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ON A THREE-DIMENSIONAL NONLINEAR
DIFFERENTIAL SYSTEM

Gheorghe Tigan

Abstract

Insights on a three dimensional nonlinear system are presented
in this paper. The system possesses three equilibrium points one
of which is the origin O(0,0,0) whose analysis in the degenerate
case is performed. It is also pointed out that O(0,0,0) undergoes
pitchfork bifurcations.

1. Introduction

In the last time were studied more polynomial differential systems with
polynomials degree 2 or 3, defined in R3, dependent sensitive to the initial
conditions. Of such systems we recall here, the Lorenz system [1],

t=a(ly—2z), y=cx—y—zz, z=-bz+uzy, 1)
the Chen system [6]
t=aly—z), y=(c—a)z+cy—zz, z=—-bz+uzy, (2)
the Lii system [2],
t=aly—z), y=cy—=zz, %= —bz+uzy, 3)
the Rossler system [8],

Tt=—-r—2, Y=zxz+ay, zZ=c—bz+zxz, (4)

the Bloch system,
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t=-bxr+y, y=-x—0by+bcyz, z= ab(l - Z) - bcy27 (5)

and the Agiza system
t=—-ax+by+yz, y=br—ay+zz, z=1-—uzxy, (6)

where a, b, c are real parameters.
The system considered in this paper is given by:

z=aly—z), y=(c—a)z—azxz, z=—bz+zy, )

with a, b, c real parameters and a # 0. Call it the T system. Some results
regarding the T system are already presented in [3] and [4]. Compared with
the Lii system introduced in [2], the system 7' allows a larger possibility
in choosing the parameters of the system and, consequently, it displays a
more complex dynamics.

2. Analysis of the equilibria

Because the dynamics of the system is characterized by the existence
and the number of the equilibrium points, their type of stability, we study
in the following the equilibrium points of the system 7'

Proposition 2.1. If %(c —a) > 0, then the system T' possesses three
equilibrium isolated points:

0(0,0,0), Es(1i(c - ), \ o (=a), 52), Bato o (e—a),— 2 (c-a), 52),
and for b # 0, 2(c — a) < 0 the system T has only one isolated equilibrium
point, 0(0,0,0).

Theorem 2.1. For b # 0 the following statements are true:

a) If (a>0,b> 0,c < a), then 0(0,0,0) is asymptotically stable,

b) If (b<0) or (a <0) or (a>0,c> a), then O(0,0,0) is unstable.

Proof. We present the proof only for the degenerate case, the other
cases being easier.

The linear matrix associated to the system 7' in O (0,0,0) is:

—a a O
Jo= (c —a 0 0) with the characteristic polynomial:
0 0 -b

fA)==A+b(N+ar+a®—ac).

We observe that if a = c the eigenvalues are —b, —c, 0, so the equilib-
rium point O(0, 0, 0) is not anymore a hyperbolic point but an equilibrium
degenerate point. To study the dynamics in this case, we have to trans-
form the system 71" such that to be able to apply the center manifold theory.
Denote 3 := a — ag, with ag :=c.
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The corresponding eigenvectors to the eigenvalues —b, —c, 0 are
(0,0,1), (1,0,0) and (1,1,0).

z 011 U
Using the linear transformation (y) = (0 0 1) ( v )
z 1 00 w

the system 7' reads:

o = —bu +vw + w?
= —cv + Bv + fw + cuv + cuw (8)
W= —fv— fw— cuv — cuw

or, in normal form:

] -6 0 0 u fi
BRERHIGN
w 0 00 w f3
with

fi = vw + w?

f2 = Pv+ fw + cuv + cuw

f3 = —pv — fw — cuv — cuw.

Suppose that, the system 7" depends on the parameter 8 and consider

this parameter as a new variable of the system. Therefore, from (9) one
gets:

i b5 00 0\ /u fi
v _ 0 — 0 0 v fz
v ]~ 0o o0 o||lw]|T|5% (10)
3 0o 00 0/ \3 0

By the existence theorem of the center manifold theory, there exists
a center manifold for (10) in a neighborhood of the origin, which can be
expressed locally as follows:

Wi (0)={(u, v, w, B)€R* |u = f(w, B),v=g(w, f), w| <1, |6l <1} (11)

with  f(0,0) = g(0,0) =0, £,,(0,0) = f5(0,0) = g,,(0,0) = g5(0,0) = 0.
Determine now the center manifold W, (O).
Using the Taylor expansions for f and g in (0,0) we have:
u= f(w,B) = ayw® + aqwPB + azf* + - - (12)
v = g(w,B) = byw? + bowB + b3 > + - - -
Because W . (O) is invariant under the dynamics of (10), one gets:
4= fi,i = 2a;wd + apwf+ - -
L Tt = B 02 (13)
U = g, W = 2bjww + bawfB + - -

and
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w=—PFv—Pw—cuv—cuw=—Lw+--- (14)
Replacing (14) in (13) we have:
4= —2Ba1w? — aqwB + -
Ba, 2wf (15)

v = —28bjw? — bowfBZ + - - -
On the other hand, from (8) and (12) we have that:

& = —bayw? + w? — baswp — bagf? + bw> + bow?B + whzBZ + - - -

16
0 = —cbyw? + fw — chywfB — cb3B? + Bbiw? + bywBZ + - - (16)

Equating the terms of w?, wB and A2 in (15) and (16) we find the coeffi-
cients: a] = %, a2=a3=0and b2= %, b1=b3=0.

