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Abstract

In the present paper, we define [left, right] (n — 2)~neutral op-
eration E 1 Q?2 — Q] of a (k(n - 1) + 1)—groupoid, (k, n) €

N x (N \ {1}), so that (among others) for n = 2 E(ﬂ)[a;"’? = @]
is a neutral element of the (k+1)-groupoid (Q, A). The main result of

the paper is the following proposition. If a (k(n -1)+ ])—semigroup
(Q, A), k 2> 2, has a left [right] (n—2)-neutral operation E, then there
is an n-semigroup (Q, B) with {1, n}-neutral operation [:[5], 1.2.2],

k
such that for every zf("_l)“ €Q A (g;f("‘l)*'l) — B(xf("_l)H).

2
[E.g.: B(xf"'l)défB(B(zi‘),zi’_‘,_'ll).] Moreover, if » > 3 then (Q, A)

is a (k(n —-1)+ 1)—g1'oup.

1 Preliminaries.
ol
1.1. About the expression (czt)p izt
Let p and ¢ be arbitrary natural numbers such that p < ¢, and ¢ and s
arbitrary element of the sets N and NV U {(}, respectively. Further on, let

— (i)
5 be the set of all sequence al over a set (0 € S), and let

®)
ap li=t (1)

c£+(s—t+1)(<1—p+1)--l (2)

and

5
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be arbitrary sequence the sets § and S, respectively. The sequence (1) is
nonempty iff £ < s. Moreover: the sequence (2) is nonempty iff t < s.
t<sea(s—t+1)g-p+1)>1; ¢—p+1>1% p< gl In addition, if
t < sand )
(Vi€ {t,., D € {Broo s Deinqoprys = a3, (3)
then to every sequence (1) over S there corresponds exactly one sequence
(2) over §, and conversely. Hence: if ¢ < s and (3) holds [since

. I’

(:z); li=t=0<& cg"'(s't"'l)(q"pﬂ)"l = @], we use the following conven-
tion:

—."—'|5
(&);lztt stands for cg+(s—t+1)(q_p+1)_1_

1.2. About n—groups

1.2.1. Definitions: Letn > 2 and let (Q, A) be an n—groupoid. Then:
(a) we say that (Q, A) is an n-semigroup iff for every i,j € {1,...,n},
1 < 7, the following law holds - _

A(ef™, AP, 257Y) = A (o] AT, 225Y)
[: < i,j >-associative law); (b) we say that (Q, A) is an n—quasigroup iff
Jor every i € {1,...,n} and for every a} € Q is exactly one z; € Q such
that the following equality holds
Alai™ 2, a7 ) =a,; and
(c) we say that (Q, A) is a Dérnte n—group [briefly: n—-group] iff (Q, A) is
an n-semigroup and an n—quasigroup as well.

A notion of an n—group was introduced by W. Dérnte in 1] as a gen-
eralization of the notion of a group.

1.2.2. Definitions [5]: Let n > 2 and let (Q, A) be an n—groupoid.
Further on, let e be an mapping of the set Q™ ?into the set Q. Let also On
(k(n — 1) + 1)-semigroups with (n — 2)-neutral operations
{i,7} € {1,...,n} and i < j. Then: e is an {i,j}-neutral operation of
the n~-groupoid (Q, A) iff the following formula holds

(Va; € Q)72 (Vo € Q)(A(ai™, e(af™?), a!™%, 2, a’ ) = o

/\A(ai"l, z, a{_2, e(a??), a;.‘__lz) =z).
1.2.3. Proposition [5]: Let n > 2, {i,5} C {1,...,n} and i < j.
Then in every n—groupoid there is at most one {i,j}-neutral operation.

1.2.4. Proposition [5]: In every n—group, n > 2, there is a
{1, n}-neutral operation.?

1 For n =2, e(a;'_z)[= e(0] = e € Q is a neutral element of the groupoid (Q, A).
? There are n—groups without {i, j}-neutral operations with {i, j }#{1,n»} [:[6]}- In
[6], n—groups with {i, j}-neutral operations, for {i, 5} # {1,n} are described.
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1.2.5. Proposition [5]: Let n > 3 and let (Q, A) be an n-semigroup.
Then: (Q, A) is an n—group iff (Q, A) has a {1,n}-neutral operation. 3

1.2.6. Remark: In [8] showed that the condition ”...(Q,A) is

an n-semigroup ...” can be weakened to the condition ”...(Q,A) is an

< 1,2 >-associative n-groupoid ...” or to the condltlon (@, A) is an
< n—1,n >-associative n—groupoid .

