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SUBCATEGORY OF METRIC COMPACTA
IN THE STRONG SHAPE CATEGORY

BETI ANDONOVIḰ∗ AND NIKITA SHEKUTKOVSKI∗∗

Abstract. In the previous paper of the authors, for the first time is pre-
sented an intrinsic definition of the strong shape category. The morphisms
of this category are homotopy classes of coherent proximate nets. In this
paper it is given the proof that the subcategory with objects compact metric
spaces, is isomorphic with the strong shape category of metric compacta pre-
viously constructed by Shekutkovski, where morphisms are homotopy classes
of strong proximate sequences.

Shape theory is a tool for investigation of spaces that not behave well locally.
Strong shape is a stronger version of the theory [4]. In the paper [3] is presented
an intrinsic approach to strong shape for metric compacta and in the paper [4]
for the first time is presented an intrinsic definition of the strong shape category
for more general spaces. We denote this strong shape category by SSh∞ . The
objects of this category are all strong paracompacta. Below there are given the
definitions that are used to obtain the mentioned category: the definition of co-
herent proximate net (CPN ) f∞ : X → Y , indexed by special subsets of all
star-finite coverings of Y and the definition of coherent homotopy between two
coherent proximate nets. Morphisms in this category are the homotopy classes of
CPN. This paper is a part of Andonovik’s Ph.D thesis written under supervision
of N. Shekutkovski.

We repeat the constructtion of strong shape category presented in [4].
Definition 1: Let X, Y , be spaces, and V be a covering of Y . The function
f : X → Y is V-continuous, if for any x ∈ X, there exists a neighborhood U of
x, such that f(U) ⊆ V , for some member V ∈ V. (The family of all U , form a
covering U of X. Shortly, we say that f : X → Y is V-continuous, if there exists
U such that f (U) ≺ V.)
Definition 2: Two V - continuous functions f, g : X → Y are V-homotopic, if
there exists a function F : X × I → Y such that:

1) F : X × I → Y is stV - continuous;
2) There exists a neighborhood N = [0, ε)∪ (1− ε, 1] of {0, 1} in [0, 1] such that

F |X×N is V - continuous
3)F (x, 0) = f(x), F (x, 1) = g(x).
The relation of homotopy between V - continuous functions is an equivalence

relation.
13
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Let Cov∗(Y ) = {U|U is a covering of Y, U is star − finite}. Since Cov∗(Y ) is
not a cofinite directed set , we construct the following set:

Covmax
∗ (Y ) = {a|a ⊆ Cov∗(Y ), |a| < ∞, ∃max a}.

This set is ordered by inclusions i.e. a ≤ b if and onlt if a ⊆ b.
Definition 3: A coherent proximate net f : X → Y , (CPN ), is a set of
functions

f = {fa|∀a = (a0, a1, ..., an), an > ... > a0, ai ∈ Covmax
∗ (Y ), i = 0, ..., n}.

such that for each fa : Δn × X → Y the following conditions are satisfied:

fa : Δn × X → Y is stn max a0 − continuous (1)

(2) There exists a neighbourhood Nof ∂Δn, such that fa|N×X is stn−1 max a0-
continuous.
(3) The condition of coherence holds:

fa(t1, t2, ..., tn, x) =

⎧⎨
⎩

fa1...an
(t2, ..., tn, x), t1 = 1

fa0...âi...an(t1, ..., t̂i, ..., tn, x), ti = ti+1

fa0...an−1(t1, ..., tn−1, x), tn = 0

The coherent proximate net we will shortly denote by f = (fa).
Definition 4: Let f, g : X → Y be CPN s. For f and g we say that are homotopic
(denotation: f ≈ g), if there exists a CPN H : I × X → Y, where H = (Ha) , so

that Ha : Δn × I × X → Y is stn+1 max a0 − continuous,

Ha(t, 0, x) = fa(t, x),
Ha(t, 1, x) = ga(t, x), t ∈ Δn,

and ∃W , a neighbourhood of ∂(Δn×I), so that Ha|W×X is stn max a0−continuous.
Now we give the definitions of strong proximate sequence (CPS ) and homotopy

of strong proximate sequences, that are used to obtain the category SSh2(Cpt).
In that category the objects are all compact metric spaces Cpt, and morphisms
are the classes of strong proximate sequences.

