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ON VECTOR SUBBUNDLES OF THE VECTOR BUNDLES

K. Trendevski

Abstract. In this paper are proved some theorems which give
necessary and sufficient conditions for a real vector bundle of
rank k to admit vector subbundle of rank m (m £k), or to admit m
linearly independent vector fields. In the last section are con-
sidered complex vector bundles. Some ideas from the theory of
complex commutative vector valued groups [2] are introduced in
the complex vector bundles and two theorems are proved.

1. Introduction. Let §=(E,n,Bn) be a real vector bundle of
rank k. It can be considered as an associated bundle of the lo-
cally trivial principal GL(k;R)-bundle with a bundle R. Let
{Ua} be a locally trivial cover of Bn and let $ot Uaka -

Ey =w'1(Ua) be the corresponding homeomorphisms. The correspon-
a
ding transition functions are

: U NU, - GL{k;R)

080. B

-1 . pk k

0 (B) = gy, 1t BT+ R

These functions are continuous and satisfy

-1
$ga = $qp ON U NUg
and

¢ = ¢ on UunU

yB'OBu Yo 8
for each indices ao,8,y for which Uanue¢¢ and UcnUBnUY#E respec-
tively.

nu
Y

We say that the vector bundle & is reducibled to the group
GeGL{k;R) if there exists a family of trivializing charts
{(Ua,¢a)} such that ¢Ba(b)€G, for each bEUanUB and arbitrary
indices o and B. For example, if £ can be reduced to the group
GL*(k;R) then ¢ is called orientabled vector burdle, and if ¢
can be reduced to the group 0(n), then £ is called metrizabled
vector bundle. Although each vector bundle £ is always metri-
zabled on a paracompact manifold Bn' in general case £ may not
be orientabled vector burdle.
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In section 2. we will give some necessary and sufficient con-
ditions for the vector bundle £ to admit m linearly independent
vector fields. First we give some known results.

Let k=k,+k,, and let us denote by GL(k,,k,;R) the following

subgroup

0 B
of GL(k;R). The following theorem can be found in [1] page 122.

GL(k, ,k ;R) = {[A °] | GL(k, ;R) , BEGL(k, ;R)} (1)

Theorem 1. The vector bundle § of rank k=k,+k, is reducibled
to the group GL({k, ,k,;R) iff £ is a Whitney’s sum of vector sub-
bundles £, and £, of ranks k, and k, respectively.

Obviously, the vector bundle £ admits a continuous vector
field iff § can be written as a Whitney’s sum of vector bundles
£, and gzof ranks 1 and k—l respectively, and £, is an orientable
subbundle. According to the theorem 1 it is possible iff £ can
be reduced to the following group ‘

G = {[3-‘--0-] | a€RY and A€GL(k-1;R)}. (2)

By repeating this procedure m times we get the following

Theorem 2. The vector bundle £ of rank k admits m linearly
independent vector fields iff £ can be reduced to the following
subgroup

a 0
[

la ,...,a_> 0, A€GL(k-m;R)} (3)
- m

]

'
t G = {{0 c o a !
of GL(k;R).

Further in section 3. we will consider a special structures
on complex vector bundles which are induced by the com(m+k,m)-
groups on ({ [2].

2. Some results about subbundles of vector bundles. First

we will generalize the theorem 2 by the following

Theorem 3. Let B, be a paracompact manifold. The vector
bundle 5=(E,w,Bn) of rank k admits m linearly independent vector
fields iff ¢ can be reduced to the following subgroup
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5.1 1 a1= eee a"n ,
0 Ay, oo a2m :B
G=(]: . P : la11 >0 for 1 €1 sm,
0 0 ... X
--._.._o--_..__..':.-
aijeR for 1<i<jsm, CEGL(k-m;R), BeM(m,k-m;R)} (4)

of GL(k;R).

Proof. Let us suppose that the vector bundle £ reduces to
the group G. Since Bn is a paracompact manifold, there exists
locally finite open cover with trivializing coordinate neighbor-
hoods {Ua}, and let {fa} be the decomposition of the unit with
respect to the cover {Uu}. Using the local coordinates, in each
neighborhood U, we define m vector fields as follows

a _ k
xé” = (1,0,...,0)€R

x¢,) = (0,1,0,...,0)€R®
Xty = (0re.2.0,1,0,...,0)€RE.

m=1
Further we define m global vector fields on ¢ as follows

a .
X(r) = ix(r) al 1isrsn. (6)

In order to prove that these vectors are linearly independent,
it is sufficient to verify it in an arbitrary coordinate neigh-
borhood v, Using (4) and (5) we obtain

Xy = 0, .bf 0,0, 1srsm

with respect to the coordinate neighborhood UB' where b:r > 0.

