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UNITARY EQUIVALENCE AND SIMILARITY OF
ORDINARY SHIFTS ON OPERATOR VALUED
WEIGHTED SEQUENCE SPACES

Marija Orovéanec

Abstract

In this note we consider a number of properties of the op-
erator valued weighted sequence spaces. We discus similarity and
unitary equivalence of unilateral unweighted shifts on operator val-
ued weighted sequence spaces.

There is another way of viewing operator valued weighted shifts. We
turn to represent operator valued weighted shift on the ordinary space
12(H) as the ordinary (unilateral unweighted) shift U on a operator valued
weighted sequence space H?(B). The notations in the scalar case suggest
these notations. Using this we shell discuss similarity and unitary equiva-
lence of ordinary shifts on operator valued weighted sequence spaces. Let
H be a complex separable Hilbert space, B(H) be the algebra of all (linear

o0

and bound) operators on H. Let i2(H) = Y @Hn, Hn = H, VYn be the

n=1

o0
Hilbert space with an inner product defined by (f,g) = Y (fn, gn) Where
n=1
£ =Y ®fn (or f = (f1,f2 f3,.-.))

Corresponding to each uniformly bounded sequence { A, }nen of boun-
ded and linear operators on H, there is the operator valued weighted uni-
lateral shift A defined on lz(H) by A(fl, fo, _f3, .o ) = (0, A1, f1, Aog, f2, .. )
and we shall denote it by A ~ (4,). With U, we shall denote the operator
valued weighted shift U, ~ (1).
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Let {B;} be a sequence of positive, invertible, commuting operators
on H with the property 0 < m < B, < M, VYn € N. The space of vectors

H2(‘B): {f: (fO,afny')f’LEH1 12071"°3§|l31f1||2<00}

is a Hilbert space with an inner product (f,g) Z(B fi, Bifi) ({1,
=0
Proposition 1).
The following theorem which we will need later, is stated here for the
reader’s convenience. The proof can be found in [1).

Proposition 1. ([1]) The unilateral shift U, on H%(B) is unitar-
ily equivalent to an operator valued weighted shift with invertible weights
(Ap)2 o on 12(H). Conversely, each operator valued weighted shift with
invertible weights on the space 12(H) is unitarily equivalent to unilateral
shift Uy on a corresponding space H?(B) for a suitable choice of (By)3
Moreover, the relation between (A,) and (By,) is as follows

An = Bn—i—lB;l y By = 11 B, = AOAl Tt An—l .

Proposition 2. Let {B,} and {C,} are sequences of positive, invert-
ible, commuting operators on H with the property 0 < m < B, < M and
0<!<C,<L,Vn, then

(i) H2(B) isometrically isomorphic to H?(C).

(ii) H2(B) = H%(C) and the norms are equivalent.

Proof. (i) Let V: H2(B) — H?(C) is defined by

V(fo, f1---) = (Cg ' Bofo,CT ' B1f1, ).
It is easy to verify that V is linear and surjective. Also, V is an isometry:

v £IE Z I1B:fill? = I£1Z-

(i) Let m,l, M, L,{B,} and {C,} be as above and let f € H2(B)
Iflls < oo. Then we have
[ o]

_ 2
1,12 = X% [Cifill2 = S22 ICiBy  Bifil® < & llfl1% < o0
==

which means that f € H%(C).
Conversely, let f € H?(C). Then we have

o0 o0 _ 2 o0 2
1F1%= 3 IBifill®= Z‘BllBici oh|P< X 20 IC:fill?=2%1f1% < o0
i=0 i= i=

ie. f € H%(B).
For every f € H2(C) = H%(B) we have

12 2 & 2
—lriE = MQZHB Sl = = D _IBCTICH" <
s i=0

< TIE Z Icsfill® = 1 £11E = Zuc fill2 = Z B Bifil® <
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L? & o L% o
< m;"&fi" = m”f“B

ie.
l L
1715 < 17lle < =171,
m

which means that the norms || - | g and || - ||¢ are equivalent. DO
Corollary 1. H2(B) = I?(H) and the norms are equivalent. D

Proposition 3. Let {B,} and {C,} are sequences of positive, invert-
ible, commuting operators on H with the property 0 < m < B, < M and
0<!<C,< L, then the operators U, on H*(B) and H%(C) are similar.

Proof. The unilateral shifts U, on H2(B) and H?(C) are unitar-
ily equivalent to operator valued weighted shifts A’ ~ (Bn+1B, 1) and
A" ~ (Cp41C1) tespectively. We claim that the operators A’ and A”
are similar. Indeed, let X = [X;];—n is a diagonal operator with diagonal
elements:

Xo=1, X1=B1By'CoCT", Xo= BBy CoC3', Xn=BnB; CoC;t, -
It is easy to verify that X is invertible operator and AX = X B.

So, the operators Uy on H2(B) and H2(C) are similar. O

Proposition 4. The unilateral shifts Uy on H%(B) and H*(C) are
unitarily equivalent if and only if there exists an unitary operator U on H
such that the operator BnBO_lUC'OC’;1 18 unitary for everyn € N.

Proof. The operators U, on H?(B) and H?(C) are unitarily equivalent
to operator valued weighted shifts A’ ~ (Bp41B,; ') and A" ~ (CrnsrCY)
respectively . By lemma 3.1 in [3], the operators A’ and A" are unitary
equivalent if and only if there exists a unitary ogxerator U on H such that for
every n € N the operator By 1B By --- By -UCCT Cy - CtCuCr
ie. B,BylUC,C; ! is unitary on H. O
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YHUTAPHA EKBVBAJIEHIINJA X CJIMYHOCT HA
YHMUJIATEJIAPHU IMIV$TOBU HA OIIEPATOPCRO
TERKVHCKHA ITPOCTOPHY O HU3M

Pezume

Hexa {B;}e Bu3a o1 103UTHBHM, MHBEP3UOWIEN, KOMYTHPAYKH OIl-
epaTopu Ha KOMILIEeKCeH cenapabuies Xuiabepros npocrop H. Ilpoc-
TOPOT OJ BEKTOPH

H*(B) = {f= (for- s fme ) Fi € Hy i = 0,153 | Bufil|? < oo}

=0

e XuibepToB IPOCTOP CO CKajlapeH OIPOM3BOJ
o0

(f,9)B= Z(Bifi, Bigi) .
=0

Bo oBoj Tpyn ce nakeEH yCJNOBHUTE 3a CIMUYHOCT ¥ YHUTApHA €KBUBa-
JeHNHMja Ha eJHOCTpPaEMTe mMU$TOBM Ha npoctopute H2(B) u HZ(C).
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