Let X, Y ∈ Cpt and let V1 � V2 � V3 � ... be a sequence of finite coverings,
that is cofinal in the family of all finite coverings of Y .
Definition 5: The sequence of pairs of functions(fn, fn,n+1) : X → Y is called
strong proximate sequence from X to Y , if fn : X → Y is Vn -continuous, and
fn,n+1 : I×X → Y is a homotopy between Vn - continuous functions fn and fn+1.

We say that (fn, fn,n+1) is a strong proximate sequence over (Vn).
Definition 6: Let (fn, fn,n+1) and (f ′

n, f ′
n,n+1) be strong proximate sequences.

We say that (fn, fn,n+1) and (f ′
n, f ′

n,n+1) are homotopic, if there is a strong
proximate sequence (Fn, Fn,n+1) : I × X → Y,over (Vn) so that:

1) f ′
n and fn are homotopic by a homotopy Fn as Vn - continuous functions,

and



SUBCATEGORY OF METRIC COMPACTA... 15

2) fn,n+1 : I × X → Y and f ′
n,n+1 : I × X → Y are homotopic as stVn –

continuous functions by a homotopy Fn,n+1 : I × I × X → Y (picture 1) and:

Fn,n+1(t, 0, x) = Fn(t, x)
Fn,n+1(t, 1, x) = Fn+1(t, x)

Figure 1

We will show the following theorem:

Theorem 1. Let Cpt be the family of compact metric spaces. The category of
strong shape with objects Cpt and morphisms classes of coherent proximate nets
([4]) is isomorphic to the category of strong shape with objects Cpt and morphisms
classes of strong proximate sequences ([3]).

Proof. Let X, Y ∈ Cpt and let V1 � V2 � V3 � ... be a sequence of finite coverings,
that is cofinal in the family of all finite coverings of Y .

Let V be the set of all finite (ordered) subsets of the sequence of coverings V1 �
V2 � V3 � .... Each of these sets is of the following type: Vn1 � Vn2 � ... � Vnk

,
i.e. each of these sets is uniquely determined by a finite increasing sequence of
natural numbers (n1, n2, ..., nk), including both (n, n + 1) and (n).

By SSh∞(Cpt) we denote the category of strong shape with objects Cpt and
morphisms classes of coherent proximate nets, and by SSh2(Cpt) we denote the
category of strong shape with objects Cpt and morphisms classes of strong proxi-
mate sequences.

We will define a functor Φ : SSh∞(Cpt) → SSh2(Cpt).
Consider a coherent proximate net f = f∞ in SSh∞(Cpt). It cosists of func-

tions fa1a2...an
, where and a1 < a2 < ... < an.
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We define:
f0 = Φ(f(V0))

f1 = Φ(f(V0,V1))
f2 = Φ(f(V0,V1,V2))

. . .

Generally, fn = Φ(f(V0,V1,V2,...,Vn)).

f0,1 = Φ(f(V0),(V0,V1))
f1,2 = Φ(f(V0,V1),(V0,V1,V2))

f2,3 = Φ(f(V0,V1,V2),(V0,V1,V2,V3))

Generally, fn,n+1 = Φ(f(V0,V1,V2,...,Vn),(V0,V1,V2,...,Vn+1)).
We define Φ(f∞) = (fn, fn,n+1), where (fn, fn,n+1) is a strong proximate se-

quence in SSh2(Cpt).
Let g∞ consists of gb1b2...bn

, where bi ∈ W, and W is the set of all finite (ordered)
subsets of the sequence of coverings of Z that have a maximal element. Let Vn be
a covering of Y , so that Wn �g(Vn).

