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ON ESTIMATION OF FOURIER AND
QUASI-MONOTONE-FOURIER COEFFICIENTS OF

FUNCTIONS IN NIKOL’SKII CLASSES
SHPETIM REXHEPI, SAMET KERA, AND HALIL SNOPCE

Abstract. An equivalent form of Nikol’skii class (H (p, k, @), p € [1, >0])
using a supplementary condition for function ¢ and best approximation
is given. The estimation of Fourier coefficients of functions belonging
to the class H(p, k, ), p € [1, 0], by means of best approximation and
modulus of smoothness without giving supplementary conditions to the
¢ function is investigated. We discuss the problem for the functions
with quasi-monotone Fourier coefficients as well.

1. INTRODUCTION

The main problem in the approximation theory is to determine the pro-
perties of the approximate function characteristics based on the axiomatic
properties of the function, as its modulus of smoothness and the constructive
characteristics of that function and as its best approximation by trigono-
metric polynomials and its Fourier coefficients, which is well-known relation,
[3, 4, [, [10].

In this paper we consider the problem of estimation of Fourier coefficients
of functions belonging to Nikol’skii class further work of [I} 2] and especially
quasi-monotone Fourier coefficients of functions belonging to Nikol’skii class
as a subclass of L, spaces. The estimation is based on best approximation
and modulus of smoothness. Initially, we will give some concepts, defini-
tions and notations.

We denote by L, the set of 2m-periodic functions f, such that f is mea-
surable on [0, 27| for p € [1,00) and f is continuous on [0, 27] for p = oo
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and respectively

27 l/p
(f|f(:r)|pdaj) < o0, for p € [1,00).
0

max | f(x)|, for p = co.

1fllz,=

Denote by wg(f,t), the modulus of smoothness of order k of the function f
belonging to metrics L, and respectively

> i (&) f(@+mn)

m=

wi(f, )p hs[‘fﬂ HAﬁf(x)H B hes[lirzt]

Denote by E,,(f), the best approximation of the function f € L,, by trigono-
metric polynomials with degree not greater than n, where n € N and define
it respectively by Ey,(f), = iI?fo_H" (2)]|p, where Hy(x) are trigonometric
polynomials of degree n. "

Definition 1.1. By L(0,27) we denote the set of 2m-periodic functions
summable on (0, 27). Let f € L(0,27) and let an, = am(f) and by, = b (f),
m =0,1,2,... be Fourier coefficients of f, respectively, and

oo
Sif] = % + Z(am cos mx + by, sinmz).
m=1
Remark 1.1: For any p,q,1 < p < ¢ < 0o it is clear that C C Lo, C Ly C
L, C L. We will write the Fourier series of the function in it’s complex
form, respectively by
o
f@) e S Ceme,
m=—0oQ

1
where C,,, = — OQW

of the Fourier series of the function f, respectively by

Splf;x] = i: Cppe'™®.

m=—n

fu)e~™du. By S,[f;x] we will denote partial sum

Definition 1.2. 27-periodic function f(x) belongs to the class H(p, k, ¢),
p € [1,00] if f(x) € Ly, wi(f,0), < Ap(f) and the function ¢(#) has the
following properties:

i) ¢(0) is a non-negative and continuous function on [0, 1] and ¢(0) # 0,
’LZ) (p(@) E Alcp(eg) for 0 S 91 S (92 S 1,

iii) ©(20) < Agp() for 0 < 0 < %,

where A, A1 and Ay are constants not dependent on 6,6, and 6.
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Definition 1.3. (|8]) The sequence of positive numbers {a,}, n € N is

called quasi-monotone if
an

40 (1.1)

for any 7 > 0. The sequence of inequalities (a3 > ... > ap > apy1 > ... >
0) is denoted by ay, | 0.

2. AUXILIARY FACTS
In this section we present some additional results used in our main results.

Proposition 2.1. (|5, 9]) Let f(x) € L,. Than the following inclusions are
valid:

Ay -
07 m Y Z mmpilEfn(f)p , D € (172]

m=1

wi(f,t)p € (2.1)

Ay -
Wp Tnzlmmp_lE’rez(f)p’OO 7p€ [2700)

where Ay and Ay are constants not dependent on f(x) and n.

Proposition 2.2. ([6]) Let f(x) € L, than the following inclusions are
valid:

i) Forp=1,
n
> mPF|C?
Im|=1 >
A|CrlS wi(fit)p < Az = + > |Cm?
n |m|=n+1

ii) For p € (1,2],

i |m|p(k+l)—2|cm‘p

Im|=1 0 9
Ay F + 2 mPECRP <
n Im|=n+1
n
> |m[*|Cm?
Im|=1 0
< wi(f,t)p < As - +. 2 |Cwf?

n Im|=n+1
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iit) Forp € [2,00),

n
22 [m[*|Cn?
mi=1 %
A, . c Y el <wfi, <
n m|=n+1
n
||Z |m[p(k+1)=2|C,, P
m|=1 00
< Ay 2 + 2 mPECnl?
n Im|=n+1
iv) For p = oo,
n
22 [m[*|Co?
m=1 %
4 ' TR SRl
n |m|=n+1
n
>3 [mfF|Cr]

jml=1 S
< (/.0 < 4 2ol
m|=n-+1

where A1 and Ag are constants not dependent on f(x) and n.

