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NEW SEMI-ORTHOGONALITY PROPERTY FOR THE JACOBI POLYNOMIALS
AND FINITE FOURIER JACOBI EXPANSION

S.D. Bajpai

Abstract. A new semi-orthogonality property for the Jacobi
polynomials is given with an elementary weight function with its
application.

1. Introduction

The Jacobi polynomials are orthogonal polynomials [3, p. 285,
(5) and (9)] over the interval (-1,1) with respect to the weight
function (1-x)2(1+x)®, if Rea > -1, Reb > -1.

In this paper, we present a new semi-orthogonality property
for the Jacobi polynomials over the interval (-1,1) with respect
to the weight function (l—x)a(1+x)b+n_m—1, if Rea > -1, Reb > m-n.
As an application of our semi-orthogonality, we also present a

finite Fourier Jacobi expansion.

The Jacobi polynomials are defined by the relation [2, p. 170,
(16) 1:

(1+a)
(a,b) = n l+x,n . .x=1
Pn (x) = —T!—_(T)zF“ (-n,-n—b,a+1,le) (1.1)

provided a is not a negative integer.
2. The semi-orthogonality

The semi-orthogonality to be established is
1

f (l-x)a(1+x)b+n-m_1péa’b)(x)Péa’b)(x)dx (2.1)

- R

=0, ifm<n (2.1a)
_ 22*Pr(14asn) r(14b4n)

n! br(atbtn+l) ¢ ifm=n (2.1b)

AMS (MOS) Subject classification: 33C25

Key words: Jacobi polynomials, Semi-orthogonality,
Saalschutz’s theorem




64

b.
_ 23*Pr(2+atb) T (2+b+n) . _
= A (1B T (atbensy? ME T = »¥d (2.1c)

where Rea > -1, Reb > m-n.

proof. In view of (1.1), the integral (2.1) can be written as

(1+a)m(1+a)n‘

m!2mn!2n

@,y btan=1 Coaq.x=1
I (1-x) % (1+x) ,F, (-m,-m bja+l; oy

-1

x3F1(-n,-n—b;a+1;§£%)dx =

_ ta),(4a)y, m (-m) _(-m=b) (-1)¥ n (-n) , (-n=b)  (-1)"
m12%n12®  r=o (a+1)rr! =0 (a+1)uu!
x] (1-x) AHTFU (1) bYA= 1=TUgy (2.2)

-1
Evaluating the last integral in (2.2) with the help of a modified
form of the integral {1, p.9%9], viz. ’

1

[ (1-x)2 (14x) Pax = 22*P+ L@l 2Bl pey > -1, Reb > -1,

Ta+b+2)

-1

then the right hand side of (2.2) becomes

2R (14a) (142) m (<m) (-m-b) (1) Ir(atr+1)T(b+2n-r)

mint oo (a+1) E T (a¥b+2n+1)
-n,-n-b,at+r+l;1
x LF, ‘ (2.3)
a+l,l+r-b-2n
Now applying Saalschutz’s theorem {1, p. 188, (3)] to (2.3), we
get
22PN (1n) m (-m)._ (=)  (-m-b) | (-1)¥ T (+rtLIT(b2n-r) (atbin) ,
minl o (a¥T) _r 1T (a+b+2n¥1) (n¥b-11 (2.4)

If r < n, the numerator of (2.4) vanishes and since r runs
from 0 to m, it follows that (2.4) also vanishes when m < n. Now,
it is clear that for m < n all terms of the series (2.4) vanish,

which proves (2.1a).
On setting m = n in (2.4), using the standard result:
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n
{—r%)-f—!,ifOSnSr
(-r)n = (2.5)
0, ifn>r

and siﬁplifying with the help of [1, p. 3, (4)], we have
1 : )

j (1-0) (143 2™ (2 (3:D) ()} 2ax
-1 “.

2a+b
= S SHEEtaT L, Rea > -1, Reb > 0, (2.6)

which proves (2.1b).

In (2.4), putting m = n+l, using (2.5) and adding the
resulting two terms (r=n,n+l) and simplifying with the help of
(1, p. 3, (4)], we obtain

1
[ om0 P2p (20D () p (21) (4 ax
-1

_ Za+br(2+a+n)r(2+b+n)
= ATB(b+1) (I-b) T{a+tb+n+1)’ Rea > -1, Reb > 1 (2.7

which proves (2.1lc).

Note 1: On continuing as above, we can find the values of
the integral (2.1) for m=n+2,n+3,n+4,... .

Note 2: In (2.6) replacing x by -x, interchanging a and b,
and using the relation Péa'b)(x) = (-1)“Péb'a)(-x), we obtain a
known result {3, p. 285, (6)].

3. Finite Fourier Jacobi expansion

Based on the relation (21la) and (2.1b), we can generate a
theory concerning the expansion of arbitrary polynomialé, or
functions in general, in series of the Jacobi polynomials.
Specially if f(x) are suitable functions defined for all x, we
consider for expansion of the general form
n
z

= -m_{(a,b)
f (x) Am(l+g) Pm (x), (3.1)

m=0
where the Fourier coefficients are given by




66

1

_ m! bl (atbtmtl) If(x)(l_x)a(1+x)b+m'1p!:la'b)(x)dx (3.2)

M 23%Pp (14atm) T (atbtm) !
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HOBO MOJIYOPTOI'OHAJIHO CBOJCTBO 3A JACOBI IMOJIMHOMH H
KOHEYHO ¢YPHEBO-JAKOBEH UMPERBE

C.IO. Bajnau
Pesuwme

IameHO € HOBO MNOJIYOPTOTOHAJHO CBOJjCTBO 3a Jacobi nonuHOMH
cO efHa eneMeHTapHa TexuHCKa ¢yHKuMja CO Hej3MHHTE INpPUMEHH.
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