Let (h∞) = (g∞)(f∞). Next we show that:

Φ(g∞f∞) = (fn, fn+1)Φ(g∞)Φ(f∞).

Step 0.
In SSh∞(Cpt) we have h(W0,W 1,...,Wn) = g(W0,W 1,...,W n)f(V0,V 1,...,V n). In
SSh2(Cpt) we have hn = gnfn.

Step 1.
In SSh∞(Cpt), according to the composition formula ([4]), we have:

h(W0,W1,...,Wn),(W0,W1,...,Wn+1)(t, x) =

=
{

g(W0,W1,...,Wn)f(V0,V1,V2,...,Vn),(V0,V1,V2,...,Vn+1)(2t, x), t ≤ 1
2

g(W0,W1,...,Wn),(W0,W1,...,Wn+1)(2t − 1, f(V0,V1,V2,...,Vn+1)(x)), t ≥ 1
2

In SSh2(Cpt), we have:

hn,n+1(t, x) =
{

gnfn,n+1(2t, x), t ≤ 1
2

gn,n+1(2t − 1, fn+1(x)), t ≥ 1
2

It follows that it holds Φ(g∞f∞) = (fn, fn+1)Φ(g∞)Φ(f∞).
It is clear that for the identity h0lds Φ(1∞) = (1n, 1n+1).
Next we show that Φ is surjection.
Let the strong proximate sequence (fn, fn,n+1) be given. We will construct a

coherent proximate net (CPN ) f∞, such that Φ(f∞) = (fn, fn,n+1).
We define:

f(V0) = f0

f(V0,V1) = f1

f(V0,V1,V2) = f2

. . .

Generally, f(V0,V1,V2,...,Vn) = fn.
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f(V0),(V0,V1) = f0,1

f(V0,V1),(V0,V1,V2) = f1,2

f(V0,V1,V2),(V0,V1,V2,V3) = f2,3

. . .

Generally, f(V0,V1,V2,...,Vn),(V0,V1,V2,...,Vn+1) = fn,n+1.
By the previous, the functions that have up to two members in the finite se-

quence of the index are defined.
Next we define the functions that have three members in the finite sequence of

the index, and that are of a type

f(V0,V1,V2,...,Vn),(V0,V1,V2,...,Vn,Vn+1),(V0,V1,V2,...,Vn+1,Vn+2).

As the simplest example of a such function, we observe the function

f(V0),(V0,V1),(V0,V1,V2) : Δ2 × X → Y,

where Δ2 = {(t1, t2)|1 ≥ t1 ≥ t2 ≥ 0} is the non-standard simplex. We define
it as follows:

Above there are already defined the functions with two successive members in
the finite sequence of the index, i.e., the functions f(V0),(V0,V1) and f(V0,V1),(V0,V1,V2)

are defined (picture 2).

Figure 2

The function f(V0),(V0,V1) is defined on the edge t2 = 0 at the simplex Δ2, and
the function f(V0,V1),(V0,V1,V2) is defined on the edge t1 = 1 in Δ2.

We denote by L2 the part of ∂Δ2 where t2 = 0 or t1 = 1. We define a function
f ′
(V0),(V0,V1),(V0,V1,V2)

: L2 × X → Y in the following way:

f ′
(V0),(V0,V1),(V0,V1,V2)

(t, x) =
{

f(V0),(V0,V1)(t, x), t2 = 0
f(V0,V1),(V0,V1,V2)(t, x), t1 = 1
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There exists a continuous retraction r2 : Δ2 → L2. Now we may define the
function f(V0),(V0,V1),(V0,V1,V2) : Δ2 × X → Y as follows:

f(V0),(V0,V1),(V0,V1,V2)(t, x) = f ′
(V0),(V0,V1),(V0,V1,V2)

(r2(t), x).

