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AN EXAMPLE OF AN INNER FUNCTION IN THE BALL

N. Pandeski

Abstract. The existence of the inner functions in the unit
ball B of (™ was proved by Aleksandrov [1] and Low [2]. Here we
construct a sequence of holomorphic functions in the ball which
converges to an inner function in the ball. This is also a new
and simple proof of the existence of the inner functions.

Throughout this paper az is the scalar product in (B, ¢ is

the rotation Lebesgue measure on S and Q(z,r) are balls on S in
the metric d(z,n)=)1-Tn|"?, ¢,nes.

Cover S with disjoint family of balls Q(Ek,rk)=Qk, k=1,2,...,m.
Let {cm}, meN, be a (dense) subset of S. Let Ak’ k=1,2,...,m be
complex numbers from the unit disc in the plane which satisfies

{ -2 ~2a 07 (0Qk) ™2 -1
=(0Q,) " 4 (0Q) T [1-(0gy) "] +2(0Q,)

(00, ) %e - <
k ~a(00) 1] (1)

< 1—|xk|z < (ch)’[l-e , k=1,2,...,m

Define the functions

m A=z 2z |A|
u(z) = 1 —K K ey (2)
k=1 1~Akc z k

Then u (2), meN are holomorphic functions in B and Ium(z)l <1
for every z€B.

Theorem. The sequence {um(z)} converge to a nonconstant inner
function in the ball.

Proof. Let _
M=TpZ Al
¢km(z = - > (1)
1—Ak;mz k
and _
1-|7 z|? (2)
A = ——
km T 2
l1-x 7zl

Since
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-l (2) [* = (1= [ %A

X

and e~ 2 l+x, we have

2 —lz] 1/9Q
1-|¢kﬂ(z)| 2 T:T;T[‘1+(I-GQ;)

_r'r°i+l:l Qr

which implies

i i-12
|0y m(z) 12 s 1-2TT?!-cok+(oQk)’ <

1-

£ e
and so

2 k=1
lu (2)]% < e

Letting m - » we have

= Z
lu(z)l > e 1+|Zi

Using the right side in (1) we have

“1g] —2(e@ )"
1=l (2) |7 s %§+§+<ook)= -%;+§+e " (eg)?
14|z i
T 1-z (UQk T1¥(z (UQk) +21+ z

and so

L
- I
2 k=1
lu, (z)]? 2 e

Then lettingm - «, (10) implies

_1l-]z
lu(z)| 2 e 1*12
and with (7) we get
_1-]z
lu(z)| = e *HIZ

So, u(o) = e ' and

[u*(z)] =1 a.e. ¢ on S.

z|
“2Ta T o (o)

mo1-
-z 2l+ = Qk+o(oQk)
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NPUMEP HA BHATPEIHA OVHKIUMJA BO TOINKATA
H. [annecku
PesumMme
Bo pa6oTaBa € KOHCTpyHpaHa HH3a XOJIOMOPOHH OSYHKUHH BO TOII-
KaTa Koja KOHBeprupa KOH HEKOHCTaHTHa BHaTpemHa ¢yHkIHja. Co Toa

€ pganeH HOB eQHOCTaBeH OOKa3 Ha NOCTOemeTO Ha BHaTpemHuTre OGyHKIHH
BO TONKaTa KAKO M EeKCIUIHLMTeH NpHMep Ha BHaTpemHa OyHKIKja.



