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ON THE BOUNDARY VALUES OF THE HOLbMORPHIC
FUNCTIONS IN THE BALL

Nikola Pandeski

Abstract. In this paper is given a new proof of the Alexandrot
[1] and E.Low [2] theorem.

Throughout this paper az means the inner product in Cn,
az = a,Z,+...+a Z . The unit ball in C" is denoted with B, S=0B
is its boundary and ¢ ist the rotation invariant measure on S.

Let z,, k=1,2,...,m be any points in S such that every S
has nonzero components. Let {xk}, k=1,2,...,m be complex numbers
~in the unit disc U, Put

4 (2) = —=—— ——
l-xkzck k
and define
m

fm(z) = 2 ¢k(z), mEN

k=1

Then fm(z), m€éN, are bounded holomorphic functions in the ball
and lfm(z)l < 1 for every m. We will show that if ¥, 0 < ¥ < 1 is
a continuous function on S, then there exist a sequence (Ak} inU
such that {fm(z)} converge to a holomorphic function f in B
uniformly on compact subsets of B, and |£f*(z)| S v(Z) a.e. o on S.
Then following Alexandrov[l] it follows that there exist function

FEH™(B) such that |F*| = ¢ a.e. o,

Theorem. Let ¥ be a continuous positive function on S,
0 < ¢ < 1. Then there is a function FEH®(B), |F| < 1 such that
|F*] = y a.e. o on S.

Proof. Cover S with disjoint family of surfaces Ak' k=1,...,m

and choose ¢, €A, with nonzero components. Let M=max[-log¥?(z)].
: : €S

Choose complex numbers {Akh A = 1(;k) ih the unit disc of the
plane such that:
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(l—kalz)n = (cAk)“Ll-MoAk—(long(Ck))UAk](GAk)_2+MOAk =R, (1)

Let )\k_za l)‘kl
¢k(z) = — (2)

and define the functions

£ (z) = s «(2), meN (3)
m k=1

We will show that fm - £, f€H”(B) uniformly on the compact subsetc
of the ball and |£*(g)| < ¢(¢) a.e. o on S. Put

1-2T,

L, = _____k__z (4)
Then .

- 2= - 2

1-le, (z) 2= (- %)Ly (5)
and 9

1-| z| :

[z s Ly, z€B (6)

We also use the fact that the Poisson kernel for the ball satisfies

—‘}—:'T < P(z,5), zEB, LES (7)

Since (1-x2)" < 1-x2, x| <1, (1-x))* 21 - ex, a 21, x> -1,
we have

1-|e, (z)|? 2 (1-]@ ()%™ = (1-]a |2)Lk 2 (—§+§+) R, 2

2 (i: : (cAk)z - (—;+§+)’MOAk - P(z,ck)(logw(tk))cAk +
+ (FErEn "Moa, = -P(z,5,) (logh (5,)) oA, + (8)
+ dzhean®

and so . :

ley (z) |2 < 1+P(z,5,) (logy?(c,))on, - (%§¥§+)“(°Ak)’ <

(9)
< explP(z,z,) (logv?(z,))on, - T;%'r)n(mk)’}

This implies
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m
|fm(z)|3 < exp{ki1P(z,ck)(long(ck))aAk -

m (10)
l-lzl n 2
i - ki1(T:TET) (UAk) }
Because I (oAk)2 - 0 if m - = we have
k=1 :
[£(z)|? Sexp{IP(z,;)(1ogw’(;))dc} (11)

s
and so |f(z)| S ¥(z) a.e. o on S.

Put F(z) = z,£f(z), 2€B. Then
a) F(0) = 0
b) [Fc | < Jz,lv(z) ons

c) J[|C,|W(C) - ReF(z) 1Pao <ypj¢p(§)da for some ¥y
s s
a) |lew(z) ReF(2) || |lzwll

Then following the Alexandrov discution we get the Theorem 1 in
[1] (see also Russian issue of [3]).
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3A T'PAHHUYHHTE BPEIHOCTH HA XOJIOMOPOHUTE OYHKUHU BO TONKATA

HukoJsia [TaHpeCKH

Pesume

Bo pabSoraTa € paneH eJeH HOB [oKa3 Ha TeopemaTta 1 Ha
Anekcangpos [1] u Ha E.Low [2].
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