Using th&t f8 2 0 and 2f8=1, it follows that the vector fields
B

x(i),...,x(m) are linearly independent in UB and hence in Bn'

Conversely, let the vector bundle £ admits m linearly inde-
pendent vector fields. Then £ can be reduced to the group G gi~-
ven by (3), and hence can be reduced to the group given by (4). o

Theorem 4. Let B be a paracompact differentiable manifold.

a) The vector bundle ¢=(E,n,B ) admits a vector subbundle
of rank m iff £ can be reduced to the following subgroup
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G = {[g‘ 2] | A€GL(m; R), CEGL(k-m;R), BEM(m,k-m;R)} (7

of GL(k;R).

b) The vector bundle 5=(E,n,Bn) admits an orientabled vector
subbundle with rank m iff £ can be reduced to the following sub-
group

G = {[‘3 g] lA€GL+(m;R), CEGL(k-m;R), BEM(m,k-m;R)} (8)

of GL(k;R).

Proof. a) Let us suppose that & can be reduced to the group
G given by (7). Then we define vector subbundle on E'U which is
generated by o

X(4y = (1,0,...,0)€R"

X2 = (0,1,0,...,00€R"

X (Opeess0,1,0,...,0)0€RK

m=1

in each trivializing coordinate neighborhood Ua. It is easy to
verify that this subbundle does not depend on the neighborhood
Uu, because the subspace of Rk which is generated by x(1),...,x
is invariant under the matrices of G whichare defined by (7).
Thus, we have defined a global vector subbundle of ¢ with rank m.

(m)

(m)

The converse is a consequence from the Theorem 1.
b) This is a consequence of a). o

Further we will prove two theorems where the tr;nsition fun-
ctions (¢u8) belong only to a set of matrices G which is not a
group. For example G can be the set of positive definite kxk
matrices.

Theorem 5. Let B, be a paracompact manifold. The vector bun-
dle 5=(E,n,Bn) of rank k admits m linearly independent vector fi-
elds iff there exists a system of trivializing charts {(Ua,¢n)}
such that the matrices ¢aa(b) belong to the set
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G = {[2 g] | det [2 g] # 0, A is positive definite mxm

matrix, BeM(m,k-m;R), CeEM(k-m,m;R), DEM(k-m,k-m;R)} (9)

for each indices o« and g such that Uanus#ﬂ, and each bEUGHUB.
Proof. Let us suppose that there exists a system of triviali-
zing charts {(Ua,¢u)} such that ¢°B(b)€G. Let {fa) be a decompo-
sition of the unit, which corresponds to a locally finite subcover
{U;}. In each trivializing coordinate neighborhood U; we define m

vector fields by

X%, = (1,0,...,0)€R®
(1)
X%, = (0,1,0,...,0)€R¥

S0 e s es et ccseresnesr e

o - k
Xim) = Q,...,0,2,0,...,0)€R™,
m=-1

Now we define m global vector fields
1 £<rsm,

We choose an arbitrary chart (Ué,¢é), and we will prove that
x(1),...,x(m) are linearly independent vector fields with respect
to that coordinate system. Indeed, in that coordinate system it is

B _ (a8 aB 8
X(s) = ARy reenidy)

sas s e s sscessesocssssnansse

8 - [ [ 8
x(m) - (A1m'A m""'Akm)

where
B B
Al, ... A1m
aB = | ...l
B B8
Am1 .o Amm

is a positive definite mxm matrix. Using that f8 2 0 and

if =1, we obtain
8 8

Xy = BBy eeeidy)

x(m) = (A1m’Azm""'Akm)
according to the chosen coordinate system, where
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Ay, ... A,

A= liceessnncee

Ah1 e Amm

is a positive definite matrix. Hence detA¥0, and the vectors
x(1),...,x(m) are linearly independent.

