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TWO NEW REVERSES OF YOUNG’S INEQUALITY

SEVER S. DRAGOMIR'?

Abstract. In this paper we obtain two new reverses of Young’s in-
equality.

1. INTRODUCTION

The famous Young inequality for scalars says that if a, b > 0 and v €
[0, 1], then

a7V < (1-v)a+uvb (1.1)

with equality if and only if @ = b. The inequality (1.1) is also called v-

weighted arithmetic-geometric mean inequality.
We recall that Specht’s ratio is defined by [9]

T e (0,1)U (1, 00),
S (h) = em(n7T) (1.2)

lifh=1.

It is well known that limj_; S (h) =1, S(h) =S (#) > 1 for h >0, h # 1.
The function is decreasing on (0, 1) and increasing on (1, c0) .

The following inequality provides a refinement and a multiplicative re-
verse for Young’s inequality

S <<%>T> a7 < (1—v)a+vb< S (%) al=vpY, (1.3)

where a, b > 0, v € [0,1], r = min {1 — v, v}.

The second inequality in (1.3) is due to Tominaga [10] while the first one
is due to Furuichi [3].

In [10], Tominaga also proved the following additive reverse of Young’s
inequality

(1-v)a+vb—a™"b < S(%) L (a,b) (1.4)
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where a, b > 0, v € [0, 1] and L (a,b) is the logarithmic mean, namely

lnb ilna if a ?é b
if a=0.
Kittaneh and Manasrah [6], [7] provided a refinement and an additive

reverse for Young 1nequahty as follows:

7"(\/_—\/5)2§(1—y)a+ub—a1_”b”§R<\/_—\/5>2 (1.5)

where a, b >0, v € [0,1], r = min {1 — v, v} and R = max{l —v,v}.
We also consider the Kantorovich’s ratio defined by

(h+1)°
4h

The function K is decreasing on (0, 1) and increasing on [1,00), K (h) > 1

for any h > 0 and K (h) = K (4) for any h > 0.

The following multiplicative refinement and reverse of Young inequality
in terms of Kantorovich’s ratio holds

K" (%) a7 < (1-v)a+uvb< KE (%) a7y (1.7)

K (h) :=

, h>0. (1.6)

where a, b >0, v € [0,1],r =min{l —v,v} and R = max{l —v,v}.

The first inequality in (1.7) was obtained by Zou et al. in [11] while the
second by Liao et al. [8].

In [11] the authors also showed that K" (h) > S (h") for h > 0 and
r € [0, %] implying that the lower bound in (1.7) is better than the lower
bound from (1.3).

In the recent paper [1] we obtained the following reverses of Young’s

inequality as well:

0<(A-v)at+vb—a™¥ <v(l—-v)(a—>b)(lna—Inb) (1.8)
and
1< u;f}—f{)jyb < exp [41/(1 —v) (K (%) - 1)} , (1.9)

where a, b > 0, v € [0, 1].

It has been shown in [1] that there is no ordering for the upper bounds
of the quantity (1 — v) a+vb—a'~"b” as provided by the inequalities (1.5)
and (1.8). The same conclusion is true for the upper bounds of the quantity
incorporated in the inequalities (1.3), (1.7) and (1.9).

In [2] we also proved the following refinements and reverses of Young’s
inequality:

“v(1—v)(na—Inb)?min{a,b} < (1 —v)a+vb—a' ™" (1.10)
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< %y (1 —v) (Ina — Inb)* max {a, b}
and
1 min {a, b} \* (1-v)a+vb
P [§V(1 —v) (1  max{a, b}> ] = al=vbv
2
< exp [%I/(l —v) (% - 1> ] (1.11)

for any a, b > 0 and v € [0, 1].

In [2] we also showed that there is no ordering between the upper bounds
of the quantity (1 — v) a+vb—a'~"b” provided by (1.8) and (1.10) respec-
tively. The same conclusion applies for the upper bounds of the quantity
(1;1”,)73;;” provided by (1.9) and (1.11).

Now, if a, b € [m, M] with 0 < m < M and we want upper bounds
for the quotient (1;1”,)73;;% in terms of m, M the we can use either of the
inequalities (1.3), (1.7), (1.9) or (1.11).