Proposition 2.3. ([9]) If f(z) € Ly,p € (1,00), then for every natural
number n the following inequality holds:

wi(f, %)p <27k 4 <E0( Flp+ > 2™ Eym( f)p> (2.2)

m=0
Proposition 2.4. ([7]) Let % 4 Do G €OS M + by, +sinma be Fourier
series of a function f(x) € Ly, p>1. Then

2n

Z (am + bm)

m=n+1

< A YRB(f), (2.3)

where A is a constant not dependent on f(x) and n.
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3. MAIN RESULTS

Theorem 1. Let the function ¢(0) satisfy this supplementary condition:

[ 24 < 010

0 pk+1 - ok

The function f(x) «~ > o0 Crpme™® belongs to the class H(p, k,¢), p €
[1,00] if and only if

where constants C' and A are not dependent on 6.

Proof. Necessity condition. According to the the Jackson’s theorem, prop-
erties of the modulus of smoothness, the inequality n + 1 < 2n and the
definition of the class H(p, k, @), p € [1, 00| we have:

En(f)p < Arwi (f,7), < Arwp <f, niﬂ)p <
), ) 3

where Ay > 25 A;. From the other side, for § = ( ) we have

n+1

J
“0<ni1) CTEnH)

Applying arithmetic mean inequality we obtain

J #

1
1 1 Enp, Ly ©(v)
— > p
4 (n+1) 2(0(n+1)k A ) = | A+ 1) / R
1
n+1
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2(_1_
and respectively, E,(f), < A(n + 1)1“;0(#, where A = CAy.

and

1 - T
4 <n+1> — C(n+1)*
we have that %cp (n%q) = Asp (n%rl) > E,(f)p. Since the function ¢ is
continuous and uniformly bounded on the segment [0, 1], for a fixed n € N,
we take the trigonometric polynomial of the best approximation. Since
H,f € Ly, and respectively H, f € L,, using the triangle inequality we
obtain:

1fllp=Ilf + Hnf = Hofllp< ||f = Hufllp+[[Hnfllp= En(f)p + [ Hn fl[p<

1
< Ao (7 ) + 1T s (Aa(0) + o1} = A

So, f(x) € Lp. For this reason, since f(x) € L, from the relation (2.2)) and
the properties of the function ¢, the following relations hold:

o (1.0) <20 (Bl + 3 2 EBan (1)) <

oo £ )
< 27" Ay (‘P(l) +¢ <;> + mizl 2k <2m1+ 1)) <

n 1
< 2_nkAAlO (90(1> + A11QP(1) + (1 + AH) Z 2mk:90 <2m 4 1)) =
m=1

n 1 n 1
< 2—nkA 1+ A4 2mk — 2—nkA 2mk _ - )<
= w(+An) > ¢<2m+1> 12 2 2" gy ) =
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n 1 n 1
<27 A0 A3 D 2R [ ) =27 A Y 2R [ — ).
= 12413 P ¥ <2m> 14 Y\ om

m=0
m+1
Since 2mF < / 2% dt for t € (m,m + 1) the following relation holds:
m

1 1 1
o1 < 5 < — om . For t = —log, 6 and according to the properties of ¢

1 1 1 1 1
12 <2m> = (2m+1> < Ajsp <2m+1> < Ai5A6p <2t> = Ai7p <2t> ,

we have:

k (f,;n) <27 A Z 2mk <21n> <
m=0

n m+l1 1 n+1 1
< 2_nkA14A17 Z f 2mt<p (%) dt = Q_NkAlg f thgp <2t> dt =

m=0 m 0

Arg

— 92— —nk
n?2

ropl) ntk 4 ok [ P0)
1f 9k+1d0_2(+1)A 2 1f 0k+1d9

2n+1 2n+1

1 1
— o~ (ntDk 4,0 f 9k+1 df < AggAaip <2n+1> < Aso A Azsp (2") N

2n+1

1
= Auyp <2n) :

1
Since for every a € (0, 1) there exists a natural number n such that on <

2
a < —, we have that
2n

(1), 13) 0 3)
p

< 28 Aoy Agsip(a) = Agsip(a)

respectively f € H(p,k,p), p € [1,00], where A;,i = 1,2, .....,26 are con-
stants not dependent on 6. O