Consequently: )
fw, 8) = ut+ -
X (17)
9w, B) = cwp+ -
Hence, the vector field reduced to the central manifold is:
w=—ﬁw—§w3—%wﬁ2—%w3ﬁ+---, B=0. (18)

Now we observe that, if 3 = 0, equivalently to a = ¢, the point w = 0 is
asymptotically stable in (8), so (u,v,w) = (0,0, 0) is asymptotically stable
in (8), and (z,y, 2) = (0,0, 0) is asymptotically stable in (7).

Let us investigate now the stability of the equilibria

Buatty) 2o - ) 1/ Ve a), S 2%,

for 2(c—a) > 0.
Because the system T’ is invariant under the linear transformation
(z,y,2) — (—z,—y, z), it is sufficient to study the equilibrium point Ej.
Using the transformation (z,y, z) — (X1, Y1, Z1),

b b —
w=X1+\/E(c—a),y=Y1+\/E(c—a,z=Zl+caa (19)

the system T leads to:

Xl = a(Y1 - Xl), Yi = —a\/ é(c - a)Zl - aXlzl,
a
; (20)
Zy = \/a(c—a)(X1+Y1) —bZ1+ X1Y1
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so we study the system (20) in O(0, 0,0). Denoting by zo = 4/2(c — a), the
linear matrix of the system (20) at the origin is:

—a a 0
J=1 0 0 —azg |,
g Xo —b

having the equation associated to the characteristic polynomial given by
A3+ X%(a + b) + beh + 2ab(c — a) = 0. (21)

From Routh-Hurwitz conditions, this equations has all roots with neg-
ative real parts if:

A>0,C>0and AB—C > 0where A =a+b, B =bc,C =2ab(c—a),
equivalently to:

a+b>0, ab(c—a) >0, b(2a*+ bc—ac) > 0 (22)
Therefore, we have the following result:

Theorem 2.2. If the above conditions (22) are fulfilled, the equilibrium
point El(\/ b(c—a), \/ b(c—a), %) is asymptotically stable.

3. Pitchfork bifurcations of the system T

Consider the parameter a as bifurcation parameter.

a) Bifurcations in O(0,0,0)
In the last section we studied the stability of the equilibrium O(0,0,0) and
we showed, using the central manifold theory, that in the case a =a¢ =c,
0(0,0,0) is asymptotically stable and the vector field restricted to the
central manifold is:

with 8 = a — ap.
From the bifurcations theory, we observe now that the conditions such
that the equilibrium point (w, 5) = (0, 0) to undergo a pitchfork bifurcation

at 8 = 0 are fulfilled.
Indeed, denoting G (w, 8) = —fw — 2wpB? — $w® observe that

2 2
G(0,0) = 0,52 l0,0= 0,35 l0n= 0, 3 l00= 0255 l00)=

3
“1#0,88 go=~§ £
Consequently, we have the following result:
Proposition 3.1. If 8 = a — ag = 0 the equilibrium O(0,0,0) of the
system T undergoes a pitchfork bifurcation, that generate the asymptotic
stable equilibrium point 0O(0,0,0) if a > ag, and for a < ag three equilibria:

0(0,0,0) (unstable), El,z(:l:\/% (c—a), :I:\/% (c—a), %) (locally stable).
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Remark that, the equilibrium O(0, 0, 0) can not undergo a Hopf bifur-
cation because the roots of the characteristic polynomial of the Jacobi ma-

trix of the system 7" in O(0,0,0) are Ay = —b, Ap = % (—a — V4dac — 3a2),
A3 = % (—a + v4ac — 3a?) and the last two roots can not be purely imag-

inary because a # 0.
b) Bifurcations of the equilibria E; and E,.

We observe that, the characteristic polynomial of the system 7" in E;
is given:

f() =X+ X(a+b)+bch+2ab(c—a) =0 (23)

Because ab(c — a) > 0, the system T does not display pitchfork bifur-
cations but Hopf bifurcations in these points.
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Figure 1: The a — x diagram of pitchfork bifurcation of the system 1" for
b=0.6,c= 30.

Figure 2: a) Orbit of the Lii system for a = 36,b = 3,c = 19 and the
initial condition (—1,0.1,4) (left); b) Orbit of the T" system for
(a,b,¢) = (2.1,0.6,30) and the initial condition (0.1,—0.3,0.2)
(right).
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4. Conclusions

In this paper we further investigated a nonlinear three-dimensional
differential system. The system possesses three equilibrium points, the
origin O(0,0,0) and another two points. The stability of O(0,0,0) in the
degenerate case is analyzed via the central manifold theory. In the origin,
the system displays a pitchfork bifurcation and in the other two equilibrium
points a Hopf bifurcation [5].
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3A TPMIMMEH3VMOHAJIEH HEJIMHEAPEH
JIMPEPEHITNJAJIEH CUCTEM

Gheorghe Tigan

Peszsuwme

Bo 0B0j Tpyn ce npeTcTaBeHr BHATPEMIHN CBOjCTBa HA, TPUICUIMEH-
3uoOHaJIeH HenuHeapeH cucrteM. CHCTEMOT COAPHKM TPU TOUKM HA PaM-
HOTEeKa O Kou enmHa e kKoopmuaaTHuoT mouetok O(0,0,0) 3a xoja ce
U3BEACHU aHAJIU3U BO JETEHEPUPAHMUOT ciIy4aj. VIcTo Taka e mOCOYeHo
zmeka 0(0,0,0) ce noTunmysa Ha ”pitchfork” 6udypxrammn.
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