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ON ESTIMATION OF FOURIER AND
QUASI-MONOTONE-FOURIER COEFFICIENTS OF

FUNCTIONS IN NIKOL’SKII CLASSES

SHPETIM REXHEPI, SAMET KERA, AND HALIL SNOPCE

Abstract. An equivalent form of Nikol’skii class (H(p, k, ϕ), p ∈ [1,∞])

using a supplementary condition for function ϕ and best approximation
is given. The estimation of Fourier coefficients of functions belonging
to the class H(p, k, ϕ), p ∈ [1,∞], by means of best approximation and
modulus of smoothness without giving supplementary conditions to the
ϕ function is investigated. We discuss the problem for the functions
with quasi-monotone Fourier coefficients as well.

1. Introduction

The main problem in the approximation theory is to determine the pro-
perties of the approximate function characteristics based on the axiomatic
properties of the function, as its modulus of smoothness and the constructive
characteristics of that function and as its best approximation by trigono-
metric polynomials and its Fourier coefficients, which is well-known relation,
[3, 4, 9, 10].

In this paper we consider the problem of estimation of Fourier coefficients
of functions belonging to Nikol’skii class further work of [1, 2] and especially
quasi-monotone Fourier coefficients of functions belonging to Nikol’skii class
as a subclass of Lp spaces. The estimation is based on best approximation
and modulus of smoothness. Initially, we will give some concepts, defini-
tions and notations.

We denote by Lp the set of 2π-periodic functions f , such that f is mea-
surable on [0, 2π] for p ∈ [1,∞) and f is continuous on [0, 2π] for p = ∞
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and respectively

‖f‖Lp=


(

2π∫
0

|f(x)|pdx
)1/p

<∞, for p ∈ [1,∞).

max
x
|f(x)| , for p =∞.

Denote by ωk(f, t)p the modulus of smoothness of order k of the function f
belonging to metrics Lp and respectively

ωk(f, t)p sup
h∈[−t,t]

∥∥∥4k
hf(x)

∥∥∥ = sup
h∈[−t,t]

∥∥∥∥∥
k∑

m=0

(−1)k−m
(
k
m

)
f(x+mh)

∥∥∥∥∥ .
Denote by En(f)p the best approximation of the function f ∈ Lp by trigono-
metric polynomials with degree not greater than n, where n ∈ N and define
it respectively by En(f)p = inf

Hn

‖f−Hn(x)‖p, whereHn(x) are trigonometric

polynomials of degree n.

Definition 1.1. By L(0, 2π) we denote the set of 2π-periodic functions
summable on (0, 2π). Let f ∈ L(0, 2π) and let am = am(f) and bm = bm(f),
m = 0, 1, 2, . . . be Fourier coefficients of f , respectively, and

S[f ] =
a0
2

+
∞∑
m=1

(am cosmx+ bm sinmx).

Remark 1.1: For any p, q, 1 < p < q <∞ it is clear that C ⊂ L∞ ⊂ Lq ⊂
Lp ⊂ L. We will write the Fourier series of the function in it’s complex
form, respectively by

f(x) v
∞∑

m=−∞
Cme

imx,

where Cm =
1

2π

∫ 2π
0 f(u)e−imudu. By Sn[f ;x] we will denote partial sum

of the Fourier series of the function f , respectively by

Sn[f ;x] =
n∑

m=−n
Cme

imx.

Definition 1.2. 2π-periodic function f(x) belongs to the class H(p, k, ϕ),
p ∈ [1,∞] if f(x) ∈ Lp, ωk(f, θ)p < Aϕ(θ) and the function ϕ(θ) has the
following properties:
i) ϕ(θ) is a non-negative and continuous function on [0, 1] and ϕ(θ) 6= 0,
ii) ϕ(θ) ≤ A1ϕ(θ2) for 0 ≤ θ1 ≤ θ2 ≤ 1,

iii) ϕ(2θ) ≤ A2ϕ(θ) for 0 ≤ θ ≤
1

2
,

where A,A1 and A2 are constants not dependent on θ, θ1 and θ2.
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Definition 1.3. ([8]) The sequence of positive numbers {an}, n ∈ N is
called quasi-monotone if

an
n−τ

↓ 0. (1.1)

for any τ > 0. The sequence of inequalities (a1 ≥ . . . ≥ an ≥ an+1 ≥ . . . ≥
0) is denoted by an ↓ 0.