Theorem 2. The function f(z) ~ Y. Cp,e"™ belongs to the class H(p, k, ),

m=—o00
p € [1,00] if for its Fourier coefficients the following conditions are satisfied:
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22 m|*E 30 Ot

Im|=1 Im|=1

1
' <A
i) y s A1 (n+ 1> and

1
1/| |Z 1\0 |2<Az<p< +1>,forp€[172]~
m|=n-+

i) o 35 =t $5 (G < v () and

|m|=1 Im|=1

S mi2|Colr < Az (

|m|=n+1

n—i—l>7 forp € [2,00).

i) | 3 [mf% 3 |Co |2<A1¢< il) and

[m[=1 Im[=1

& 1
S [Culs Aap () Jorn=cx.

|m|=n+1

Proof. i) According to Prop. [2.2] using Cauchy-Bunjakowsky-Schwarz in-
equality and definition of the class H(p, k, ¢) for p € [1,2], we have:

3 mf2t[C P
1 m=1 %
w(1.2) <4 | S o)<

Im|=n+1

2 |ml* 32 1G]t

4
m|=1 m|=1 0 9
<A 2 +, 2 |CulP}p <
n |m|=n+1
<AJA . +A b <
- 1@ n+1 29 n+1 -

< A(A + Az)w(nil) = Azp ( ! > = f(x) € H(p, k,¢),p € [1,2]
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where A, Ay, Ag, Ag are constants not dependent on f(x) and n. Conditions
i7) and i7i) can be proved analogously. O

Theorem 3. Let {ay, }nen and {by }nen, be Fourier coefficients of a function
f(z) € Ly, p > 1. If the function f(x) belongs to the class H(p,k,p), p €
[1,00], then for its Fourier coefficients the following condition is satisfied:

2n

> (am +bm) 1
m=n-+1
<A
In = S0<n+1>’

where A is a constant not dependent on f(x) and n.

Proof. Since {an}nen and {b,}nen are Fourier coefficients of a function
f(z) € Ly, p > 1, f(x) belongs to the class H(p,k,¢), p € [1,00] and
according to relation (2.3) we have:

2n
Z (am~+bm)

m=n+1

1
< A1En(f)p < A1Aswy <f, n) <
p

2 1 1
< MAgwi | f,—— ) < AAo2bwy | f,—— ) =Aswp|f,—— ] <
n+1 » n+1 » n+1 »
2n

1 1 Z+1(am+bm) .
< AsAgo([——) =4 m=n <A (7)
= A3 480<n+1> 590<n_{_1>:> Un S AsP | 5T
where A;, i =1,2,...,5 are constants not dependent on f(z) and n. O

Theorem 4. Let the quasi-monotone sequences {annen and {by}nen be
Fourier coefficients of a function f(x) € L,, p > 1. If the function f(x)
belongs to the class H(p,k, ), p € [1,00]|, then for its Fourier coefficients
the following condition is satisfied:

1
Vnp—1 <
n (a2n+b2n)_ASO<n+1>a

where A is constant dependent on T > 0 defined in the relation .

Proof. Since the Fourier coefficients of the function f(x) € L,, p > 1, {a,}
and {b,} are quasi-monotone, then for m < 2n there exists constant A;
such that:

(2n) Tag, < Aim” Tay, and (2n)Tba, < Aym” by,.
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Adding these inequalities we have:

(2n)_T(a2n + an) < Alm_T(am + bm)
= miT(CLm + bm) > ALI(Q’I’L)iT(GQn —+ b2n)
= G + bm 2 A2(2n)_T(a2n + an)mTa

considering that 0 < Ay < 1. From the system of inequalities

Gnt1 + bpy1 > A2(2n)_7(a2n + bgn)(n + 1)T > A2(2n)_7(agn + bgn)nT
ant2 + baya > A2(2n) 7T (azn + ban)(n +2)7 > A2(2n) 7 (azn + ban)n”

we get that

2n
S (am +bym) > nAz(2n) "7 (agn + bop)n” =

m=n-1

A227Tn(a2n + b2n> = A3n(a2n + b2n)

2n

> (am +by)

m=n+1

Agn
ty, since f(x) belongs to the class H(p, k,¢), p € [1,00] and according to

the relation (2.3)) we have:

and respectively, ao, +boy, < . Now using the last inequali-

2n

> (am +bp)

m=n+1 A4€/ﬁ As
azy + bo Asn Asn (f)p > (f)p

= /7 (agn + ban) < AsEn(f)yp < Ageor (£,1), <

2
< AgArwy <f, n_|_1> < Ar2Fwy (fa T}rl)p < Agwy, (fa T}rl)p <
p

1 1
< AgAgp <n—i—1) = Ay <n—i—1>

1
= VnP~1(ag, + ban) < A1pp <n+1>a

where A;,i =1,2,...,10, are constants dependent on 7, which is defined in
the relation (|1.1)). O
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