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Abstract

In this note some inequalities for finite sums and products
with factorials are (im-) proved. e

In {1] Z. F. Starc proved several inequalities for sums and products
with factorials.
His method mainly relies on the following idea:
If a1, as,...,a, are positive numbers satisfying a1 + a2 +---+a, = b
then there holds :
b>n+In(a;-ay-... ay), ie. @y-a2-...-aq <eb ™,
We now show that these inequalities are weaker than the classical arithmetic
- geometric means - inequality, saying
by\n
al'a2'--"a’nS(’7;) ’ (1)
with equality iff all the a}s are equal.
In order to verify this, claim we have to prove the inequality

(2)" < et 2)

n
Let us put w:= —.

n

Then (2) reads w < e“~! where w > 0.

Upon taking logarithm we note that this inequality is equivalent to the
» known one 1 +1In w < w where w > 0.
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As a first remark we note that the followmg result of J. E. Petari¢ [3]
and used for the proof of [1, Theorem 1] is incorect. It says

I(21)- ... Ten) = / (T(@1) - T(2a))" (3)
whenever #,,2s,...,2, is a positive increasing arithmetic sequence. For
let as an example n = 3 and put 24 = k, ¥ = 1,2,3. Then LHS(3)=
0!-1!-2! = 2, whereas RHS(3) = /(0! - 2!))® = 2/2. Hence Theorem 1 and
its Corollary have to be rev1sed We now state

Theorem 1'. Let m, n and p be entire numbers such that m > 1,
n>2and p> —-m.
Then for all i 1ncreasmg convex functlons i1, oo) — R it holds

F((m+ s () -+ £ (i) > of (n(FE map)t) . @)

Proof. Using the log-convexity of I'(z) (sée e.g. [2, item 3.6.48]) we
infer via the geometric — arithmetic means — inequality

(m+p)+(2m+p)+---+(nm+p)>

n[(m-}-p‘)!-(ém+p)!-‘ - (nm + p)H/" > n(n+1m+p)!.

Hence the requirements on f yield the claimed inequality. O
Using [2, item 3.6.55), i.e. the inequality

I‘(z) > 2712 e'z V2
we get
Corollary 1.1’. With the same conditions as for Theorem 1’ it holds

f((m+p))+f((2m4p)) +- - -+ f ((mntp)!) >nf( w=1/2 -w\/zTr) (5)

where w = w(m,n,p) =

Applications. By putting in (5)
p=0 and me (1,2) or
p=-1and m=2

we get more general inequalities than the ones given in {1, Corollary 1.1].
So, for instance p = 0 and m = 2 yleld via f(z) = z:

n+ 2) n+2 27
e n+2
Remark. Similar to Theorem 1’ there also holds the following

s

2!+4!+---+(2n)!>n( (6)
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Theorem 1”. Let f:[1,00) — R be a concave and decreasing function.
Then

n+1

F((m4+p))+f((2m+p)!) +- -+ f((mntp)!) <nf( (T m+p) ) - (7

As an improvement of {1, Theorem 2] we state
Theorem 2'. With the same conditions as for Theorem 1’ it holds

| 1 ! m ' 1 n
(mAp) P 2map) B (k)P > g (n (P22 mgp)1)
where g(z) = z* (8)

Proof. This result follows from Theorem 1’ and its Corollary upon
putting f(z) = z In z. (Because of f'(z) = 1 +1n z and f"(z) = % the

requirements of Theorem 1’ are satisfied.)
Theorem 2’ enables us to improve Corollary 1.2 of [1].
Thus for instance

2 1
2241 (2n)1) s [ (n 4 1) D (9)
Finally we prove as a compagnion of [1, Theorem 3] the following
Theorem 3'. For n > 2 it holds

n k/n* n 27(n=-n?"")/(n-1)
n n"(n—1)
()] <[5 o
Proof. Starting from )

1 n 2 n n n
. 1! 4+ = . V. Fooe b — 1. —
n L (1) n? 2 (2> nm " (n) ="

we get via the weighted geometric — arithmetic means + inequality and
using -
+ 2 R n n—n?-" (n).
— e —_— = ——— g7
n o n? n (n 1)2

LHS(lO) < [n/s(n)]*™ = RHS(10), and we are done. O

As a final remark we note lim [n/s(n)]*™ = 1.
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