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INTRODUCTION OF BLASCHKE DISTRIBUTIONS
AND APPROXIMATION OF DISTRIBUTION IN D' BY A
SEQUENCE OF FINITE BLASCHKE DISTRIBUTIONS

Vesna Manova Erakovié

Abstract

In this work Blaschke. distributions are defined and used to approximate a
distribution in D':

0. Introduction

0.1: Some background on Blaschke products

Let U be' the open, unit disc in the plane, T' = 6U. We denote by
H*(U) the algebra of bounded analytic functlons in U. If f e H®{U),
then the radial boundary function

f (eza) — hml f(,,_eie)
is deﬁnedk; almost everywhere on T with fespect to the Lebesqﬁe measure
on T and log |f*(e?)| € L(T). A function f € H®(U) is an inner function

if | f| <1 and |f*| =1 a.e. with respect to the Lebesque measure on T.
Let {z,} be a sequence of points in U such that

2(1—!|zn|)<oo'.. o (0)
n=1 : : :
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Let m be the number of 2, equal to 0. Then the infinite product

B(z) = z™ H 1_—"— (0.1.2)

|0 Zn2

- converges on U. The function B(z) of the form (0.1.2) is caled Blaschke
product. B(z) is in H*®(U), and the zeros of B(z) are precisely the points
Zy, €ach zero having multiplicity equal the number of times it occurs in the
sequence {z,}.

Moreover |B(z)] < 1 and |B*(¢®)] = 1 a.e. Thus every Blaschke
product is an inner function. For the needs of our subsequent work we will
define the Blaschke product in the upper half plane II*. In the upper half
plane IT*, condition (0.1.1) is replaced by

0o ) .
yn . +
n=1 14 |2n|2 <0, 2 Tnt+1Yn € (0 1 3)

and the Blaschke product with zeros {z,} is

|22+ 1] 2—2n
B(z) = (zH) H ot (0.1.4)

Note: If the number of zeros z, in (0.1.2) or (0.1.4) is finite, then we
call B(z) finite Blaschke product.
The following result is given in [3].

Theorem 0.1.1. Let f(z) be analytic in the open unit disc U and
continous in-U. Suppose 0 < |f(z)| <1 on |z| = 1 and let E be the subset
of |z} = 1 on which |f(2)| < 1. Suppose E is nonempty. Then there ezists
a sequence { Bx(z)} of finite Blaschke products with simple zeros, such that
| Bk(2)] = | f(t)] uniformly in each closed subset of U\ E, and By(z) — f(z)
uniformly in each closed subset of U.

Now, if f(z) is analytic function in U such that |f(z)] < 1 on T, then
applying T.0.1.1 to the functions f(rz), 0 < r < 1 and using the fact

27

that %/loglh(re“)ldt — 0, as r — 1 iff h is a Blaschke product, it can

0
be shown that f(z) can be approximated by a sequence of finite Blaschke
products { Bx(z)} uniformely on each compact subset of U.

We will use the analog result for the upper half plane II* i.e. that
every function f(z) analytic in the upper half plane I+, |f(z)| < 1 on I+,
[f*(z)] £ 1, € R can be approximated by a sequence of finite Blaschke
products {Bk(z)} uniformly on each compact subset of II*+.
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0.2: Some background on distributions and
analytic representation of distributions

D = D(R™) denote the space of all complex valued infinitely differen-
tiable functions on R™ which have compact support. Convergence in D is
defined in the following way. A sequence {y,} of functions @) € D con-
verges to ¢ € D in D as A — A if and only if there is a compact set K CR"
such that supp(¢,) C K for each A, supp(¢) C K and for every n-tuple
a of nonnegative integers the sequence {D$¢x(t)} converges to D¢ ¢(t)
uniformly on K as A — Ag.

D' = D'(R") is the space of all continuons linear functionals on D,
where continuity means that ¢y — ¢ in D as A — A¢ implies (T, ) —
(T,p)as A — Ao, T € D'.

E = E(R™) denote the space of all complex valued infinitely differ-
entiable functions on R™. Convergence in F is defined in the following
way. A sequence {¢,} of functions ¢y € E converges to ¢ € F in E as
A — Mg if and only if for every n-tuple a of nonnegative integers the se-
quence {D¥p,(t)} converges to D{¢(t) uniformly on every compact st bset
K of R®, as A — Ap.