1.2.7. Proposition (4, 7] Letn >3 and let (@, A) be an n—groupoid
Further on, let E be an mapping of the set Q™2 into the set Q. Then the
following propositions are equivalent:

(i) (@, A) is an n-group;

(ii) thHe laws A(AED),22%") = Ale1, A(a] i, 227, Al,al? E(al?) =2
and A(b’f'z, E(b7?), z) = x hold in algebra (Q, {A,E}) of the type
<n,n—-2>; and

(iii) the lawsA( 2 A2 TY), wanct) = A2 A(22Y)), A(E(a)?),
al™?, 2)=z and A(a:, E(b;”), b772) = 2 hold in algebra (Q,{A,E})
of the type <m,n—2>. 43

1.3. On superpositions of an n-semigroup operation
1. 3 1. Definition: Let (Q, A) be an n-groupoid and n > 2. Then:

1) B defB and

2) for every k € N and for every 3,,(’°+1)(n D+ o Q

k+1 k4+1)(n—1)+1y def K k(n-1)+1 E+1)(n—1)+1
B (a0 € BB (21", <TI0,
1.3.2. Proposition: Let (Q,B) be an n-semigroup, n>2 and (i,5)€
N2. Then, for every x(zﬂ)(n D+ €Q and for every t€{1,...,i(n—1)+1},
the followzng equality holds

i (i4j)(n=1)+1 (-1 +5)(n—-1)+1
B (a{tI0-DHY - B(mi g B( by, tfl-Jj(zz(nl)-zl ).

An immediate consequence of Proposition 1.3.2. is the following propo-
sition:

1.3.3. Proposition: If (Q, B) is an n-semigroup [n-group)], then

(Q,lg) is a (k(n — 1) 4+ 1)-semigroup [(k(n — 1) + 1)-group].

3 This result has been commented from the particular point of view in the paper [8]
[ Remark 5.2}.

* See Corollary 5 in [4] and Theorem 2.6 in [7]. (The sketch of the proof of this
proposition can be found in D).

5 If (Q, A) is an n-group, then E its {1, n}-neutral operation [ 1.2.7, 1.2.1, 1.2.2,
1.2.4].




8 Janez Usan

Remark: More about superpositions of an n—semigroup operation
[with different notations] can be found in [3].

2. Results

2.1. Definition: Let (k,n) € N x (N \{1}), let A be a (k(n—1)+1)
—ary operation in Q and E a mapping of the set Q2 into the set . Then:

1) we say that E is a left (n—2)-neutral operation of a (k(n—1)+1)
-groupoid. On (k(n — 1)+ 1) -semigroups with (n — 2)-neutral operations
(Q,A) zjf the formula

(1) (k) n—
(VaeQ)"...(Vae Q) 2
k G0y GG P (1)
(A ABCa™), ai™ i 2, B(af™) @i~ [j=i1) = )
=1
holds;

2) we say that E is a right (n — 2)-neutral operation of a
(k(n—1)+1) -grupoid (@, A) iff the formula

(Y 9ie Qr?...(v e Q)

* (5) (4) _ ji-? (J) (1) i | (2)
(AA(Ca™),E(af™) =1 =, af™ B(af” )limi)=2)
holds; arid*

3) we say that E is a (n — 2)-neutral operation of a
(k(n — 1) + 1) -groupoid (Q,A) iff E is a left (n — 2)-neutral operation
of a (k(n — 1) + 1)-groupoid (Q, A) and a right (n — 2)-neutral operation
of a (k(n — 1) + 1) -groupoid (Q, A).