Indeed, since, for instance, by using the properties of Specht’s ratio we

have iy iy
L 8 (3) s (1) s (M) ] -5 (),

then by (1.3) we have

(1-v)a+vb M
—— < — 1.12
al—vpv — S m ( )
for any a, b € [m, M].
By (1.7) we get
(I1-v)a+vb r(M
—— <K — 1.1
al—vpv — m ( 3)

for any a, b € [m, M| and similar results from (1.9) and (1.11).
In the additive case, we have by (1.4) that

(1-v)a+vb—a " <S8 (%) L (M,m) (1.14)

for any a, b € [m, M| while by (1.5)
2
(1—V)a+ub—a1_”b”§R<\/M—\/ﬁ> (1.15)

for any a, b € [m, M| and similar results from (1.8) and (1.10).

Motivated by the above results we establish in this paper two new re-
verses of Young’s inequality (1.1) assuming that the positive numbers a,
b are bounded below and above by m and M, respectively. The obtained
results are shown to improve the inequalities (1.12)-(1.15) and the other
multiplicative or additive reverses mentioned above.
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2. INEQUALITIES FOR CONVEX FUNCTIONS

In this section we establish some reverse inequalities in the general setting
of convex functions. These results will then be used to obtain our additive
and multiplicative reverses of Young’s inequality (1.1).

Consider a convex function f : I C R — R defined on the interval I of
the real line R and two distinct numbers a, b € I with a < b. We denote
by [a,b] the closed interval defined by {(1 —¢)a +tb, t € [0,1]}. We also
define the functional of interval

Ag(fa,0;8) ;=1 =1¢) f(a) +1f () = f(1—=t)a+1tb) =0 (2.1)
where a, b € I with a <band t € [0,1].
We have the following key lemma that is of interest in itself:

Lemma 1. Let f : I C R — R be a convex function on the interval I.
Then for each a, b € I with a < b and c € [a, b] we have

(0 <) Af(la,cl5t) + Ay ([e,b]58) < Ag ([a, b]31) (2:2)

for eacht € [0,1], i.e., the functional Ay (-;t) is superadditive as a function
of interval.
If [e,d] C [a,b], then

(0 <) Ay ([e,d]; 1) < Ay ([a, ] ;1) (2.3)

for eacht € [0,1], i.e., the functional Ay (-; t) is nondecreasing as a function
of interval.

Proof. Let ¢ = (1 —5s)a+ sb with s € (0,1). For t € (0,1) we have
A ([e,0]5t) = (1=1) f((1 = s)a+sb)+tf (b)—f (1 =) [(1 = s) a + sb] +tb)
and
Ay (la,c];t) =1 —1t) f(a)+tf (1 —s)a+sb)—f((1—t)a+t[(1—s)a+ sb])
giving that
Ag (a5 t) + Ay ([e, 0] 1) = Ay ([a, 0] 5 1) (2.4)
= f((1—s)a+sb)+ f((1—1t)a+th)
—f((1=t)Q—=s)a+[1—t)s+t]b)— f((1—ts)a+tsh).
Since ¢ is convex on I then for any a € I the function ¢ : I\ {a} — R

ity £ 2 @)

t—a
is monotonic nondecreasing where is defined. Utilising this property re-
peatedly we have

pt) —p(ta) _p(s1) —p(ta) _ p(t2) —w(s1)

t1 — to - 81 — to to — S1
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cPs2)—w(s1) _ pls1) —p(s2)

52 — 81 51— 82

Therefore, for a convex function ¢ : I C R — R, where [ is an interval,
and any real numbers t1, 2, s1 and so from I and with the properties that
t1 < s1 and ty < s9 we have that

t1) — @ (t -
¢ (t1) — ¢ (t2) < p(s1) —p(s2) (2.5)
t1 — to S1 — 52

Consider the function ¢ : [0,1] — R given by ¢ (t) := f (1 —t)a + tb).
Since f is convex on I it follows that ¢ is convex on [0,1]. Now, if we
consider for given ¢, s € (0,1)

t1:=ts<s=:spandty =t <t+ (1 —1t)s=: s9,
then we have

@ (t1) = f (1 —ts)a+tsb), ¢ (t2) = f((1 —t)a+1d)
giving that
pt) —plts) _ f(A—ts)atitsh) — fF((L-t)a+1b)

tl—tg t(s—l)

