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BANDS OF MONOIDS

Stojan Bogdanovié and Miroslav €irié

In this paper a construction of a band of monoids in gene-
ral case is given.

A.H. Clifford, [1} gave a construction for a semilattice
of groups by a transitive system of homomorphisms (called also
strong semilattice of groups). B.M. Schein, [3} generalized
Clifford’s result to the band of unipotent monoids. For some
related results see also [4, p.100). One generalization of Clif-
ford’'s result is given by M. Yamada, [5]. He considered a con-
struction of a systematic normal band of P-monoids. In this pa-
per we give a construction of a band of monoids in general case.

Let S be a band I of monoids Si with identities ey i€,
and let the following condition holds:
s = — = it = J\= =
ij i > eiej ey A ij 3 > eiej ej.
Then S is a systematic band I of monoids S,, i€I, [5).

For the notions and notations which are not defined here
we refer to [2] and [4].

The main result of this paper is the following theorem.

Theorem 1. Let I be a band. To each i€I we associate a mo~
noid s, with the identity e, such that Sir\sj =@ if i#j. Let g,

and <, be quasiorders on I defined in the following way:
is1j<—-——->ji=i, _i$3j<=>ij=i.

Let ¢ij and wij be homomorphisms of S. into Si over <, and Sz'

respectively, for which the following properties hold:

(1)  for every i€I, ¢ii and wii are the identical automorp-

hisms of Si'
(3) wyjovglsE) = vigledi s, 15, 3 s, k.
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Let (aij) be an (IxI)-matrix over S = \,lsi such that ai]

'y
jer i3

a,., = e, and
ii i

(4) ¢ijk,ij(aijwij,j(sj))aij,k = ai,jkwijk,jk(¢jk,j(sj)ajk)
for all i,j,k€I. Define a multiplication * on S by:

(5) s es,, s.es..

1455 7 ¢13,10800249%44,5085) 0 949540 948,

Then (S,*) is a band of monoids.
Conversely, every band of monoids can be so constructed.
Proof. Let s,€s,, sjesj and s, €S, . Then
(si*sj)*sk = 1¢ij,i(si)aijwij,j(Sj))*sk
$i9k,15%15,1(500255% 45,5850 5 k¥ 14k, % (5K
¢ijk,ij(¢ij,i(si))¢ijk,ij(aijwij,j(sj))aij,k¢ijk,k(sk)
¢ijk,i(51)¢ijk,ij(eij)¢ijk,ij(aijwij,j(sj))aij,kwijk,k(sk)
$55k,1500%39x,15(®13215%14,5 530215, k¥ 15%,k (S
¢ijk,i(si?(¢1jk,ij(aijwij,j(Sj))aij,k)$ijk,k(sk)
¢1jk,i(51)(ai,jkwijk,jk(¢jk,j(sj)ajk))wijk,k(sk)
¢ijk,i(si)ai,jkwijk,jk(¢jk,j(sj)ajkejk)wijk,k(sk)
‘ijk,i(si)ai,jk¢ijk,jk(¢jk,j(sj)ajk)wijk,jk(ejk)wijk,k(sk)
¢ijk,i(Si)ai,jk¢ijk,jk(¢jk,j(sj)ajk)wijk,jk(wjk,k(sk))
¢ijk,i(si)airjk¢ijk,jk(¢jk,j(sj)ajk*jk,k(sk))
si;(¢jk,j(sj)ajkwjk,;(sk))

= si*(sj*sk).
Hence, (S,*) is a semigroup. It is clear that S is a band I of
monoids Si' ier.

Conversely, let S be a band I of monoids Si' ieIl. By e, we
denote the identity of Si' ieI. We define mappings

¢ij(sj) = sjeil i 51 Js wij(sj) = eisj' i Sa .

Then
¢35(8585) = s5t58; = sytye440
=-sje t.e = s.eit.ei = ¢ij(sj)¢ij(tj).