2.2. Remark: For n = 2 the formula (1) and the formula (2) [from
2.1] reduces, respectively, to the followmg formulas

(VzEQ)(/\A(ez e =1) @

and
(vz € @)( [\ A( 0, e =) @

= E(P). Further on, the conjuction of the statements (1) and (2) is

equlvalent with the statement
k+1

(Vxecz)(/\A’ e, M =2). (e)

Finally: e€ Q is a neutral element of the (k + 1)-groupoid (@, A),
k € N, iff the formula (e) holds. a

By Definition 2.1, and also by the definition of an {1,7n}-neutral op-
eration of n-grupoid [:1.2.2], by Proposition 1.2.3 and finally by Remark
2.2, we conclude that the following proposition holds:
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2.3. Proposition: Let be a (Q,A)(k(n — 1) + 1)-groupoid, E its
(n — 2)-neutral operation and (k,n) € N x (N \ {1}). Then:

1) Ifk =1, then

- E is a {1,n}-neutral operation of the n—groupoid (Q, A),

- for n = 2E(Q) is a neutral element of the groupoid (Q, A), and

- E is uniquely determined for every n > 2; and

2) Ifk € N and n = 2. then E(0) is a neutral element ofa(k+1)
~groupoid (Q, A). 0

By 1.2.5, 1.2.7, 1.3.1, 1.3.2, 1.3.3, 2:2 and 2.3, we conclude that the
following proposition holds:

2.4. Proposition: Let n > 2 and let (Q,B) be an n-semigroup
with a {1,n}-neutral operation e [:1.2.2]. Further on, let k > 2. Then
the following statements hold: a) e is an (n — 2)-neutral operation of a

(k(n—1)+1)-semigroup (Q,g); andb) if n > 3, then (Q,lg)(k(n -1)+1)
—group.

2.5. Theorem: Let k > 2, n > 2 and let (Q,A) be a (k(n —1) + 1)
-semigroup. Further on, let E be a left (n — 2)-neutral operation of a
(k(n—1)+1)-semigroup (Q, A) or a right (n — 2)-neutral operation of a
(k(n — 1) + 1)-semigroup (Q, A). Then there exists an n-groupoid (Q, B)
such thdt the following statements hold:(i) (@, B) is an n-semigroup; (ii)

A B and (iii) E is a {1,n}-neutral operation of the n-groupoid (@, B).
Moreover, if n > 3 then (Q,A) is (k(n -1+ 1)~group

Proof. 1) Let E is a right (n — 2)-neutral operation of a (k(n—1)+1)
—-semigroup (@, A); £ > 2, n > 2. We prove respectively that in that case
the following statements hold.

(4)

1°Let a}™%,j € {1,...,n~1}, be arbitrary sequences over Q. Further
On (k(n— 1)+ 1)-semigroups with (n — 2)=neutral operations on, let for
every z7 € Q

def (4) , (5) 2 [E-1
B(z1)= (w?, i ", E( a7 %) |j=1) - (a)
(49)
Then for every sequence of the sequences 6772, j € {1,...,n — 1}, over Q
and for every z7 € @ the following equality holds
def (4) \ (4) , k-1
B(z1)= A(e7; 577", E(6177) [j=1) -

% The following proposition was proved in [2]. If (Q, A) is an m-semigroup, m > 3
and (Q, A) has a neutral element e, then there is semigroup (Q,-) with a neutral
element such that, for every z* € Q, A(z]*) =11 - .
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(9
2° For every zp € @, for every sequence of sequences B
j € {1,...,n— 1}, over Q and every 7 € {1,...,n} the following equal-
ity holds ) ) o

B(zf) = A(2y7h, 777 E( b7 2)I; 1,27) -

3° (@, B), where the n-ary operation B in @ is defined by (a) in 1°,
is an n—semigroup.

k(n-1)+1

4° For every z, € () the followmg equality holds

A(x{c(n—l)+1) B ( (n- 1)+1

5° The right (n—2)-neutral operation E of the (k(n—1)+1)—semigroup
(@, A)is an {1, n}-neutral operation of the n-semigroup (¢, B). Moreover,
if n > 3 then (Q,A)is a (k(n ~ 1) + 1)-group.

The proof of the statement 1°:

(k)
For every z7 € @, for every sequence aj =% over  and for every
(4
sequence of sequences b2, j€{1,...,k—1}, over Q the following series
of equalities holds ) *) 7 o e
B(z7) = A(B(a1), a}™* ,E(af™%), 772 E(517%) |j=1) =
(4) ) (J) Ly =1 (k) , (k) \ (4) ) () , (9 \ |+t
:A(A(x?? a?~ ’E( ) l] 1), ?— » E( a?— » b711_ » E( b?— )7E( b?— ) |f=1)=
(5) ) (J) ¥ (4) ) (4) ; fe-t
= A(:L'?—I,A(a:n, a?— aE( ) |.7 1) b?_ 7E( b?_ )Ij=1) =
() () s

= A(z}, b7, E(077?) |] 1) [+ (2) from 2.1, (a) from 1°, (a) from 1.2.1].