Also
p(s1)=f(1—s)a+sb),p(s2)=f((1—-t)(1—s)a+[(1-t)s+1t]b)
giving that

pls1) —p(s2) _ f((L=s)atsh)—f((L-t)(L—s)at[L-t)s+1]b)

51— 52 t(s—1)

Utilising the inequality (2.5) and multiplying with ¢ (s — 1) < 0 we deduce
the inequality

f((1—ts)a+tsb) — f((1—1t)a+tb) (2.6)
>f((1—=s)a+sb)—f(1—t)(1—s)a+[(1—1t)s+1]d).

Finally, by (2.4) and (2.6) we get the desired result (2.2).
Applying repeatedly the superadditivity property we have for [c¢,d] C
[a, b] that

Ay ([a, 5 t) + Ap ([e, d]; 1) + Ap (d, 0] 1) < Ag ([a, 0] )
giving that
0< Af([avc];t) +Af([d7b];t) < Af([avb];t) —Af([c,d];t),
which proves (2.3). O
For any a, b € I we define
Ay (a,bit):=(1—1t) f(a)+tf(b)— f((1—1t)a+1td) (2.7)
for t € [0,1].
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Theorem 1. Let f : [m,M] — R be a conver functions on the closed
interval [m, M. Then for any a, b € [m, M| we have

(0 <) Ay (a,b;t) <max {Ay (m, M;t), Ay (m,M;1—1t)} (2.8)
for any t € [0,1].
Proof. If a < b, then [a, b] C [m, M] and by (2.3) we have
Ag(a,b;t) = Ay ([a, 0] ;1) < Ay (m, M;t)
for any ¢ € [0, 1].
If b < a, then [b, a] C [m, M] and by (2.3) we have
Ay(a,bit) = (1 —1t) f(a) +tf (b) = f (1 —t) a +tb)
=tf () +(1—1) f(a) = f(tb+ (1 —1)a)
=A==l fO)+0—=t)f(a)=f([1-A=)]b+(1—1t)a)
=Ap([b,a];1—1) < Ay (m, M;1—1)
and the inequality (2.8) is proved. O

Corollary 1. Let f : [m,M] — R be a convex functions on the closed
interval [m, M. Then for any a, b € [m, M| we have

(M)M—f(agl)) sf(m);f(M) —f(#). (2.9)

The proof follows from (2.8) by taking ¢t = %

Corollary 2. Let f : [m, M] — R be a convex functions on the closed
interval [m, M. Then for any a, b € [m, M| we have

(0<) f(a) _a/ e (2.10)

f(m )+f( )
< 5 M—m/m f (z) dz.

Proof. If a < b, then [a, b] C [m, M] and by (2.3) we have

for any ¢ € [0, 1].
Integrating this inequality over ¢ on [0, 1] we get

1 1
/ Ay (a,b;t)dtg/ Ay (m, M;t)dt.
0 0

! . _f@+ () I
/OAf(a,m)dt_ ! —b_a/af(:n)d:c

and since
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and
1 M
g d M)+ f(M) 1 /
/0 Ay (m, M;t)dt = 5 M_m ) f(z)dx,
then we get the desired result (2.10).
If b < a, then

Ay (a,b;t) < Ap(m,M;1—t)

for any ¢ € [0, 1].
Integrating this inequality over ¢ on [0, 1] and since

1 M
RPN (UL L R
/OAf(m,MJ—t)dt— 5 M) f(z)dx
we also obtain the desired result (2.10). O

Corollary 3. Let f : [m,M] — R be a convex functions on the closed
interval [m, M]. Then for any a, b € [m, M| and t € [0, 1] we have