2. Auxiliary Facts

In this section we present some additional results used in our main results.

Proposition 2.1. ([5, 9]) Let f(x) ∈ Lp. Than the following inclusions are
valid:

ωk(f, t)p ∈



0,
A1

nk
p

√√√√ n∑
m=1

mmp−1Epm(f)p

 , p ∈ (1, 2]

A1

nk
p

√√√√ n∑
m=1

mmp−1Epm(f)p,∞

 , p ∈ [2,∞)

(2.1)

where A1 and A2 are constants not dependent on f(x) and n.

Proposition 2.2. ([6]) Let f(x) ∈ Lp than the following inclusions are
valid:
i) For p = 1,

A1|Cn|≤ ωk(f, t)p ≤ A2



√
n∑

|m|=1

|m|2k|Cm|2

nk
+

√
∞∑

|m|=n+1

|Cm|2


ii) For p ∈ (1, 2],

A1


p

√
n∑

|m|=1

|m|p(k+1)−2|Cm|p

nk
+

∞∑
|m|=n+1

|m|p−2|Cm|p

 ≤

≤ ωk(f, t)p ≤ A2



√
n∑

|m|=1

|m|2k|Cm|2

nk
+

√
∞∑

|m|=n+1

|Cm|2
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iii) For p ∈ [2,∞),

A1



√
n∑

|m|=1

|m|2k|Cm|2

nk
+

√
∞∑

|m|=n+1

|Cm|2

 ≤ ωk(f, t)p ≤

≤ A2


p

√
n∑

|m|=1

|m|p(k+1)−2|Cm|p

nk
+

∞∑
|m|=n+1

|m|p−2|Cm|p


iv) For p =∞,

A1



√
n∑

|m|=1

|m|2k|Cm|2

nk
+

√
∞∑

|m|=n+1

|Cm|2

 ≤

≤ ωk(f, t)p ≤ A2



√
n∑

|m|=1

|m|k|Cm|

nk
+

√
∞∑

|m|=n+1

|Cm|


where A1 and A2 are constants not dependent on f(x) and n.

Proposition 2.3. ([9]) If f(x) ∈ Lp, p ∈ (1,∞), then for every natural
number n the following inequality holds:

ωk(f,
1

2n
)p ≤ 2−nkA

(
E0(f)p +

n∑
m=0

2mkE2m(f)p

)
(2.2)

Proposition 2.4. ([7]) Let
a0
2
+
∑∞

m=1 am cosmx+ bm+sinmx be Fourier
series of a function f(x) ∈ Lp, p ≥ 1. Then∣∣∣∣∣

2n∑
m=n+1

(am + bm)

∣∣∣∣∣ ≤ A · p
√
nEn(f)p (2.3)

where A is a constant not dependent on f(x) and n.
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3. Main results

Theorem 1. Let the function ϕ(θ) satisfy this supplementary condition:∫ 1

θ

ϕ(v)

vk+1
dv ≤ Cϕ(θ)

θk

The function f(x) v
∑∞

m=−∞Cme
imx belongs to the class H(p, k, ϕ), p ∈

[1,∞] if and only if

En(f)p ≤ A(n+ 1)k
ϕ2
(

1
n+1

)
1∫

1
n+1

ϕ(v)

vk+1
dv

,

where constants C and A are not dependent on θ.