(since i = ji)

i e s A Dt A
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Thus ¢ij is a homomorphism of Sj into Si' Let 1 £ j £, k. Then

¢ij°¢jk(5k) = ¢ij(skej) = (Skej)ei = sk(ejei) =

sk(ei(ejei)) = (skei)(ejei) =

= ¢ik(sk)¢ij(ej)-
Therefore, the condition (2) holds. In a similar way we prove
that wij is a homomorphism and that (3) holds. It is clear that
aij = eiejGSij and that a4 = ei, for all i,je€I. Now, we prove
that the condition (4) holds. Indeed,

®15%,13@13%45,35577255,k = ®19k,15@15%15%57245,k =

= aijeijsjeijkaij’k = aijsjaij’k = eiejsjeijek = eisjek =

= eiejksjek = ai’jksjek = ai’jksjejek = ai,jksjajk =
T 21,3k%19k%5%k T 21, 3k®15k550 k3 k T 2,3k 13k, 3k %3 5k y) =
= ai,jkwijk,jk(¢jk,j(sj)ajk)'

Finally,

S,;S

155 = Sieiejsj = sieijeiejeijsj = sieijaijeijsj =

= ¢ij,i(si)aijwij,j(sj) (=si*sj). 11

Theorem 2. Let I be a semilattice. To each i€I we associate
a monoid 8 with the identity e, such that Sir\sj =@ if i#j. For

each pair i,j of elements of I such that i < j, let ‘ij’ Sj > 8
be a homomorphism for which:

(6) ¢;; is the identical automorphism of S1 for each i€Ix,
(7) ¢ij°¢jk(5k) = ¢ik‘sk)¢ij(ej) = ¢ij(ej)¢1k(sk’l
for every i,j,KeI such that i < j s k. Let (aij) be an (IxI)-~
matrix over S = ;Eé such that aijesij' a;; = e, and
8 . . . . . . = . . . .
(B) ¢34x,15(@13%15,3 (550735, = 31, 3k%13k, 5% 3k, 3 (857 25%
Define a multiplication # on S by:

si*sj-= ¢ij,i(si)aij¢ij,j(sj)’ siesi, sjeSj),

Then (S,*) is a semilattice of monoids.

Conversely, every semilattice of monoids can be so construc-
ted.
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Proof. Let S be a semilattice I of monoids Si and let ei be

the identity of Si’ i€I. For i,j€l, i £ j we define the following

mappings:
¢ij(sj) = sjei, . wij(sj) = eisj.
Then
¢ij(sj) = ¢1],J(s]) = sjeij = eijsjeij =
T 013%5 T Y13,3085) T vaylsy)

if i £ j. Thus
By Theorem 1. we have that the conditions (2) and (3) hold and
by (9) it follows that

¢ik(sk)¢ij(ej) = ¢ij°¢jk(sk) = ‘Plj"‘llﬁk(sk) =

wij(ej)wik(sk) = ¢ij(ej)¢1k(sk)-
Therefore, the condition (7) holds.The remains of the proof
follows by Theorem 1. and by (9).

The converse is similar as in the proof of Theorem 1. Il

Theorem 3. Let I be a band. To each i€I we associate a mo-
noid S, with the identity e, such that Sfﬂ sj =§ if 1#j. Let ¢,.
and *ij be homomorphisms for which the conditions (1)~(4) holds and

¢ij(ej) = e, wij(ej) =e;.
Let (aij) be an (IxI)-matrix over S = i/ Si such that

€s.., a ie1
h 8

3 ii = ei and

aij

ij = i => aij = agy Aij= 3 => aij = ajj'

Define a multiplication = on S by (5). Then (S,*) is a systema-
tic band.

Conversely, every systematic band can be so constructed. ||
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TRAKE MONOIDA

S. Bogdanovié, M. Cirié

Rezime

U radu je dat opis trake monoida u opstem sludaju.
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