The proof statement 2°:

Let ¢ be an arbitrary element of the set {1,...,n}. Then for an ar-

()
bitrary sequence z} over (), an arbitrary sequence of sequences bf_2,
j € {1,...,k — 1}, over () and for arbitrary sequence c?~% over Q the
following series of equalities holds
6 ) (4) , -1
A((Ei, b;l— ’E( b?— )Ij=lax?+1) =

. () ) () ) [t Y , (9 _ (9 2 [*
=Ale AR E( DY) {1, @iy €] E(c’f‘)) b2 E( 077 ey al) =

() (1) Je-1 ) ) (5) ) .. {F-1
=A( i bn 2 E( bn 2) |J=1?A($za a ,E(C?_ )’ b?—z vE( b?—-) |j=1)7xn1-0-1):

)] () je-1 .
= A(ziY, 73 E(0772) [j=1),2}) [: (2) from 2.1. (a) from from 1.2.1].
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The proof of the statement 3°:
Let i be an arbitrary element of the set {1,...,n~ 1}. Then for every

(7)
23"~ € Q, for every sequence of sequences b77% j € {1,...,k — 1}, over
(J)
@ and for every sequence of sequences cf 2je {1 ,k—1}, over Q the
following series of equalities holds
(4) (4) k1 (J') (4) k-1

A( - A( et , b1 -’ yE( 07 2)’1 1) 117117 f ,2 E( eI” )|j=1) =

. LG G - T)—Z-_G)—ﬁ—l
=Afey, A, 0772 E(b] ) |7=0)s Tign), 2200, €272 E( cF ) 1)

On (k(n - 1) + 1)-semigroups with (n — 2)-neutral operations
[: (a) from 1.2.1], where, by 1° and 2°, we conclude that for every zi" 1 ¢ Q
the following equality holds
Blai™", Ba*"),270) = B(e}, Blait)), #217L))
The proof of the statement 4°:

a) For every xk(n D+l ¢ Q, for every sequence b7~% over  and for
(J)
every sequence of sequences ¢j ", 2,7e{1,...,k—1}, over Q the following
series of equalities holds

k— k(n—1)+1 - -
A( (k=1)(n-1) , B(z (l£ 1)():' 1)+1) b7 2,E(bil 2)) —

J) () {1
k—1)(n—1 E(n—1)+1 e =
=A(ey" VY, AT ), BB (i), 62, B2 =
K(n_1) (5) L (H I (-2 " ,
= Az, A(:ck(n_l)_,_l) et E( e} )IJ 1,07 7%, E(077?)) =

= Az} [ 10, (2) from 2.1).
Whence, besides, we conclude that 40 for k = 2 holds [: 1°, 1.3.2, (2)
from 2.1].
b) Let k¥ > 2. Further on, let i be an arbitrary integer such that
i < k-2 k- (i+1) > 1]. Then for every z¥»~1+1 ¢ Q for every
(9)
sequence of sequences b77%, j € {1,...,k — 1}, over @ and for every
()

sequence of sequences ¢} ™%, t € {1,. — 1}, over Q the following series
of equalities hold(s 1) E=i ko1l .7) (4) [t-1
1 bl n—
A(zy", B (zi(n—1)+1)’ b2 E( b7~ 2) li=i) =

. . G @) -
— A(i(n=1) po (i1)(n-1) KR 1) n—
= A(zy" BTy > (Zir1)me1)41))s b" T2LE(OPT?) |jmi) =
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n-1 (i+1)(n—1) k—(i+1)
= A"V, AN, B x

(t) *=1 () (9 [*-1

@
k 1)+1 n—
Xz i) 7Bl ™) o 1) b1 E(b772) |j=i) =

® =1 (4)