In order to define the function with three members in the finite sequence of
the index f(V0,V1,V2,...,Vn),(V0,V1,V2,...,Vn,Vn+1),(V0,V1,V2,...,Vn+1,Vn+2) generally, we ap-
ply the same method. Namely, the functions with two members in the finite se-
quence of the index, the function f(V0,V1,V2,...,Vn),(V0,V1,V2,...,Vn,Vn+1) and the func-
tion f(V0,V1,V2,...,Vn,Vn+1),(V0,V1,V2,...,Vn+1,Vn+2) are already defined.

In the same way as above we define the set L2, and the function

f ′
(V0,V1,V2,...,Vn),(V0,V1,V2,...,Vn,Vn+1),(V0,V1,V2,...,Vn+1,Vn+2)

: L2 × X → Y.

Then we define the function
f(V0,V1,V2,...,Vn),(V0,V1,V2,...,Vn,Vn+1),(V0,V1,V2,...,Vn+1,Vn+2) : Δ2 × X → Y by:

f(V0,...,Vn),(V0,...,Vn+1),(V0,...,Vn+2)(t, x) = f ′
(V0,...,Vn),(V0,...,Vn+1),(V0,...,Vn+2)

(r2(t), x).

By that we have defined the functions with three members in the finite sequence
of the index. Let us assume that the functions with up to n − 1 members in the
finite sequence of the index are defined.

Generally, for the function f(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n) with n members in
the finite sequence of the index, there are defined f(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n−1)

and f(V0,...,Vi+1),...,(V0,...,Vi+n) because of the inductive assumption.
We define Ln = {t ∈ ∂Δn|t1 = 1 or tn = 0}.
Then we define the function f ′

(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n) : Ln ×X → Y in
the following way:

f ′
(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n)(t, x)=

{
f(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n−1)(t, x), tn=0
f(V0,...,Vi+1),...,(V0,...,Vi+n)(t, x), t1 = 1

There there exists a retraction rn : Δn → Ln. Finally, we define the function
f(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n) by:

f(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n)(t, x) = f ′
(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n)(r

n(t), x).

In such a way we obtain all functions of a type f(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n).
We will not lose of generality if we observe
f(V0),(V0,V1),(V0,V1,V2),(V0,V1,V2,V3),...,(V0,V1,V2,...,Vn). Each function whose finite se-
quence of the index has one member less is already defined, because the coherence
condition holds.

f(V0),(V0,V1),(V0,V1,V2),(V0,V1,V2,V3),...,(V0,V1,V2,...,Vn)(t1, t2, ..., tn, x) =

=

⎧⎨
⎩

f(V0,V1),(V0,V1,V2),(V0,V1,V2,V3),...,(V0,V1,V2,...,Vn)(t2, ..., tn, x), t1 = 1
f(V0),(V0,V1),(V0,V1,V2),...,<(V0,V1,V2,...,Vi)>,...,(V0,V1,V2,...,Vn)(t1, ..., t̂i, ..., tn, x), ti = ti+1

f(V0),(V0,V1),(V0,V1,V2),(V0,V1,V2,V3),...,(V0,V1,V2,...,Vn−1)(t1, ..., tn−1, x), tn = 0

So we obtain, for example the functions: f(V0,V1),(V0,V1,V2),(V0,V1,V2,V3),...,(V0,V1,V2,...,Vn),

f(V0),(V0,V1,V2),(V0,V1,V2,V3),...,(V0,V1,V2,...,Vn), and so on.
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Because of the same reasons we obtain the functions that in the finite sequence
of the index have two members less. For example, in such a way we obtain the func-
tions: f(V0,V1,V2),(V0,V1,V2,V3),...,(V0,V1,V2,...,Vn), f(V0,V1),(V0,V1,V2,V3),...,(V0,V1,V2,...,Vn),
f(V0),(V0,V1,V2,V3),...,(V0,V1,V2,...,Vn), and so on.

On the other hand, if it happens that there is a covering that “is missing” (or
more coverings that “are missing”) in some member of the index, then we define
them by completing them by the ones that are missing, starting from left to the
right.

