1
1-1 2 2q
max {0 il + sy @i

1<i<n

1

1-1/ n 2r\r
I 4 { (S )
1 RN K
+(n—1)» <Zl§i;ﬁj§n‘<xi7‘rj>’> } )

where p>1,%+%:1

1-1/q 24
I 4 g Bl 0= 1) e ol

In particular, we have for ¢ =1 that

SN+ =17 (Siciggen i)l

;

N[

2
{C il + Crciyen @i z)

1

{(Zm )’

3=
ol

} ’ (4.14)

where p>1,%+%:1;

1
2 2
{ s it + (0= 1) o (sl

\ 1<i#j<n

while for ¢ = 2 that

2
ke <

D=

max {laill} {0 il + Siigyen (e}

1<i<

1

Il { (S )
1 r
+(n—1)» (Zlgi;ﬁjgn (@i, 2] )

where p>1,%+%=1;

i}27 (4.15)

1
2
hve{max |zi]|* + (n — 1) max |<96z,$1>|} :

1<i<n 1<i#j<n
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Proof. If we take in (4.12) ¢; = (i, y) (@i, 9)|77%, i € {1,...,n}, then we
get

n 2
(Z r<xi,y>|q)

=1
max {](@s )"0 S 2l + Loy | 2l

1<i<n

1

(s I e ) {(2?1 uscin”')i

1
< 2 1 v
WY 4 1 (Srcigsen ') ]

1 1 _ 4.
where p>1,5+;—1,

) 20D 112+ (n — s
> im @i, )l {g@;l!mz!l +(n—1) lgrglg?;n!m%ﬂ},
(4.16)

for any x € H" with x = (z1,...,z,) and y € H.
If we take the square root in this inequality, then we get

> Kai, )
i=1
1/2

e {16z ) {0 il + Srcien oz}

1<i<n

(S0l 00 { (5 bl

<yl ! AR

=y +(n—1)» (Zlgi;ﬁjgoni’ijT) } )
1,1 _ 4.

where p>1,1;+;—1,

3

1/2

(S e )Y L e P (0 1) max (i)
=1 (2] 1<i<n 1 lgi;éjgn isLj y

) (4.17)

for any x € H" with x = (z1,...,2,) and y € H.
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If we take the supremum over y € H, ||y|| < 1, then we get

q—1 n 2 1/2
max |l } {0 ol + Crcipsen iz} s

1<i<n

1
2\ T
I { (S ™)
1/2
x| < 1 -
%[5 g < +(n—1)r (Zlgi;éjgn \(aji,xj)]r> } ,

where p>1,%+%:1,

1/2

I gy { s sl? + (0= 1) s (G}
for any x € H™ with x = (x1,...,2,), which produces the desired result
(14.13]). a

The interested reader may obtain other similar results by utilising the
following inequalities obtained in [11]

Lemma 10. Lety, x1,..., x, be vectors of an inner product space (H; (-, -))
and ci, ..., ¢, € K. Then one has the inequalities:
2 D

E C; 1’1,

<yl <3 E, (4.18)
F

where

s el 3 o)l

1<k<n =

1 s
n T n n
D= max [cl (Z Icz'IT> [Z (Z |<ﬂfuwj>l> ] L or>1 g+ =1
=1 \j=1

n
max x| Z Jokl max, <J§1|<xiﬁf»‘j>l> :
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1
1 q 1
n n q
(Z ‘Ck’p) max el ( 32| X0 (i ;)| , p>1, 141
i=1 \j=1
1 1 % %
i|c P ’ i’ﬂt t i i\(m z)|? >1, 141
FE = = k = i =\ A iy Ly , D v p Ty
1,1
t>1, 144
n 7 on n %
> lexl” pZ|C\maX 3 Kag, z5)|? p>1, 141
k=1 1=1 ! 1<i<n j=1 v ) ’p q

and

(1]
2]

3]
4]
(5]
(6]

(7]

18]

(9]

\

S el i el S [max r<xz,x3>|];

1<5<

3=

F .= Zzzl |ck| (Z?:l ‘Ci’m)

1<5<n

l
Z?:l [max I Liy Xj ‘]
1
l

1
m> EJ’_ -

7

(> k= 1|Ck|) , fnax |<93z'790j>|-
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