Proof. Necessity condition. According to the the Jackson’s theorem, prop-
erties of the modulus of smoothness, the inequality n + 1 < 2n and the
definition of the class H(p, k, ϕ), p ∈ [1,∞] we have:

En(f)p ≤ A1ωk
(
f, 1n

)
p
≤ A1ωk

(
f, 2

n+1

)
p
≤

≤ A2ωk

(
f, 1

n+1

)
p
≤ A2A3ϕ

(
1

n+1

)
= A4ϕ

(
1

n+1

)
where A2 ≥ 2kA1. From the other side, for θ =

(
1

n+1

)
we have

ϕ

(
1

n+ 1

)
≥

1∫
1

n+1

ϕ(v)
vk+1dv

C(n+ 1)k
.

Applying arithmetic mean inequality we obtain

ϕ

(
1

n+ 1

)
≥ 1

2

(
1∫
1

n+1

ϕ(v)
vk+1dv

C(n+ 1)k
+
En(f)p
A4

)
≥

√√√√√√ En(f)p
A(n+ 1)k

1∫
1

n+1

ϕ(v)

vk+1
dv
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and respectively, En(f)p ≤ A(n+ 1)k
ϕ2( 1

n+1)
1∫

1
n+1

ϕ(v)

vk+1
dv

, where A = CA4.

Sufficiency condition. From the relations

En(f)p ≤ A(n+ 1)k
ϕ2
(

1
n+1

)
1∫

1
n+1

ϕ(v)

vk+1
dv

and

ϕ

(
1

n+ 1

)
≥

1∫
1

n+1

ϕ(v)

vk+1
dv

C(n+ 1)k

we have that A
Cϕ
(

1
n+1

)
= A5ϕ

(
1

n+1

)
≥ En(f)p. Since the function ϕ is

continuous and uniformly bounded on the segment [0, 1], for a fixed n ∈ N,
we take the trigonometric polynomial of the best approximation. Since
Hnf ∈ L∞, and respectively Hnf ∈ Lp, using the triangle inequality we
obtain:
‖f‖p= ‖f +Hnf −Hnf‖p≤ ‖f −Hnf‖p+‖Hnf‖p= En(f)p + ‖Hnf‖p≤

≤ A6ϕ

(
1

n+ 1

)
+ ‖Hnf‖p≤ max

0≤θ≤1
{A6ϕ(θ) + ‖Hnf‖} = A7.

So, f(x) ∈ Lp. For this reason, since f(x) ∈ Lp from the relation (2.2) and
the properties of the function ϕ, the following relations hold:

ωk

(
f,

1

2n

)
≤ 2−nkA8

(
E0(f)p +

n∑
m=0

2mkE2m(f)p

)
≤

≤ 2−nkA8

(
A9

(
ϕ(1) +

n∑
m=0

2mkϕ

(
1

2m + 1

)))
≤

≤ 2−nkA10

(
ϕ(1) + ϕ

(
1

2

)
+

n∑
m=1

2mkϕ

(
1

2m + 1

))
≤

≤ 2−nkA10

(
ϕ(1) +A11ϕ(1) + (1 +A11)

n∑
m=1

2mkϕ

(
1

2m + 1

))
≤

≤ 2−nkA10(1+A11)
n∑

m=1
2mkϕ

(
1

2m + 1

)
= 2−nkA12

n∑
m=0

2mkϕ

(
1

2m + 1

)
≤
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≤ 2−nkA12A13

n∑
m=0

2mkϕ

(
1

2m

)
= 2−nkA14

n∑
m=0

2mkϕ

(
1

2m

)
.

Since 2mk ≤
m+1∫
m

2tkdt for t ∈ (m,m + 1) the following relation holds:

1

2m+1
<

1

2t
<

1

2m
. For t = − log2 θ and according to the properties of ϕ

ϕ

(
1

2m

)
= ϕ

(
1

2m+1

)
≤ A15ϕ

(
1

2m+1

)
≤ A15A16ϕ

(
1

2t

)
= A17ϕ

(
1

2t

)
,

we have:

ωk

(
f,

1

2n

)
≤ 2−nkA14

n∑
m=0

2mkϕ

(
1

2m

)
≤

≤ 2−nkA14A17

n∑
m=0

m+1∫
m

2mtϕ

(
1

2t

)
dt = 2−nkA18

n+1∫
0

2mtϕ

(
1

2t

)
dt =

= 2−nk
A18

ln 2

1∫
1

2n+1

ϕ(θ)

θk+1
dθ = 2−(n+1)kA192

k
1∫
1

2n+1

ϕ(θ)

θk+1
dθ =

= 2−(n+1)kA20

1∫
1

2n+1

ϕ(θ)

θk+1
dθ ≤ A20A21ϕ

(
1

2n+1

)
≤ A20A21A23ϕ

(
1

2n

)
=

= A24ϕ

(
1

2n

)
.

Since for every a ∈ (0, 1) there exists a natural number n such that
1

2n
≤

a ≤ 2

2n
, we have that

ωk(f, a)p ≤ ωk
(
f,

1

2n−1

)
p

≤ 2kωk

(
f,

1

2n

)
p

≤ 2kA24ϕ

(
1

2n

)
≤

≤ 2kA24A25ϕ(α) = A26ϕ(α)

respectively f ∈ H(p, k, ϕ), p ∈ [1,∞], where Ai, i = 1, 2, ....., 26 are con-
stants not dependent on θ. �

Theorem 2. The function f(x) v
∞∑

m=−∞
Cme

imx belongs to the class H(p, k, ϕ),

p ∈ [1,∞] if for its Fourier coefficients the following conditions are satisfied:
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i)

4

√
n∑

|m|=1

|m|4k
n∑

|m|=1

|Cm|4

nk
≤ A1ϕ

(
1

n+ 1

)
and

√
∞∑

|m|=n+1

|Cm|2 ≤ A2ϕ

(
1

n+ 1

)
, for p ∈ [1, 2].

ii) 2p

√
n∑

|m|=1

|m|2p(k+1)−4
n∑

|m|=1

|Cm|2p ≤ A1ϕ

(
1

n+ 1

)
and

p

√
∞∑

|m|=n+1

|m|p−2|Cm|p ≤ A2ϕ

(
1

n+ 1

)
, for p ∈ [2,∞).

iii)

√
n∑

|m|=1

|m|2k
n∑

|m|=1

|Cm|2 ≤ A1ϕ

(
1

n+ 1

)
and

∞∑
|m|=n+1

|Cm|≤ A2ϕ

(
1

n+ 1

)
, for p =∞.

Proof. i) According to Prop. 2.2, using Cauchy-Bunjakowsky-Schwarz in-
equality and definition of the class H(p, k, ϕ) for p ∈ [1, 2], we have:

ωk

(
f,

1

n

)
≤ A



√
n∑

|m|=1

|m|2k|Cm|2

nk
+

√
∞∑

|m|=n+1

|Cm|2

 ≤

≤ A


4

√
n∑

|m|=1

|m|4k
n∑

|m|=1

|Cm|4

nk
+

√
∞∑

|m|=n+1

|Cm|2}

 ≤

≤ A
{
A1ϕ

(
1

n+ 1

)
+A2ϕ

(
1

n+ 1

)}
≤

≤ A(A1 +A2)ϕ(
1

n+ 1
) = A3ϕ

(
1

n+ 1

)
⇒ f(x) ∈ H(p, k, ϕ), p ∈ [1, 2]
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where A,A1, A2, A3 are constants not dependent on f(x) and n. Conditions
ii) and iii) can be proved analogously. �

Theorem 3. Let {an}n∈N and {bn}n∈N, be Fourier coefficients of a function
f(x) ∈ Lp, p ≥ 1. If the function f(x) belongs to the class H(p, k, ϕ), p ∈
[1,∞], then for its Fourier coefficients the following condition is satisfied:

2n∑
m=n+1

(am + bm)

p
√
n

≤ Aϕ
(

1

n+ 1

)
,

where A is a constant not dependent on f(x) and n.