For example, in the index of the function f(V0),(V0,V2) we notice that V1 “is
missing” in the second member of the sequence of the index, so we complete the
member by it and obtain f(V0),(V0,V1,V2). So, by definition,

f(V0),(V0,V2) = f(V0),(V0,V1,V2).

Another example is the function f(V0),(V0,V3),(V0,V3,V8). We notice that in the sec-
ond member of the sequence of the index V1 and V2 are missing, and in the third
member V1, V2, V4, V5, V6 and V7are missing, so we define f(V0),(V0,V3),(V0,V3,V8)

in the following way:

f(V0),(V0,V3),(V0,V3,V8) = f(V0,V1),(V0,V1,V2,V3),(V0,V1,V2,V3,V4,V5,V6,V7,V8).

We check that for the functions defined in such way, the coherence condition holds.
It is enough to check it for the functions that do not have less members in the
index, but there are missing coverings in some of the members. We may also
remark that if some covering shows in a certain member of the finite sequence of
the index, the same will have to show in all of the following members, because of
the way the coherent proximate net is defined.

For example, let the covering Vl be missing in the j-th member of the index.
Then, by definition we have:
f(V0),(V0,V1),...,(V0,V1,...,V̂l,...,Vj),...,(V0,V1,V2,...,Vn)(t1, t2, ..., tn, x)

= f(V0),(V0,V1),...,(V0,V1,...,Vl,...,Vj),...,(V0,V1,V2,...,Vn)(t1, t2, ..., tn, x)

=

⎧⎨
⎩

f(V0,V1),(V0,V1,V2),...,(V0,V1,...,Vl,...,Vj),...,(V0,V1,V2,...,Vn)(t2, ..., tn, x), t1 = 1

f(V0),(V0,V1),(V0,V1,V2),...,<(V0,V1,V2,...,Vi)>,...,(V0,V1,V2,...,Vn)(t1, ..., t̂i, ..., tn, x), ti = ti+1

f(V0),(V0,V1),...,(V0,V1,...,Vl,...,Vj),...,(V0,V1,V2,...,Vn−1)(t1, ..., tn−1, x), tn = 0

=

⎧⎪⎨
⎪⎩

f(V0,V1),...,(V0,V1,...,V̂l,...,Vj),...,(V0,V1,V2,...,Vn)(t2, ..., tn, x), t1 = 1

fi(t1, ..., t̂i, ..., tn, x), ti = ti+1

f(V0),(V0,V1),...,(V0,V1,...,V̂l,...,Vj),...,(V0,V1,V2,...,Vn−1)(t1, ..., tn−1, x), tn = 0

where fi(t1, ..., t̂i, ..., tn, x)

=

⎧⎪⎨
⎪⎩

f(V0),...,<(V0,V1,V2,...,Vi)>,...,(V0,V1,...,V̂l,...,Vj),...,(V0,V1,V2,...,Vn)(t1, ..., t̂i, ..., tn, x), i < j

f(V0),...,<(V0,V1,...,V̂l,...,Vi)>,...,(V0,V1,V2,...,Vn)(t1, ..., t̂i, ..., tn, x), i = j

f(V0),...,(V0,V1,...,V̂l,...,Vj),...,<(V0,V1,V2,...,Vi)>,...,(V0,V1,V2,...,Vn)(t1, ..., t̂i, ..., tn, x), i > j

So, the coherence condition holds.
Similarly, we show that the coherence condition holds also in the case when

there are more than one coverings missing in the members of the sequence.
We proved that Φ is surjection.
Next step is to show that Φ : SSh∞(Cpt) → SSh2(Cpt) is an injection.
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Let Φ(f∞) = (fn, fn,n+1) and Φ(f ′∞) = (f ′
n, f ′

n,n+1). We will show that if
(fn, fn,n+1) ≈ (f ′

n, f ′
n,n+1) by a homotopy (Fn, Fn,n+1) in SSh2(Cpt), then there

exists a homotopy F∞ in SSh∞(Cpt) which connects f∞ and f ′∞.
We have th homotopy Fnthat connects fn and f ′

n (picture 3).