, k—(i+1)
i+1)(n—1 k(n—1)+1 n—
= A AC B S hut, 1), ZE(c ) iz1), 8772, Ex

» O G) =
X( b77%), 6772 E( 677 [jmiga) =
Y SO VR PPELC NN N
—A( » B (x(,q.l)(n_1)+1) b1 E( b )IJ 2+1) [ 1.3.2,1°, (2)
from 2.1].
The proof of the statement 5°
By (2) from 2.1, we conclude that for every z € @, for every sequence

(J)
a?™? over Q and for every sequence of sequences cI~%, je{l,...,k—1},
over () the following series of equalities holds
L, ) (J) 2 (5) ) it
Alz,a?™ %, E(a? ™), ,E( c? =
» (o687 B(@f™), 2, B(e) ljm1) = @
(J') (4) je-t

A(a?™* E(af™?), 2, f 72, E(7?) [j=1) = =,
whence, by 1°, we conclude that the following formula is satisfied

(Va; € Q)1 %(Vz € Q)(B(:t;,a}‘”,E(a?”)) =

=z A B(a77%,E(a77?),2) = 2).
For n = 2 this formula reduces to the formula
(Vz € Q)(B(z,E(0)) = 2 A B(E(0),2) = z)

[: 1.2.2, foot-note 1)], and for n > 3, by Proposition 1.2.7, Proposition 1.2.4
and 1.2.1, we conclude the following statement holds: E is an {1, n}-neutral
operation of the n—semigroups (¢, B). Whence, by 1.3.3 (and by 1.2.5), we
conclude that (@, A) is a (k(n — 1) + 1)~group for n > 3.

2) Let E be a left (n — 2)-neutral operation of the (k(n — 1)+ 1)-
semigroup (@, A); k£ > 2, n > 2. Then by a simple imitation of the proof
of statements 1°-5° it is possible to prove that following statements hold.

()

°1 Let o772, 5 € {1,...,k—1}, be arbitary sequences over Q. Further

on, let for every z7 € Q

() 2 (J) L -1
(@)B(« ) (E( ay™"), a |j=1 awl)
On (k(n - 1) + 1)-semigroups with (n — 2)—neutml operations.
()
Then for every sequence of sequences b{"’2, j€{l,...,k—1}, over Q
and for every 27 € @ the following equality holds
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_ (9 () et
B(z}) = A(E(6172), 0772 [j=1,21). )
°2 For every z} € @, for every sequence of sequencees b2,
je{1,...,k—1}, over Q and for every : € {1,...,n} the following equality
holds -
B TG @
B(m?) = A(’U% ’E( b’11_2)7 b?—z lj=1 a$2+1)'

°3 (@, B) is an n-semigroup, where B is an n-ary operation in Q
defined by (@) in °1.
°4 For every wf(‘"—l)-"l € () the fokllowing equality holds
Ay =B (o).

°5 A left (n — 2)-neutral operation E of the (k(n — 1) + 1)-semigroup

(Q, A) is an {1, n}-neutral operation of the n-semigroup (@, B). Moreover,
if n >3, then (Q,4)isa (k(n—1)+ 1)-group.
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3A (k(n-1)+1)-IIOJIYTPYIIA CO
(n —2)-HEY TPAJIHH OIIEPAIINUN

Janes Yman
Peszume

Bo Tpynos nedpunnpame (neBa, necra) (n—2)-HeyTpaJHa olepaly-
jaE[: Q"% — Q] na ener (k(n—1)+1)-rpynoun, (k,n) € N x (N\{1}),
Taka mro 3a n=2 E(0)[a}*=0] e reyTpanen enement ma (k+1) rpymo-
unot (@, A). T'nasanor pesynrar e caemunos: Axo (k(n—1)+1)-momy-
rpynata (@, A), k > 2, uma neBa (mecra) (n —2)-HeyTpalsiHa omepanuja
E, Toram nocrom n-nmomxyrpynara (Q,B) co {1,n}-Heyrpanna omepa-
mwaja [:[5],1.2.2], raka mTO 3a cerom zf("_l)H €@, A (wf("’_l)ﬂ) =

k 2
B(wf("—l)ﬂ). [E.g.: B(w%"—l)défB(B(w{‘),xff_ﬁl)]. Yiurre nmoBeke, ako

n > 3, Toram (Q),A) e (k(n -1)+ 1)—rpyna.
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