Conversely, let us suppose that the vector bundle £ admits
m linearly independent vector fields. Theorem 3 implies that &
can be reduced to the group G which is given by (4). But that
group is a subset of the set G which is given by (9). o

We notice that in the Theorem 5, C way be a zero-matrix, and
that special case can be compared with the Theorem 4.

Theorem 6. Let Bn be a paracompact manifold. The vector bun-
dle E-(E,:,Bn) of rank k admits a non-zero vector field iff there
exists a system of trivializing charts {(Ua,ou)} such that the
matrices ¢ae(b) belong to the set

k
G = {[A]kxk | detA#0, . §=1A1j > 0} (10)
’
for each indices o and g such that UanUB#ﬂ and each beuanUB.

Proof. Let { admits a vector field X which is non-zero at
each point. In a neighborhood of each point, the coordinate sys-
tem can be chosen such that X has coordinates (1,1,...,1)€Rk. Now
we will prove that the transition matrices are such that

I AL > 0. Indeed, these matrices left the vector (1,1,...,1)€Rk
1si<jsk I

k
invariant, f.e. I A1j=1, and hence T Aij=k > 0.
j=1 1,j=1

Conversely, let us suppose that there exist trivializing
charts {(Ua,¢a)} such that ¢a6(b) belongs to the set G given by
(10), for each indices o and g such that UanUB#ﬂ and each bEUGHUB.
Since Bn is a paracompact manifold, we can suppose that {Ua} is a
locally finite subcover, and let {fu} be the corresponding decom-
position of the unit. In each chart ((Uu’°a)} we define a vector
field X* with local coordinates

x* = (1,1,...,1)€Rk.

Now we define a global vector field by
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X = £f x°
a

a
We only have to prove that X#0 at each point. It is sufficient to
choose an arbitrary chart (UB,¢B) and to prove that X#0 according
to it. Indeed, if U NU,##, then x* has local coordinates

a

X = (p:rco'lp;)

k

such that I pz > 0. Hence it follows that according to that coor-
i=1

dinate system, X has coordinates

K X = :faxa = (P1,---1Pk)

where X Py > 0, and X is a non-zero vector. o
i=1

3. One structure on complex vector bundle. The idea of this
section is inspired from the theory of commutative vector valued
groups [2]. First we give some facts from that theory, which will
need us further.

Let Q(m) be the m-th permutation product of Q, i.e. Q™ M/
where m is the equivalence on Q™ which 1s defined by

xT s yT ® XysXgreoor Xy 1s a permutation of Yoreeoo¥pr
where we use the notation t=zT instead of (z1,...,zm).

Definition 1. A map £: @(™ + o™, (n-m=k21) is called a
com(n,m)-group if the following two axioms are satisfied

(1) (associativity)

For each 1 £ 1 £ k and each x?+k€Q(n+k) )
i i+ n+k n+k
EOGE( DX ) = SEEDXTD, (11)
(ii) (solvability) _
For each a€Q‘¥) and beg™ the equation
f(ax) = b (12)

has solution er(k).

One of the most researched class of such structures is the
class of affine com(mt+k,m)-groups, and moreover each locally
euclidean and connected topological com{m+k,m)-group which is
known until now is isamorphic to an affine com(m+k,m)-group. They
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are defined on Q=(~{a, reeeragl (0 <tsm), where a, reee,8, are
distinct complex numbers. In that case Q(m) is homeomorphic to
(C~(0}) Exg™t, (13)

It is interesting to mention here that if (M,f) is a locally

euclidean topological com(m+k,m)-group, then dimM=2, We also men-
tion that each com(m+k,m)-group induces a usual commutative group
(M(m),t). For a given commutative group (M(m),*) we want to ob-

tain a com(m+k,m)~-group. It can be done as follows.

We say that the commutative group (M(m),*) has the property
P if there exists a subset SgM(m) such that for each yGM(m), the~
re exists unique xTES(m) such that

Y = Xgte..kx .

Now it is easy to verify that if (M(m),*) has the property P,
then it defines a com(m+k,m)-group (S,f), where

m+k

f(xy, ") = yT LfE x *oootxp 0 = Yooy (14)

Specially, if M=(C, then M(m)=cm and » is the addition. The
affine com(m+k,m)-groups are determined by the following smooth
surfaces S: )

S = T(r+S,) (15)
where S ={(z,z%,...,2™ 12€C}, 2e(™ and 1 is an automorphism of

(Cm,+). We mention that until now we do not know any other
smooth surface SSC(m)=Cm, except those described by (15).