Figure 3

Fn = Φ(F(V0,V1,V2,...,Vn)).
Fn,n+1 is a homotopy that connects fn,n+1 and f ′

n,n+1 (picture 4).

Figure 4

Fn,n+1 = Φ(F(V0,V1,V2,...,Vn),(V0,V1,V2,...,Vn+1)).
At picture 5 (below) there is a given illustration of the homotopies that we have.
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Figure 5

Let K2 be the part of Δ2 where t2 = 0 or t1 = 1. We define a function
F ′

(V0,V1,V2,...,Vn),(V0,V1,V2,...,Vn,Vn+1),(V0,V1,V2,...,Vn+1,Vn+2)
: K2 × I × X → Y in the

following way:

F ′
(V0,...,Vn),(V0,...,Vn+1),(V0,...,Vn+2)(t1, t2, s, x)=

{
F(V0,...,Vn),(V0,...,Vn+1)(t1, t2, s, x), t2 = 0
F(V0,...,Vn+1),(V0,...,Vn+2)(t1, t2, s, x), t1 = 1

There exists a continuous retraction R2 : Δ2 × I → K2 × I, so that R2|Δ2 = r2,
the previously defined retraction. We now define the function:

F(V0,V1,V2,...,Vn),(V0,V1,V2,...,Vn,Vn+1),(V0,V1,V2,...,Vn+1,Vn+2) : Δ2 × I × X → Y in
the following way:

F(V0,...,Vn),(V0,...,Vn+1),(V0,...,Vn+2)(t1, t2, s, x)
= F ′

(V0,...,Vn),(V0,...,Vn+1),(V0,...,Vn+2)
(R2(t1, t2), s, x)

For s = 0,

F(V0,...,Vn),(V0,...,Vn+1),(V0,...,Vn+2)(t1, t2, 0, x)
= F ′

(V0,...,Vn),(V0,...,Vn+1),(V0,...,Vn+2)
(R2(t1, t2), 0, x)

=
{

F(V0,...,Vn),(V0,...,Vn+1)(R
2(t1, t2), 0, x), t2 = 0

F(V0,...,Vn+1),(V0,...,Vn+2)(R
2(t1, t2), 0, x), t1 = 1

=
{

f(V0,...,Vn),(V0,...,Vn+1)(r
2(t1, t2), x), t2 = 0

f(V0,...,Vn+1),(V0,...,Vn+2)(r
2(t1, t2), x), t1 = 1

= f(V0,...,Vn),(V0,...,Vn+1),(V0,...,Vn+2)(t1, t2, x).
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- For s = 1,

F(V0,...,Vn),(V0,...,Vn+1),(V0,...,Vn+2)(t1, t2, 1, x)
= F ′

(V0,...,Vn),(V0,...,Vn+1),(V0,...,Vn+2)
(R2(t1, t2), 1, x)

=

{
F(V0,...,Vn),(V0,...,Vn+1)(R

2(t1, t2), 1, x), t2 = 0
F(V0,...,Vn+1),(V0,...,Vn+2)(R

2(t1, t2), 1, x), t1 = 1

=

{
f ′
(V0,...,Vn),(V0,...,Vn+1)

(r2(t1, t2), x), t2 = 0

f ′
(V0,...,Vn+1),(V0,...,Vn+2)

(r2(t1, t2), x), t1 = 1

= f ′
(V0,...,Vn),(V0,...,Vn+1),(V0,...,Vn+2)

(t1, t2, x).