E' is the space of all continous linear functionals on E.

Note: D'is called the space of distributions, E'is the space of compact
distributions.

We say that a sequence {T;} of distributions T; that are elements
of one of the above distribution spaces (D’ or E') converges weakly to a
distribution T of the same space if

(T’ (P> = hm (Tjn 90) ’
J—=oo

for every ¢ in the apropriate test space (either D or E).

Now, let T be a given distribution in D'(R). Any pair of functions
f+(2), f_(z) which are defined and analytlc in the upper and lower half
plane, respectively such that:

Jim T [fy(o+i) - f-(o - ie)lp(e)dz = (T, ) (0.2.1)

for all ¢ € D(R) is called an analytic representation of T'.

We shall use the terminology ”analytic representation” defined above
for other spaces of distributions as well as for D'(R) when we represent_
these distributions as in (0.2.1) for ¢ in the coresponding function (test)”
space.

For distributions of the space E' it is known the analytic representa-
tion. :
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Let T € E'(R). The function

1 1
T, ——
27ri( t’t—z>

for z varying over an appropiate subset of C, is called Cauchy integral of.
T.

C(T;z)=

Let Eg(R) denote the subspace of E(R) consisting of all bounded func-
tions in E(R). We now state an analytic representation theorem for distri-
butions in- F'(R).

Theorem 0.2.1. If T € E'(R), then

o0

lim [ [C(T;2+ i)~ C(Tiz —ie)jp(z)dz = (T, )

€—r0+ — OO0

Jor all ¢ € Ep(R).

A proof can be found in [2].

The construction of on analytic representation of on arbytrary distri-
bution in D’(R) by means of its Cauchy integral is not always possible. Yet
we do have analytic representation results for D'(R).

" Theorem 0.2.2. Every distribution T € D'(R) has an analytic repre-
sentation.
For proof, see [1].

1. Definition of a Blaschke distributions

Let B(z) be a Blaschke product, z = z + iy € I, with zeros {z,}
that belong to the upper half plane II*.
With (B*, ) we denote

(B*,p) = HI(I)1+ 70 B(z)p(z)dz, z=z+iyel*, ¢e D(R). (1.1)
Yy—=U7 —co

Clearly, it is a linear functional on D(R) ie. for 1,92 € D(R) and
A1, A2 € C, we have

(B, M1 + Aagpn) = Jm, I B(&)[pr(2) + dags(2)]dz =
. [o.o] . o]
= Jin [ T B@nees+ T BEaa)ds] =
y—=0* [—oo R ' -0
=M lim [ B(x)pr(z)de + X lim | B(2)pa(a)de =
y—0+ o y—0+ —o0 '

= M(B*, 1) + 2o(BT, 02) .
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(Bt, ) is continous: let {¢a}, ¥r € D(R), ox — @ in D(R) as A — Xg.’
That means that there is a compact set K such that supp(p,) C K, for
each A, supp(¢) C K and {D§px(t)} converges to D ¢(t) uniformly on K
as A — Ao, for each n- tuple a of nonnegative mtegers Then:

: +
Jim (B*,p1) = lim lm T B()gx(z)de =

i ylgg / B(Z)m(w)dw =

lim fB(z) hm (,o;;(:v)dx =

y—>0

lim jB(z)g_o(x)d:c =
y—0t K

0
lim T B(z)p(e)dz= (B*,¢).
In the above computations, we used that ‘

Km 11m fB(z)go\(:z:)da:— hm hm fB(z)tp,\(z)dm. (‘1.2)

y—.0+ A=)\

Now we will give proof of (1.2).
Proof of (1.2).
Note: In the proof instead of B(z) we will wnte B(z,y).
Let us consider the sequence { fx(y)} »» Where "

NHy) = I{ B(z,y)¢r(z)dz .
We have

lm f(w)= lim [ Bz,y)ex(e)de = [ Bz 9)ela)de = f()
=+ Ao —A K : K

(this is possible because ¢\(z) converges to ¢(z) uniformly on K).
Thus, the sequence {f:(y)}x conv,ergesv pointwise to f(y),as A —= X

0< Sup |/x(y) — F(¥)| = sup f B(z, y)m(w)dw—- ! B(z,y)p(z)dz| <

< sup [ Bz, )l (@) - plelde g [lex(z) - gl@)ldz.
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But,
Jim [ ox(2) ~ p(2)ldz = 0
—Ar0 K

SO

lim sup |fa(y) - f(y)| =0,
A—’Ao ye(o OO

which means that the sequence f)(y) converges uniformly to f(y)as A — Ao
and thus the change of the limits is possible.