Now we return to the vector bundles. Having all that in
mind, we give the following two definitions.

Definition 2. Let ;=(E,n,Bn) be a complex vector bundle
with complex dimension m. We say that the vector bundle has the
property P, if for each point penn, w_1(p) as a complex vector
bundle admits a smooth subset S(p)gn"(p) such that

i) For each X€n~ '(p) there exists unique xTEs(p)(m) such
that

X=X, 4ooot X

i1i) The distribution S(p) depends continuously on p.
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Definition 3. Let §=(E,n,Bn) be a complex vector bundle with
complex dimension m, and let the vector bundle has the property P.
If the corresponding subsets {S(p)} have the following form

S(p) = 1,(A,+S,) (16)

with respect to a chosen coordinate system, where
s,={(z,z%,...,2") 1z€C}, »_€(™ and r_ is an automorphism on (T,
then we say that the vector bundle has the affine property AP.

If the vector bundle ¢ has the property P, then it admits a
continuous family of com(m+k,m)~-groups (S(p),fp) for p€Bn, and if
the vector bundle ¢ has the affine property AP, then it admits
a continuous family of affine com(m+k,m)-groups (S(p),fp) for
pesn.

We mention that the group of automorphisms of Cm is isomorp-
hic to GL(2m;R) but not to GL(m;{). Further we will prove two

theorems about the vector bundles with the affine property AP.

Theorem 7. If the complex vector bundle ¢ with a complex
dimension m can be written as a Whitney’s sum of m complex l-di-
mensional vector bundles 51""’Em’ i.e.

£ = a,egze...egm, (17)
then ¢ has the affine property AP.

Proof. Let us suppose that (17) holds. We choose the coordi-
nate system in n~ '(p) such that

£, = {(2,0,...,0) |z€(}
£, = {(0,2,0,...,0) |z€(}
En = ((0,...,0,2) 1zeC}.

Then we define
S(p) = {(z,2%,...,2™ | z€(}
with respect to that coordinate system. Thus £ has the affine

property AP. ©

Theorem 8. If £ is a vector bundle with the affine property
AP, then there exist m real 2-dimensional vector bundles Ei
(1 £ i £ m), such that
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ER = EBO...OER (18)
m
where ER is considered as a real 2m-dimensional vector bundle.

Proof. Let {S(p)er™'(p)} be the family of subsets of m ' (p).
For each p, there exist A_ and T_ such that S(p)=T (kp+S°) where
So-{(z,z’;...,zm) | z€C}. Since tpEGL(Zm;R), we define

5'3 = Tp({(z,o,...,o) i z€CH)
A rp({(o,z,o,...,o) 1 z€ECY)

e,'} = rp({(o,...,o,z) 1 z€CH).

Then EB,...,E& do not depend on the coordinate system, and

iR - tRe...ecR. o
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3A BEKTOPCKH NOJAPACJIOJYBABA OI BEKTOPCKH PACJIOJYBABA

K. TpeHYeBCKH
Pesuwme

Bo 0BOJ TPYR Ceé IOOKaxaHM HEKOJIKY TeOpeMH KOH napaaT noTpe-
6eH M OOBOJIEH YCJIOB 3a Oa eQHO DpeayJHO BEeKTOPCKO paciojysame o
paHr k ponymra BEeKTOPCKO NORpacnojyBame CO paHr m (m < k), on-
HOCHO na aonymTa m JIMHeapHO He3aBMCHH BEeKTODPCKH NOJIHBa. BO
nocnegHuOT naparpad ce pasriefyBaaT KOMIJIEKCHH BEeKTODPCKHM pacyo-
jysama. Ce pmedMHHpa KOra eiHO KOMIUJIEKCHO BEKTOPCKO paciiojypame
HMa ocob6rHa P, OXHOCHO aduHa ocobuHa AP, a noroa ce IJOKaXaHK
OBe TeoOpeMH BO BpPCKa CO paclyojymamara ¢o aduHa ocobuHa AP. Pe-
SyJTaTHTe of OBOJ mMaparpad Cce HHCNMPHPAHH On TeopHjaTa Ha KOMy~
TaATHBHHTE BEKTOPCKO BPEeJHOCHH rpymnH [2].
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