So we have defined the functions having three members in the index.
Let us assume that the functions having up to n − 1 members in the finite

sequence of the index are defined.
Generally, for the function F(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n) having n members

in the finite sequence of the index, the functions F(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n−1)

and F(V0,...,Vi+1),...,(V0,...,Vi+n) are defined.
We define the set:

Kn = {t ∈ ∂Δn|t1 = 1 or tn = 0}.
Then we define a function
F ′

(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n) : Kn × I × X → Y in the following way:

F ′
(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n)(t, s, x)

=
{

F(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n−1)(t, s, x), tn = 0
F(V0,...,Vi+1),...,(V0,...,Vi+n)(t, s, x), t1 = 1

There exists a continuous retraction Rn : Δn×I → Kn×I, so that Rn|Δn = rn.
Finally, we define the function F(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n) by:

F(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n)(t, s, x)
= F ′

(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n)(R
n(t), s, x)

- For s = 0,

F(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n)(t, 0, x)

= F ′
(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n)(R

n(t), 0, x)

=
{

F(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n−1)(R
n(t), 0, x), tn = 0

F(V0,...,Vi+1),...,(V0,...,Vi+n)(Rn(t), 0, x), t1 = 1

=
{

f(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n−1)(r
n(t), x), tn = 0

f(V0,...,Vi+1),...,(V0,...,Vi+n)(rn(t), x), t1 = 1
= f(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n)(t, x).
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- For s = 1,

F(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n)(t, 1, x)

= F ′
(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n)(R

n(t), 1, x)

=
{

F(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n−1)(R
n(t), 1, x), tn = 0

F(V0,...,Vi+1),...,(V0,...,Vi+n)(Rn(t), 1, x), t1 = 1

=

{
f ′
(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n−1)

(rn(t), x), tn = 0
f ′
(V0,...,Vi+1),...,(V0,...,Vi+n)(r

n(t), x), t1 = 1

= f ′
(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n)(t, x).

In such a way we obtain all functions of type F(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n),
which connect f(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n) and f ′

(V0,...,Vi),(V0,...,Vi+1),...,(V0,...,Vi+n).
Each function whose finite sequence of the index has one member less is already

defined, because the coherence condition holds:

F(V0),(V0,V1),(V0,V1,V2),(V0,V1,V2,V3),...,(V0,V1,V2,...,Vn)(t1, t2, ..., tn, s, x)

=

⎧⎪⎪⎨
⎪⎪⎩

F(V0,V1),(V0,V1,V2),(V0,V1,V2,V3),...,(V0,V1,V2,...,Vn)(t2, ..., tn, s, x), t1 = 1
F

(V0),(V0,V1),(V0,V1,V2),..., ˆ(V0,V1,V2,...,Vi),...,(V0,V1,V2,...,Vn)
(t1, ..., t̂i, ..., tn, s, x),

ti = ti+1

F(V0),(V0,V1),(V0,V1,V2),(V0,V1,V2,V3),...,(V0,V1,V2,...,Vn−1)(t1, ..., tn−1, s, x), tn = 0

Because of the same reasons we obtain the functions that in the finite sequence
of the index have two or more members less. For example, in such a way we obtain:
F(V0,V1,V2),(V0,V1,V2,V3),...,(V0,V1,V2,...,Vn), F(V0,V1),(V0,V1,V2,V3),...,(V0,V1,V2,...,Vn),
F(V0),(V0,V1,V2,V3),...,(V0,V1,V2,...,Vn), and so on.

On the other hand, if it happens that there is a covering that “is missing” (or
more coverings that “are missing”) in some member of the index, then we define
them by completing them by the ones that are missing, starting from left to the
right. For example, in the morphism F(V0),(V0,V3),(V0,V3,V8) we notice that V1 and
V2 are missing in the second member of the sequence of the index, and in the third
member V1, V2, V4, V5, V6 and V7 “are missing”, so we define F(V0),(V0,V3),(V0,V3,V8)

in the following way:

F(V0),(V0,V3),(V0,V3,V8) = F(V0,V1),(V0,V1,V2,V3),(V0,V1,V2,V3,V4,V5,V6,V7,V8).