Proof. Since {an}n∈N and {bn}n∈N are Fourier coefficients of a function
f(x) ∈ Lp, p ≥ 1, f(x) belongs to the class H(p, k, ϕ), p ∈ [1,∞] and
according to relation (2.3) we have:∣∣∣∣∣ 2n∑
m=n+1

(am+bm)

∣∣∣∣∣
p√n ≤ A1En(f)p ≤ A1A2ωk

(
f,

1

n

)
p

≤

≤ A1A2ωk

(
f,

2

n+ 1

)
p

≤ A1A22
kωk

(
f,

1

n+ 1

)
p

= A3ωk

(
f,

1

n+ 1

)
p

≤

≤ A3A4ϕ

(
1

n+ 1

)
= A5ϕ

(
1

n+ 1

)
⇒

∣∣∣∣∣ 2n∑
m=n+1

(am+bm)

∣∣∣∣∣
p√n ≤ A5ϕ

(
1

n+1

)
,

where Ai, i = 1, 2, . . . , 5 are constants not dependent on f(x) and n. �

Theorem 4. Let the quasi-monotone sequences {an}n∈N and {bn}n∈N be
Fourier coefficients of a function f(x) ∈ Lp, p ≥ 1. If the function f(x)
belongs to the class H(p, k, ϕ), p ∈ [1,∞], then for its Fourier coefficients
the following condition is satisfied:

p
√
np−1(a2n + b2n) ≤ Aϕ

(
1

n+ 1

)
,

where A is constant dependent on τ > 0 defined in the relation (1.1).

Proof. Since the Fourier coefficients of the function f(x) ∈ Lp, p ≥ 1, {an}
and {bn} are quasi-monotone, then for m < 2n there exists constant A1

such that:

(2n)−τa2n ≤ A1m
−τam and (2n)τ b2n ≤ A1m

−τ bm.
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Adding these inequalities we have:

(2n)−τ (a2n + b2n) ≤ A1m
−τ (am + bm)

⇒ m−τ (am + bm) ≥ 1
A1

(2n)−τ (a2n + b2n)

⇒ am + bm ≥ A2(2n)
−τ (a2n + b2n)m

τ ,

considering that 0 < A2 < 1. From the system of inequalities

an+1 + bn+1 ≥ A2(2n)
−τ (a2n + b2n)(n+ 1)τ ≥ A2(2n)

−τ (a2n + b2n)n
τ

an+2 + bn+2 ≥ A2(2n)
−τ (a2n + b2n)(n+ 2)τ ≥ A2(2n)

−τ (a2n + b2n)n
τ

...................................................................................................

a2n + b2n ≥ A2(2n)
−τ (a2n + b2n)(2n)

τ ≥ A2(2n)
−τ (a2n + b2n)n

τ

we get that

2n∑
m=n+1

(am + bm) ≥ nA2(2n)
−τ (a2n + b2n)n

τ =

A22
−τn(a2n + b2n) = A3n(a2n + b2n)

and respectively, a2n+b2n ≤

2n∑
m=n+1

(am + bm)

A3n
. Now using the last inequali-

ty, since f(x) belongs to the class H(p, k, ϕ), p ∈ [1,∞] and according to
the relation (2.3) we have:

a2n + b2n ≤

2n∑
m=n+1

(am + bm)

A3n
≤ A4

p
√
n

A3n
En(f)p =

A5
p
√
np−1

En(f)p

⇒ p
√
np−1(a2n + b2n) ≤ A5En(f)p ≤ A6ωk

(
f, 1n

)
p
≤

≤ A6A7ωk

(
f,

2

n+ 1

)
p

≤ A72
kωk

(
f, 1

n+1

)
p
≤ A8ωk

(
f, 1

n+1

)
p
≤

≤ A8A9ϕ

(
1

n+ 1

)
= A10ϕ

(
1

n+ 1

)
⇒ p
√
np−1(a2n + b2n) ≤ A10ϕ

(
1

n+ 1

)
,

where Ai, i = 1, 2, . . . , 10, are constants dependent on τ , which is defined in
the relation (1.1). �
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