(OS)f((l—t)a—l—tb);‘f((l—t)b‘i‘m)_f<a"2|'b> (2.11)
f(m)+ f (M) m+ M
<L HER (),

The proof follows by (2.9) on replacing a with (1 —¢)a + tb and b with
(1—-1t)b+ ta.
3. REVERSES OF YOUNG’S INEQUALITY
We have the following reverse additive version of Young’s inequality:
Theorem 2. Ifa, b€ [m,M] C (0,00) and v € [0, 1], then we have
(0<) (1 —v)a+vb—a' ™ <max{tmy V), tmm (1 — 1)} (3.1)
where
v (V) = (1 —v)m+vM —m' ™V M". (3.2)
Proof. Let [m, M] C (0, c0) and consider the interval [Inm, In M]. Consider
the convex function f : [Inm,In M] — (0,00), f () = expx. Then by (2.8)
we have for any z,y € [Inm,In M] and v € [0, 1] that
(1 - v) exp (2) + vexp (y) — exp (1 - v) @ + ) (3.3)
<max{(1 —v)exp(lnm)+vexp(InM)—exp((1 —v)lnm+vinM),
vexp(lnm)+ (1 —v)exp(InM) —exp (vIlnm + (1 —v)In M)}
=max {(1 —v)m+vM —m VMY vm+ (1 —v) M —m”Ml_”} .
If a, b € [m, M| then by taking x = Ina, y = Inb € [Inm,In M] in (3.3) we
get the inequality in (3.1). O
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Remark 1. By Tominaga’s inequality (1.4) we have
1—v)m+vM —m"M" < S (%) L(m,M)

and v
(1—v)M+vm—M"7"m" < S (H) L (M,m)
giving that
M
max {tym (V) bt (1 —v)} < S <—> L(M,m). (3.4)
m

Therefore by (3.1) and (3.4) we have
(1—v)a+vb—a "0 <max{tm (V) tmua (1 —v)} (3.5)
<S5 <%> L (M,m)
m

for any a, b € [m, M] and v € [0,1].
This is a refinement of (1.14) from the introduction.
If we use (3.1) and (1.5, (1.8) and (1.10), then we get

(1-v)a+vb—a' b < max {tmy (V) tmm (1 =)} < R (\/M = \/ﬁ>2 ;
(3.6)

max {ty v (V) 5 b, (1 — 1)} (3.7)
v(l—v)(M —m)(InM —Inm)

Q—v)at+vb—a™y <
<

and
(1—v)a+vb—a "0 < max{tmum V), tmm (1—v)}  (3.8)
< %I/(l —v)(InM —Inm)* M
for any a, b € [m, M| and v € [0, 1], respectively.
We also have the following multiplicative reverse of Young’s inequality:

Theorem 3. Ifa, b€ [m,M] C (0,00) and v € [0,1], then we have

(1<) % <max {km,m (V) Emm (1 —v)} (3.9)
where
ot (v) 1= LM VM (3.10)

ml-vpv
Proof. Consider the convex function f : [m, M] C (0,00) — R, f(z) =
—Inx. Then by (2.8) we have

0<)In((1-v)a+vb)—(1—v)lna—vinb
<max{In(1—-v)m+vM)—(1—v)lnm—vinM,
In((l—=v)M+vm)—(1—v)InM —vinm}
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for any a,b € [m, M] and v € [0,1].
This inequality is equivalent to
(1—v)a+vb (I—v)ym+vM (1-v)M+vm
(0<)In (W < max< In S R—s Y7 ,In iy ,

which proves the inequality in (3.9). O

Corollary 4. For any a, b € [m, M] C (0, 00) we have
a+b o mt M
2Vab ~ 2v/mM

Remark 2. By utilising (3.9) and the multiplicative reverses of Young’s
inequality incorporated in (1.3), (1.7), (1.9) and (1.11), we get

(1<)

(3.11)

(1_(11]/_)—5;;% < max{kmn V), kmm (1 —v)} < S (%) ,
u_aly_)—z,:ryb < max {wm (V) , fmu (1 —v)} < KF (%) . (3.12)
U9 e (s () s (1= ) (313)
<o waiu (1e(2) )]
and
u_aly_)—yabjyb < max {Km,ar (V) , Kmar (1= v)} (3.14)

< exp [%yu _ ) (% _ 1>2]

for any a, b € [m, M| and v € |0, 1], respectively.
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