Definition 1.1. (B*,¢) for ¢ € D defined with (1.1), where B(z) is
a Blaschke product with zeros in II*, is a distribution on D and we name
it an upper Blaschke distribution on D.

Similarly, for a B(z) being a Blaschke product with zeros z,, n € N
that belong to the lower half plane II' w1th (B~,¢), for ¢ € D we denote

B™,¢) = ylir& _j;o B(z)p(z)dz, z=z-iyell™, o€ D(R). (1.3)

Definition 1.2. (B~,¢) for ¢ € D, defined with (1. 3), where B(z) is
a Blaschke product with zeros in II™, is a distribution on D and we name
it an lower Blaschke distribution on D.

Note: In the above definitions, when B(z) is finite Blaschke product,
we will call the associate Blaschke distribution finite Blaschke distribution.

2. Approximation of distribution by.a séquehée
of finite Blaschke distributions

As the Blaschke product has usefull value in function spaces, so will the
Blaschke distribution play an importanat role in the distribution spaces.

Theorem 2.1. Let T be a distribution on D(R) such that their analityc
continuation fi, f- satisfy |f+(2)] < 1, z € II*,"|fi(z)] £ 1, =z € R,
|f-(2)| <1, z€ II7, |f*(x)| £ 1, z € R, Then there are sequences of finite
upper and lower Blaschke distributions B} , By such that

(T 90) Jim [(B?:,‘P) ~(By, )], ¢€DR).

Proof. Let T € D'(R). Then there are functions f;(z), f-(z) that
are analytic in the upper and lower half plane, respectively, such that

(Tg) = lim T [f(e +iy) = f-(z - ig)le(z)dz, Ve € DR).
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Let the functions fy and f_ satisfy |f4(2)] < 1, z € IT*, |fI(z)] < 1,
zeR, |f-(2)| <1, zell7, |f*(z)|£ 1,z €R.

Then, by theorem of approximation there exist sequences of finite
Blaschke products Bj (z) with simple zeros in II* and By (z) with sim-
ple zeros in II™ such that Bf(z) — fi(z), k¥ — oo uniformly on each

compact subset of II*, and By (2) — f-(2), k — oo uniformly on each
compact subset of 11~
Let supp(¢) = K C R. Now, we have:

(T.¢) = lim, Tl +iv) - (@ - in)le(e)de =

II

lim [ lim Bf(z+iy) - hm B (z —iy)]e(z)dz =

y—0+ K k—oo

lim [ hm [Bf (z +iy) — By (z — iy)]lp(z)dz =

y—0+t I(' —00

= lim [yl_i_f& Ij\,’ B,T(a: + iy)p(z)de - ylixg+l,£B; (z— iy)‘P(l')dw] =

k—oo
= klim [ lim B+(:c + iy)p(z)dz — hm f By (z - zy)cp(r)d:c]
—oo {y—0 —oo

= lim ((BY,¢) - (B, )]

Note: Because of similar arguments as in the proof of (1.2); the change
of limits in the above computations is possible.
Thanks to prof. Nikola Pandeski for his suggestions for this work.
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JESVHNIINIJA HA BJAIIKEOBU ITNCTPUBYIINN
N ATTPOKCUMAIINJA HA JTUNCTPUBYIINUN
BO D' CO HU3A O KOHEUYHMN
BJIAINIKEOBU AVNCTPULBYIIN

Becna ManroBa Epakosut

Peaumme

Bo oBaa pa6ora ce nepurupaat BramkeoBu nucTpubynuu u BoBe-
IeHEUTe BialkeoBu IUCTpUOYOUK ce KOPHMCTAT 3a aOpPOKCHMalWja Ha
oACcTpubymwm Bo D',
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