We check that for such defined functions the coherence condition holds. It is
enough to check it for the functions that do not have less members in the index,
but there are missing coverings in some of the members. For example, let the
covering Vl be missing in the j-th member of the index. Then, by definition we
have:

F(V0),(V0,V1),...,(V0,V1,...,V̂l,...,Vj),...,(V0,V1,V2,...,Vn)(t1, t2, ..., tn, s, x)
= F(V0),(V0,V1),...,(V0,V1,...,Vl,...,Vj),...,(V0,V1,V2,...,Vn)(t1, t2, ..., tn, s, x)
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=

⎧⎪⎪⎨
⎪⎪⎩

F(V0,V1),(V0,V1,V2),...,(V0,V1,...,Vl,...,Vj),...,(V0,V1,V2,...,Vn)(t2, ..., tn, s, x), t1 = 1

F(V0),(V0,V1),(V0,V1,V2),..., ˆ(V0,V1,V2,...,Vi),...,(V0,V1,V2,...,Vn)(t1, ..., t̂i, ..., tn, s, x),

ti = ti+1

F(V0),(V0,V1),...,(V0,V1,...,Vl,...,Vj),...,(V0,V1,V2,...,Vn−1)(t1, ..., tn−1, s, x), tn = 0

=

⎧⎪⎨
⎪⎩

F(V0,V1),...,(V0,V1,...,V̂l,...,Vj),...,(V0,V1,V2,...,Vn)(t2, ..., tn, s, x), t1 = 1

Fi(t1, ..., t̂i, ..., tn, s, x), ti = ti+1

F(V0),(V0,V1),...,(V0,V1,...,V̂l,...,Vj),...,(V0,V1,V2,...,Vn−1)(t1, ..., tn−1, s, x), tn = 0

where
Fi(t1, ..., t̂i, ..., tn, x)

=

⎧⎪⎨
⎪⎩

F(V0),..., ˆ(V0,V1,V2,...,Vi),...,(V0,V1,...,V̂l,...,Vj),...,(V0,V1,V2,...,Vn)(t1, ..., t̂i, ..., tn, s, x), i < j

F(V0),...,(V0,V1,...,V̂l,...,Vi),...,(V0,V1,V2,...,Vn)(t1, ..., t̂i, ..., tn, s, x), i = j

F(V0),...,(V0,V1,...,V̂l,...,Vj),..., ˆ(V0,V1,V2,...,Vi),...,(V0,V1,V2,...,Vn)(t1, ..., t̂i, ..., tn, s, x), i > j

by which we prove the coherence condition.
Similarly, we show that the coherence condition holds also in the case when

there are more than one coverings missing in the members of the sequence.
We proved that there exists a homotopy F∞ in SSh∞(Cpt) that connects f∞

and f ′∞, and it follows that Φ is an injection.
Now we define a functor Φ : SSh∞(Cpt) → SSh2(Cpt) on morphisms of

SSh∞(Cpt) by
Φ([f∞]) = [(fn, fn,n+1)]

This functor is well defined and by the previous it is proved that it is an isomor-
phism between the categories SSh∞(Cpt) and SSh2(Cpt).

�
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POTKATEGORIJATA NA KOMPAKTNI METRIQKI
PROSTORI VO KATEGORIJATA NA JAK OBLIK

Beti Andonoviḱ, Nikita Xekutkovski

R e z i m e

Vo predhodniot trud na avtorite za prv pat e prezentirana vnatrexna
definicija na kategorijata na jak oblik. Morfizmite vo ovaa kate-
gorija se klasite na homotopija na koherentni proksimativni mre�i.
Vo ovoj trud e daden dokaz deka potkategorijata qii objekti se kompak-
tnite metriqki prostori, e izomorfna so kategorijata na jak oblik na
metriqki kompakti predhodno konstruirana od Xekutkovski, qii mor-
fizmi se klasite na homotopija na jaki proksimativni nizi.
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